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PREFACE 


In the revision of Granville’s Calculus the authors have en- 
deavored to preserve the features which have given to the textbook 
such a large measure of success. Clearness and simplicity in the 
text, numerous illustrative examples solved in the text, a wealth of 
problems * both to acquire practice in technique and to stimulate 
interest, — these distinctive features have been retained. 

A change in arrangement is to be noted. The calculus for func- 
tions of one variable, both differential and integral, is developed com- 
pletely. This is followed by the calculus for functions of more than 
one variable. The authors believe that sound reasons can be given 
for this rearrangement, and they are confident that the change will 
meet with the approval of teachers. 

Some topics in the old edition have been omitted. But this omis- 
sion is more than compensated for by the addition of several topics of 
importance and interest. 

The labor of the authors will be amply repaid if this revised edition 
meets with the generous and well-nigh universal favor accorded Gran- 
ville’s Calculus since its first appearance. 


PERCEY F. SMITH 
WILLIAM R. LONGLEY 


* By permission of the author many problems have been selected from D. D. Leib’s 
“Problems in the Calculus” (Ginn and Company). 
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CHAPTER I 


COLLECTION OF FORMULAS 


1. Formulas from elementary algebra and geometry. For the con- 
venience of the student we give in Arts. 1-4 the following lists of 
formulas. We begin with algebra. 


(1) Quadratic Ax? + Br+C=0. 


Solution. 1. By factoring: Factor Ax? + Br+ C, set each factor equal 
to zero, and solve for zx. 

2. By completing the square: Transpose C, divide by the coefficient 
of x?, add to both members the square of half the coefficient of z, and 


extract the square root. —— 
3. By the formula x= a, 


_ Nature of the roots. The expression B? — 4 AC beneath the radical in 
the formula is called the discriminant. The two roots are real and unequal, 
real and equal, or imaginary, according as the discriminant is positive, 
zero, or negative. 


(2) Logarithms 
log ab = log a+ log b. log a” = n log a. log 1—0. 
log 5 = log a — log b. log Va= I log a. log; a— 1; 
‘a (3) Binomial theorem (n being a positive integer) 
es yt n— n(n — 1) n—22 n(n — 1)(n — 2) M—3Hh3 1 .o6 
(a+ b)?=a"+ na i rae nah b?+ B a" —3§3 + 


a n(n —1)(n 2+) -(n—r+2) q*—Tt1h7-1 4 220, 
(4) Factorial numbers. n!=|n=1-2-3-4-++(n—1)n. 
_ In the following formulas from elementary geometry, r or R 
; denotes radius, a altitude, B area of base, and s slant height. 
‘ (5) Circle. Circumference = 2 tr. Area = 7r?. 
(6) Circular sector. Area = 4 r?a, where a= central angle of the sector 
_ measured in radians. 


% 
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(7) Prism. Volume = Ba. 
(8) Pyramid. Volume = 3 Ba. 
(9) Right circular cylinder. Volume = mr’a. Lateral surface = 2 ra. 
Total surface = 2 mr(r +a). 
(10) Right circular cone. Volume =47r2a. Lateral surface = mrs. 
Total surface = mr(r +s). 
(11) Sphere. Volume = 3 mr’. Surface = 4 mr?. 
(12) Frustum of a right circular cone. Volume = 3 7a(R2+r?+ Rr). 
Lateral surface = 7s(R +1). 


2. Formulas from plane trigonometry. Many of the following for- 
mulas will be found useful : 


(1) Measurement of angles. There are two common methods of measur- 
ing angular magnitude; that is, there are two unit angles. 

Degree measure. The unit angle is str of a complete revolution and is 
called a degree. 

Circular measure. The unit angle is an angle whose subtending arc is 
equal to the radius of that are, and is called a radzan. 

The relation between the unit angles is given by the equation 


180 degrees = 7 radians (7 = 8.14159 -- -), 
the solution of which gives 


1 degree = ran = 0.0174 --- radian; 1 radian = im = 57.29 - - » degrees. 


From the above definition we have 
subtending arc. 
radius 


These equations enable us to change from one measurement to another. 
(2) Relations 


1 1 
COW ———_— - sSeC = CSC 
tan x cos 


Number of radians in an angle = 


sin x COs & 
tance ; Cots = ——- 
cos © sin x 


sin? x+ cos?2=1; 1+,tan?2=sec? x2; 1+ cot?z=cse?x2. 


(3) Formulas for reducing angles 


Tangent Cotangent 


— tan2z cour 
cot x tan x 
— cou x — tanz 
— tan x — cot 2 
tan x cot x 
cot x tan x 
— cot.¢ — tan x 
— tan x — cove 
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(4) Functions of (x + y) and (x — y) 
sin (x + y) =sinxcosy+ cos xsin y. 
sin (« — y) =sin x cos y — cos xsin y. 
cos (x + y) = cos x cos y — sin xsin y. 
cos (x — y) =cosxcosy+sinz sin y. 
= x+tany | 
— tan xz tan y 


tanx—tany | 


tan («7+ y)= 1+ tan x tan y 


tan (cx —y) = 


(5) Functions of 2 x and 5 x 
2 tan x 
1 — tan? x 


a aS Lees, ai 1—cosz 
aT? SN aio ; cos 5 aE Me alan ee ae 


Be Arete ten Sa 
(6) Addition theorems 

sin x + sin y = 2 sin3(x + y)cos $(x — y). 

sin x — sin y = 2 cos3(x+ y)sin (x — y). 

cos z+ cos y = 2 cos (x + y) cos (x — 9). 


sin22%=2sinxcosx; cos2 x= cos? x—sin?z; tan 2 x = ———__ 


cos z— cosy = — 2sin3(x+y)sin 4(x— y). abe 
: (7) Relations for any triangle ‘be pr 
e. ‘ Fig Od PER See Si 
a meee nee. sin A sinB sinC 
i Law of cosines. a? = 6? + c? — 2 be cos A. 
Formulas for area. K = besin A. 


3 a? sin Bsin C. 
sin (B + C) 
= Vs(s — a)(s — b)(s—c), where s=3(at+b+c). 
_ 8. Formulas from plane analytic geometry. The more important for- 
yg given in the pay list : 


iy oo 


= V(x, — x2)? + (y1 — Ye)? 


ae = rs 
r=F(m+22), y=s(yit y). 
e between two lines 
mm, 
tan 6 = Laas 


= oat for perpendicular lines, mm2z = — 1.) 


lines, m1 
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(3) Equations of straight lines 
Point-slope form. YY — Yi = M(x — 2X). 
Slope-intercept form. y= mz + b. 


Un Ui 


Two-point form. 
fA Meester! 3 | v2 — Ty 


Intercept form. Spee 1, 
@ (0 
(4) Perpendicular distance from the line Ax + By + C=0 to Pi(x1, y1) 
g— Au “Byres 
+ V A?2-+ B? 
(5) Relations between rectangular and polar codrdinates 
z=pcos#, y=psind, p=V2?+y?, § = are tan. 
(6) Equation of the circle 


Center (h, k). (2.— h)2 yh)". 
(7) Equations of the parabola 
Vertex the origin. y? = 2 px, focus (4 p, 0). 
x? = 2 py, focus (0, 3 p). 
Vertex (h, k). (y —k)?=2 p(a@ —h), axisy =k. 
(xc —h)?=2 p(y —k), axisx=h. 
Axis the y-axis. pe Alay SEE, 


(8) Equations of other curves 
Ellipse with center at the origin and with foci on the x-axis. (a > b) 


a? y? re 
at b 
Hyperbola with center at the origin and with foci on the x-axis. 
let et 
a pF 


Equilateral hyperbola with center at the origin and with the coérdinate 
axes for asymptotes. 
CU Gre 
See also Chapter X XVI. 


4. Formulas from solid analytic geometry. Some of the more impor- 
tant formulas are given. 


(1) Distance between Pi(x1, y1, 21) and Po(xe, ye, Z2) 
d = V (x1 — X2)? + (ys — Y2)? + (@1 — 22)?. 
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(2) Straight line 
Direction cosines: cos a, cos B, cos y. 
Direction numbers: a, b, c. 
Then cos @ _ cos B _ cos 7, 
a b c 
cos? a + cos? B + cos? y = 1. 


ij ae 
‘ SEN Ge be 1-1C2 
b 
cos B 9 
, + Va? +b? +c? 
c 
= ; SY = 
ys + Va? +b? +0? 
1 For the line joining (x1, y1, 21) and (x2, y2, 22) 
ecos@ — cos = cos-y . 


; te—-% YY wu 
(8) Two lines 


Direction cosines: cos a, cos B, cos y; cosa’, cos B’, cos y’. 
Direction numbers: a, b,c; a’, b’, c’. 
If @= angle between the lines, 
cos 6 = cosa cos a’ + cos B cos B’ + cos y cos Y’, 
aa’ + bb’ + cc’ r 
Va? +b? + c2 Va’? + 6? 4c? 


Gh (WO Sas 


aia ek 


_ Perpendicular lines. aa’ + bb’ + cc’ = 0. 


cos 6 = 


ei ey a ee 


. a b c 


(5) Plane. For the plane Ax + By + Cz+ D=0 the coefficients A, B, C 
1e direction numbers of a line perpendicular to the plane. 


ith direction numbers A, B, C. 
A(x — 21) + BYy — Yi) + Cle = 41) =()), 


Ax+ By+ Cz+ D=0, 
A’x + B’y+ C’z+ D’/=0. 
irection numbers of the line of intersection : 
eo BC’ — CB’, CA! — AC’, AB! — BA’. 
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If 6 = angle between the planes, then 
AA’+ BB’+CC' 
cos 6 a 
VA2 4+ B2+ C2 VA2 4 B22 + C2 
5. Greek alphabet 


LETTERS NAMES LETTERS NAMES LETTERS NAMES 
A a Alpha Leu eiota P p Ghhe 
BB Beta K x Kappa > os Sigma 
Tl y Gamma A \ Lambda T 7 Vag 
A 6 Delta Mu Mu tT v_ Upsilon 
E e« Epsilon Nv Nu & ¢ Phi 
ZL ¢ Zeta AE XY X x Chi 
H » Eta O o Omicron vy Psi 
6 6 Theta Nk Ge Nig Q w Omega 


CHAPTER II 


VARIABLES, FUNCTIONS, AND LIMITS 


6. Variables and constants. A variable is a quantity to which an 
unlimited number of values can be assigned in an investigation. 
Variables are denoted usually by the later letters of the alphabet. 

A quantity whose value is fixed in any investigation is called a 
constant. 

Numerical or absolute constants retain the same values in all prob- 
lems; as 2, 5, V7, 7, etc. 

Arlitrary constants are constants to which numerical values may 
be assigned, and. they retain these assigned values throughout the 
investigation. They are usually denoted by the earlier letters of 
the alphabet. 

Thus, in the equation of a straight line, 


oY 
eh Us 


x and y are the variable codrdinates of a point moving along the 
line, while the arbitrary constants a and 6 are the intercepts, for 
which definite values are assumed. 

The numerical (or absolute) value of a constant a, as distinguished 
from its algebraic value, is represented by |a|. Thus, |— 2] = 2 = |2|. 
The symbol |a| is read “‘the numerical value of a.” 

7. Interval of a variable. Very often we confine ourselves to a por- 
tion only of the number system. For example, we may restrict our 
variable so that it shall take on only values lying between a and b. 
Also, a and b may be included, or either or both excluded. We shall 
employ the symbol [a, 6], a being less than b, to represent the num- 
bers a, 6, and all the numbers between them, unless otherwise stated. 
This symbol [a, 6] is read ‘“‘the interval from a to b.”’ 

8. Continuous variation. A variable x is said to vary continuously 
through an interval [a, b] when x increases from the value a to the 
value 6 in such a manner as to assume all values between a and 6 
in the order of their magnitudes, or when «x decreases from x = 6 to 
x =a, assuming in succession all.intermediate values. This may be 
illustrated geometrically by the diagram on page 8. 

7 
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The origin being at O, lay off on the straight line the points A 
and B corresponding to the numbers a and 6. Also, Jet the point 
P correspond to a particular 
value of the variable x. Evi- 
dently the interval [a, b] is rep- 
resented by the segment AB. As «x varies continuously through 
the interval [a, b], the point P generates the segment AB when x 
increases, or the segment BA when «x decreases. 

9. Functions. When two variables are so related that the value of 
the first variable is determined when the value of the second variable 
is given, then the first variable is said to be a function of the second. 

Nearly all scientific problems deal with quantities and relations of 
this sort, and in the experiences of everyday life we are continually 
meeting conditions illustrating the dependence of one quantity on 
another. For instance, the weight a man is able to lift depends on 
his strength, other things being equal. Similarly, the dzstance a boy 
can run may be considered as depending on the time. Or we may 
say that the area of a square is a function of the length of a side, and 
the volwme of a sphere is a function of its diameter. 

10. Independent and dependent variables. The second variable, to 
which values may be assigned at pleasure within limits depending 
on the particular problem, is called the independent variable, or 
argument; and the first variable, whose value is determined when 
the value of the independent variable is given, is called the dependent 
variable, or function. 

Frequently, when we are considering two related variables, it is 
in our power to fix upon either as the independent variable; but 
having once made the choice, no change of independent variable is 
allowed without certain precautions and transformations. For i 
ample, the area of a square is a function of the length of its side. 
Conversely, the length of a side is a function of the area. 

11. Notation of functions. The symbol f(x) is used to denote a func- 
tion of x, and is read f of x. In order to distinguish between different 
functions, the prefixed letter is changed, as F(x), d(x), f’(x), ete. 

Duriag any investigation a functional symbol indicates the same 
law of dependence of the function upon the variable. In the simpler 
cases this law takes the form of a series of analytical operations upon 
the variable. Hence, in such a case, the functional symbol will indicate 
the same operations or series of operations applied to different values 
of the variable. Thus, if 


a a b 
A IE B 


f(x) =x2?—-927+14, 
then fy) =y?-9y4+ 14. 
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Also f(b+1)=(6+1)2—9(6+1)+14=6?-—76+6, 
f(0) =0?-—9-0+14=14, 
f- l= 1)? -9(-1) + 14= 24, 
f(3) = 3? -—-9-38+14=—4, 
12. Division by zero excluded. The quotient of two numbers a and 
b is a number x such that a= bx. Obviously, division by zero is 
ruled out by this definition. For if b= 0, and we recall that any 
number times zero equals zero, we see that x does not exist unless 
a=0. But, in this case, x may be any number whatever. The forms 
a 9 
O2a20). 
are, therefore, meaningless. 


Care should be taken not to divide by zero inadvertently. The fol- 
lowing fallacy is an illustration: 


Assume that C= 6: 
Then, evidently, ab.= a?. 
Subtracting b?, ab — b? =a? — b?. 
Factoring, b(a — b) = (a+ b)(a— BD). 
Dividing by a — b, b=a+b. 
But = 08 

therefore Dian Os 

Or). - 1 OX 


The absurd result is due to the fact that we divided by a— b=0. 


PROBLEMS 
Given f(x) = x3 — 10 x2 + 31 x — 30, show that 
f0)=— 30, f(2)=0, f8)=f(), f(—1) =— 6 f(6). 
2. If f(x) = x? + 8 x? — 5, find f(0), f(1), f(— 1), f(2), f(— 2). 
8, If F(x) = 4°, find F(0), F(—1), F(3). 
(4 Given f(x) = x® — 10 x? + 81 x — 30, show that 
f(a — 2) = «3 — 16 x? + 83 x — 140. 
5. Given f(x) = 22 —3 2 + 7, show that 
fi@th)=22? -—824+74+ (22-—3)h+h?. 
6. Given f(x) = x? + 4 x — 1, show that 
f(ath) —f(x) = (24+4)h+h?. 


| (2) Given f(x) = i show that 
fle + h) — fle) =- =. 
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8. If d(x) = a*, show that d(y) - d(@) = d(y +2). 


1— ” , show that 
1+¢2 


ee) © Samed 
- ou) + o@ = o(4**) 
(10 Given f(x) = sin x, show that 
f(x +2h) —f(x) =2 cos (x4 +h) sinh. 
HINT. Use (6), p. 3. 


™ 9. Given (x) = log 


13. Graph of a function; continuity. Consider the function 2?, 
and let 

(1) y = 2. Lg 

This relation gives a value of y for any value of x; 
that is, y 7s defined by (1) for all values of the inde- 
pendent variable. The locus of (1), a parabola (see 
figure), is called the graph of the function x?. If x 
varies continuously (Art. 8) from x = a to x= b, then O x 
y will vary continuously from y = a? to y = b?, and 
the point P(x, y) will move continuously along the graph from the 
point (a, a?) to (b, 62). Also, a and b may have any values. We then 
say, “the function x? is continuous for all 
values of x.” 1 

Consider the function = and let 


2) y=2. 7 


Yy 


b 


This equation gives a value of y for any 
value of x except x= 0 (Art. 12). Forx=0 
the function is not defined. The graph, the locus 
of (2), is an equilateral hyperbola (see figure). If x increases con- 
tinuously through any interval [a, 6] which does not include x =0, 


then y will decrease continuously from i to and the point P(x, y) 


will trace the graph between the corresponding points (a, *), (6, *): 


Then we say, ‘“‘the function < is continuous for all values of x except 


x =.” There is no point on the graph for x = 0. 

These examples illustrate the concept of continuity of a function. 
A definition is given in Art. 17. 

14. Limit of a variable. The idea of a variable approaching a limit 
occurs in elementary geometry in establishing a formula for the area 
of a circle. The area of a regular inscribed polygon with any number 
of sides n is considered, and v is then assumed to increase indefinitely. 


Be 


e 
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The variable area then approaches a limit, and this limit is defined 
as the area of the circle. In this case the variable v (the area) in- 
creases constantly, and the difference a — v, where a is the area of 
the circle, diminishes and ultimately becomes less than any preas- 
signed number, however small. 

The relation illustrated is made precise by the 

DEFINITION. The variable v is said to approach the constant / as 
a limit when the successive values of » are such that the numerical 
value of the difference v —/ ultimately becomes and remains less 
than any preassigned positive number, however small. 

The relation defined is written lim » = J. For convenience, we shall 
use the notation v — l, read, ‘‘v approaches / as a limit,” or, more 
briefly, “‘“v approaches l.’”’ (Some authors use the notation »v = /.) 


ILLUSTRATIVE EXAMPLE. Let the values of v7 be 


1 1 1 
7a Te ede re mie 


without end. Then, obviously, lim v = 2, or » => 2. 

If we mark on a straight line, as in Art. 8, the point L correspond- 
ing to the limit J, and from L lay off on each side a length e, however 
small, then the points determined by v will ultimately all lie within 
the segment corresponding to the interval [/ — e, /+ e]. 

15. Limiting value of a function. In applications, the situation that 
usually arises is this. We have a variable v, and a given function z 
of v. The independent variable v assumes values such that » — l. 
We then have to examine the values of the dependent variable z, 
and, in particular, determine if z approaches a limit. If there is a 
constant a such that lim z = a, then the relation described is written 

lo 2 =a, 
vol 
read, ‘‘the limit of z, as » approaches J, is a.” 

16. Theorems on limits. In calculating the limiting value of a func- 
tion, the following theorems may beapplied. Proofs are given in Art. 20. 

Suppose u, v, and w are functions of a variable x, and suppose that 

“tm 2w= A, ime=—B, limw= C. 


Then the following relations hold: 


(1) lim (u+v—w)=A+B—-C. 
(2) lim (uvw) = ABC. 
(3) lim es AFB ia abt zero. 


xoaU B 
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Briefly, in words, the limit of an algebraic sum, of a product, or 
of a quotient is equal, respectively, to the same algebraic sum, product, 
or quotient of the respective limits, provided, in the last named, that the 
limit of the denominator is not zero. 


If ¢ is a constant (independent of x) and B is not zero, then, from 
the above, 


(4) lm (wute)=A+e, limcu=cA, lim § =e 


Consider some examples. 
1. Prove lim (x? +4 x) = 12. 
~>2 


Solution. The given function is the sum of x? and 4“. We first find the limit- 
ing values of these two functions. By (2), 


lim v7? = 4, since #2 =x%- 2. 


x>2 
By (4), limi 4a limba 
x72 nwo 
Hence, by (1), the answer is 4+ 8 = 12. 
(a me 
2. Eevee en 


Solution. Considering the numerator, lim (2? — 9) = — 5, by (2) and (4). For 


Z> ' 
the denominator, lim (¢ +2) =4. Hence, by (3), we have the required result. 
z>2 


17. Continuous and discontinuous functions. In Ex. 1 of the pre- 
ceding article, where it was shown that 


lim (2? +42) = 12, 


we observe that the answer is the value of the function for x = 2. 
That is, the limiting value of the function when x approaches 2 as a 
limit is equal to the value of the function for x = 2. The function is 
said to be continwous for x = 2. The general definition is as follows: 

DEFINITION. A function f(x) is said to be continuous for « = a if 
the limiting value of the function when x approaches a as a limit is 
the value assigned to the function for x = a. In symbols, if 


lim f (x) = f (@), 


then f(z) is continuous for x = a. 

The function is said to be discontinuous for x = a if this condition 
is not satisfied. 

Attention is called to the following two cases of common oc- 
currence. 
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CASE I. Asan example illustrating a simple case of a function con- 

tinuous for a particular value of the variable, consider the function 
x2—A4 
iO a eae 

For x = 1, f(x) = f(1) = 8. Moreover, if x approaches 1 as a limit, 
the function f(x) approaches 3 as a limit (Art. 16). Hence the 
function is continuous for x = 1. 

CASE II. The definition of a continuous function assumes that 
the function is already defined for x = a. If this is not the case, how- 
ever, it is sometimes possible to assign such a value to the function 
for x =a that the condition of continuity shall be satisfied. The 
following theorem covers these cases: 


Theorem. If f(x) 2s not defined for x =a, and if 
him (x) =25 


x-a 


then f(x) will be continuous for x =a if B is assumed as the value of 
f(x) for x =a. 


Thus, the function x —4 


x—2 

is not defined for x = 2 (since then there would be division by zero). 
But for every other value of «, 
x2—4 


x—2 Ate Ret 
and lim (x +2) =4 
r72 
therefore in 
r7>2 1p VA 


Although the function is not defined for x = 2, if we arbitrarily as- 
sign to it the value 4 for x = 2, it becomes continuous for this value. 


A function f(x) is said to be continuous in an interval when it ts 


continuous for all values of x in this interval.* 


In the calculus we have to calculate frequently the limiting value 
of a function of a variable » when » approaches as a limit a value a 
lying in an interval in which the function is continuous. This limit- 
ing value is the value of the function for v = a. 

18. Infinity (0). If the numerical value of a variable v ultimately 
becomes and remains greater than any preassigned positive number, 


* In this book we shall deal only with functions which are in general continuous, that is, 
continuous for all values of x, with the possible exception of certain isolated values, our 


results in general being understood as valid only for those values of x for which the function 


in question is actually continuous. 
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however large, we say v becomes infinite. If v takes on only positive 
values, it becomes positively infinite; if negative values only, it 
becomes negatively infinite. The notation used for the three cases is 


lim vy = 00, limv=+o, lim y = — 0. 
In these cases v does not approach a limit as defined in Art. 14. The 
notation lim v = 0, or v — oo, must be read ‘‘v becomes infinite,” 
and not “‘v approaches infinity.”’ * 
We may now write, for example, 


en | 
lim == 00, 
x7 0e 


: u : ‘ 
meaning that = becomes infinite when x approaches zero. 


Referring to Art. 17, it appears that if 
him F(@)-==:60,, 


that is, if f(a) becomes infinite as x approaches a as a limit, then 
f(a) is discontinuous for x = a. 
A function may have a limiting value when the independent 

variable becomes infinite. For example, 

lim L = (0). 

xo XL 
And, in general, if f(a) approaches the constant value A as a limit — 
when x — o, we use the notation of Art. 17 and write 


lim f(z) = A. 


Certain special limits oceur frequently. These are given below. The 
constant c is not zero. 


Written in the form of limits Abbreviated form often used 
(1) lim © = 00. p= 
(2) lim cv = 00. C*>0O= 00, 
@® —lint=a. fam 
© tn =o gro 


* On account of the notation used and for the sake of uniformity, the expression 
»— + is sometimes read “‘v approaches the limit plus infinity.” Similarly, »——© is 
read ‘“‘v approaches the limit minus infinity,’ and »v > © is reaa\ jin numerical value, 
approaches the limit infinity.” 

This phraseology is convenient, but the student must not forget that infinity is not a 
limit, for infinity is not a number at all. 
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These special limits are useful in finding the limiting value of the 
quotient of two polynomials when the variable becomes infinite. 
The following example will illustrate the method: 


ILLUSTRATIVE EXAMPLE. Prove lim emo ts ey = 
x 00 5a — x? —7 x3 i 
Solution. Divide numerator and denominator by x3, the highest Dovey of x 


present in either. Then we have 


223—327+4  ~~«. es otis 
lim 2————_— li eee 
~—7 0 5a —22—7T23 oo) ogee ia, 
ae 

The limit of each term in numerator or denominator containing zx is zero, by (4). 
Hence, by (1) and (3) of Art. 16 we obtain the answer. In any similar case the 
first step is therefore as follows: 

Divide both numerator and denominator by the highest power of the variable 
occurring in either. 


If w and v are functions of x, and if 
limuwu= A, limv=0, 


za wt7 a 


ord if A is not zero, then 
u 


lim — = oo. 
27a U 


This notation provides for the exceptional case of (3), Art. 16, 
when B= 0 and A is not zero. See also Art. 20. 


PROBLEMS 
_ Prove each of the following statements : 
Sa ae oleae Ee 
i. Lie Sat+522 5 
Lay: 
Bia ee oe 


Proof. lim 
peepee Ae on as zo 245 


[Dividing both numerator and denominator by x?.] 


The limit of each term in numerator and denominator containing x is zero, by 
(4). Hence, by (1) and (3), Art. 16, we obtain the answer. 


Oinztat 
zon OL 3 


Deer Or wes ol. 
oo ieee oo 
Asim (4 y3 + 3 hy? —2h?) =4y3. 
h->0 


5. lim (2 «2 —3 hz + h?) = ow. 
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(24+ k)?—3 ke? _» 
nit a(22+k) ‘ 


Pir Eales sl A Deal 
aa, PT eed 
on 2+2a—-—T7 


2¢—-5 
8. lim — = (), 
L D »'O — 5 x2 
9. Jim Aga” + aye! + +++ On _ WW, 
» bot + by +-+-+b, bo 
1 dg” + yx} fant On Ge, 


ber bot” + byl eee tb, dy 
ax® + br +c 
, ao OL" + ex + if 
ax* + br +e Pea 


=O, 


rt jim 


be i ae ror 
s—a eee 
3 lim 5—F = 2 at, 
1 , lim @+hyr— x = ne), 
h~0 h 
—382¢4+2 1 
15. li Fe Eo BL 5 Pa 
im © aoe e 3 
16 1, Vena 
her h Ig 


Proof. The limiting value cannot be found by substituting h = 0, for we then 
obtain (Art. 12) the indeterminate form 3. We then transform the expression in 


a suitable manner as indicated below, namely, rationalize the numerator. 


Vet+h—-Vz,. We Veth+Va _ c+h-—o pet if : 
EE ie poe 6 Bp Ba? Vi+h+ V2 
Hence lim VZtH= Va Va ig ee oe eee IN 
hod Se Oe lim —— 4/4 te eA 2V¢z 


17. Given f(z) = x”, show that 


im (2+) —S@ _ 9, 
h-»0 h 


18. Given f(z) = ax? + bx + c, show that 


jim Lath) — “) =2ax+b. 


ho 0 


iG, Given f(z) = \, show that 


h-0 h x? 
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19, Infinitesimals. A variable v which approaches zero as a limit 
is called an infinitesimal. This is written (Art. 14) 


limv=0 or v—0, 


and means that the numerical value of v ultimately becomes and 
remains less than any preassigned positive number, however small. 

If lim v = 1, then lim (v — 1) = 0; that is, the difference between a 
variable and its limit is an infinitesimal. 

Conversely, if the difference between a variable anda constant is an 
infinitesimal, then the variable approaches the constant hs a limit. 

20. Theorems concerning infinitesimals and limits. In the following 
considerations all variables are assumed to be functions of the same 
independent variable and to approach their respective limits as this 
variable approaches a fixed value a. The constant ¢ is a preassigned 
positive number, as small as we please, but not zero. 

We first prove four theorems on infinitesimals. 


I. An algebraic sum of n infinitesimals is an infinitesimal, n being 
a fixed number. 

For the numerical value of the sum will become and remain less 
than e when the numerical value of each infinitesimal becomes and 


5 € 
remains less than ot 


Il. The product of a constant c by an infinitesimal is an infinitesimal. 
For the numerical value of the product will be less than € when 


the numerical value of the infinitesimal is less than al . 

III. The product of n infinitesimals is an infinitesimal, n being a 
fixed number. 

For the numerical value of the product will become and remain 
less than e€ when the numerical value of each infinitesimal becomes 
and remains less than the nth root of e. 


IV. Lf km v = l, and l is not zero, then the quotient of an infinitesimal 
2 by v ts also an infinitesimal. 

For we can choose a positive number c, numerically less than J, 
such that the numerical value of v ultimately becomes and remains 
_ greater than c, and also such that the numerical value of 7 becomes 
and remains less than ce. Then the numerical value of the quotient 
will become and remain less than e. ; 

Proofs of the theorems of Art. 16. Let 


(1) u—-A=1,9—B=),w—C=k. 
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Then 7, 7, k are functions of x, and each approaches zero as x > @; 
that is, they are infinitesimals (Art. 19). From equations (1), we 
obtain 

(2) utv—w—(A+B—C)=i+)7—-k. 
The right-hand member is an infinitesimal by theorem I above. 
Hence, by Art. 19, 

(8) lim (w+v—w)=A+B-C. 


From (1), we have w=A+?7, v=B+J). By multiplication and 
transposing AB we get 

(4) w—-AB=AjJ+Bi+y. 
By the above theorems I-III the right-hand member is an infinitesi- 
mal, and hence 

(5) lim wo = AB. 


The proof is readily extended to the product wow. 
Finally, we may write 
(6) Uns A Aa A eee 
0) 6B By ab ee ee) 
The numerator in (6) is an infinitesimal by theorems I and II. By 
(3) and (4), lim B(B+ 7) = B?. Hence, by theorem IV, the right- 
hand member in (6) is an infinitesimal, and 


(7) lim 4 =<. 


Hence the statements in Art. 16 are proved. 


CHAPTER III 
DIFFERENTIATION 


21. Introduction. We shall now proceed to investigate the man- 
ner in which a function changes in value as the independent variable 
changes. The fundamental problem of the differential calculus is to 
establish a measure of this change in the function with mathematical 
precision. It was while investigating problems of this sort, dealing 
with continuously varying quantities, that Newton* was led to the 

-discovery of the fundamental principles of the calculus, the most 
scientific and powerful tool of the modern mathematician. 


22. Increments. The increment of a variable in changing from one 
numerical value to another is the difference found by subtracting the 


first value from the second. An increment of x is denoted by the 
symbol Az, read ‘delta x.” The student is warned against reading 
this symbol “delta times x.” 

Evidently this increment may be either positive or negative + 
according as the variable in changing increases or decreases. Similarly, 


Ay denotes an increment of y, 
Ad denotes an increment of ¢, 
Af(a) denotes an increment of f(x), ete. 


If in y = f(x) the independent variable x takes on an increment Az, 
then Ay will denote the corresponding increment of the function f(x) 
(or dependent variable y). 

The increment Ay is always to be reckoned from the definite 
initial value of y corresponding to the arbitrarily fixed initial value 
of x from which the increment Az is reckoned. For instance, consider 
the function 

Tata 

a Sir Isaac Newton (1642-1727), an Englishman, was a man of the most extraordinary 
genius. He developed the science of the calculus under the name of Fluxions. Although 
Newton had discovered and made use of the new science as early as 1670, his first published 
work in which it occurs is dated 1687, having the title ‘‘ Philosophiae Naturalis Principia 
Mathematica.”” This was Newton’s principal work. Laplace said of it, ‘It will always remain 
preéminent above all other productions of the human mind.” See frontispiece. 


t Some writers call a negative increment a decrement. 
19 


20 DIFFERENTIAL CALCULUS 


Assuming x = 10 for the initial value of x fixes y= 100 as the 
initial value of y. 


Suppose x increases to x = 12, that is, Av = 2; 


then y increases to y= 144, and Ay= 44. 
Suppose x decreases to x = 9, that is, Ax =—1; 
then y decreases toy=81, and Ay=—19. 


In the above example, y increases when « increases and y decreases 
when x decreases. The corresponding values of Ax and Ay have 


like signs. It may ha decreases as 71 s, or the 
reverse; in either case Av and Ay will then have opposite signs. 


23. Comparison of increments. Consider the function 
(1) y= 2. 


Assuming a fixed initial value for x, let x take on an increment Az. | 
Then y will take on a corresponding increment Ay, and we have 


y + Ay = @ + Az), 


or y+ Ay=x?+2a-Ax-+ (Az)?. 
Subtracting (1), y ee 
(2) hy 2x-Ax-+ (Ax)? 


we get the increment Ay in terms of x and Az. 
To find the ratio of the increments, divide both members of (2) 


by Az, giving 
Ay _ 22+ Ax. 
ay 
If the initial value of x is 4, it is evident (Art. 16) that 
eee aay 
a i 


Let us carefully note the behavior of the ratio of the increments of 
x and y as the increment of x diminishes. 


Initial New Increment Initial New Increment 
Value of x | Value of x Ax Value of y | Value of y 


5.0 1.0 16 25. 

4.8 0.8 16 23.04 
4.6 0.6 16 21.16 
4.4 0.4 16 19.36 
4.2 0.2 16 17.64 
4.1 0.1 16 16.81 
4.01 0.01 16 16.0801 
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It is apparent that as Az decreases, Ay also diminishes, but their 
ratio takes on the successive values 9, 8.8, 8.6, 8.4, 8.2, 8.1, 8.01, 


illustrating the fact that the value of zt can be brought as near to 
8 as we please by making Az sufficiently small. Therefore 
: Ay my 
ee Ax : 


24. Derivative of a function of one variable. The fundamental 
definition of the differential calculus is as follows: 


The derivative* of a function is the limit of the ratio of the increment 
of the function to the increment of the independent variable, when the 
latter increment varies and approaches zero as a limit. 


When the limit of this ratio exists, the function is said to be differ- 
entiable, or to possess a derivative. 

The above definition may be given in a more compact form sym- 
bolically as follows: Given the function 


and consider x to have a fixed value. 
Let x take on an increment Az; then the function y takes on an 
increment Ay, the new value of the function being 


(2) y + Ay=f@-+ Az). 
To find the increment of the function, subtract (1) from (2), giving 
(3) Ay = f(z + Ax) — f(z). 
Dividing both members by the increment of the variable, Az, 
we get 
Ax Ax 
The limit of this ratio when Ax approaches zero as a limit is, from 


dy. Therefore 
dx 


the definition, the derivative and is denoted by the symbol 


ira ee) (Ge AX) sf (2) 
») dx ene 0 Ax 
defines the derivative of y [or f(x)] with respect to x. 
From (4) we get also 
dy _ jim AY. 
dx a Ax>0 Ax 


* Also called the differential coefficient or the derived function. 
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Similarly, if «wis a function of ¢, then 


du = lin , At = derivative of u with respect to ¢. 


dt Ats SOA 


The process of finding the derivative of a function is called differ- 


entiation. 
25. Symbols for derivatives. Since Ay and Ax are always finite and 


have definite values, the expression 


is really a fraction. The symbol 


however, is to be regarded not as a fraction but as the limiting value of 
a fraction. In many cases it will be seen that this symbol does possess 
fractional properties, and later on we shall show how meanings may 


be attached to dy and dx, but for the present the symbol 5! dy ns to be 
considered as a whole. 

Since the derivative of a function of x is in general also a function 
of x, the symbol f’(x) is also used to denote the derivative of f(x). 


Hence, if y = f(a), 
: dy 
we may write nF = f'(x), 
which is read ‘“‘the derivative of y with respect to x equals f prime 
of x.”” The symbol a 
dx 


when considered by itself is called the differentiating operator, and 
indicates that any function written after it is to be differentiated with 
respect to x. Thus, 


i or “ y indicates the derivative of y with respect to x; 


— £ f(x) indicates the derivative of f(a) with so to ae 


— 2 x? + 5) indicates the derivative of 2 x? + 5 with respect to x. 


dy, 
da 


The symbol D, is used by some writers instead of i. 
y=f(«), 


" is an abbreviated form of 


If, then, 
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we may write the identities 


yf == Sy = 4 fe) = D.f a) =f"). 


It must be emphasized that the variable, in the essential step of 
letting Ax — 0, is Ax, and not x. The value of the latter is assumed 
fixed from the start. To emphasize that x = zo throughout, we may 


a F( Ax) — f(x) 
/ . Die) (to 
(#0) = ee ING 

26. Differentiable functions. From the Theory of Limits it is clear 
that if the derivative of a function exists for a certain value of the 
independent variable, the function itself must be continuous for that 
value of the variable. 

The converse, however, is not always true, functions having been 
discovered that are continuous and yet possess no derivative. But 
such functions do not occur often in applied mathematics, and in this 
book only differentiable functions are considered, that is, functions that 
possess a derivative for all values of the independent variable save at 
most for isolated values. 

27. General Rule for Differentiation. From the definition of a deriv- 
ative it is seen that the process of differentiating a function y = f(z) 
consists in taking the following distinct steps: 


GENERAL RULE FOR DIFFERENTIATION * 


First Step. In the function replace x by x + Ax, and calculate the 
new value of the function, y + Ay. 

SECOND STEP. Subtract the given value of the function from the new 
value and thus find Ay (the increment of the function). 

THIRD STEP. Divide the remainder Ay (the increment of the function) 
by Ax (the increment of the independent variable). 

FourtTH STEP. Find the limit of this quotient when Az (the incre- 
ment of the independent variable) varies and approaches zero as a limit. 
This is the derivative required. 


The student should become thoroughly familiar with this rule by 
applying the process to a large number of examples. Three such 
examples will now be worked out in detail. Note that the theorems 
of Art. 16 are used in the Fourth Step, x being held constant. 


* Also called the Four-Step Rule. 


a 
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ILLUSTRATIVE EXAMPLE 1. Differentiate 3 x? + 5. 
Solution. Applying the successive steps in the General Rule, we get, after placing 
= 3 £7 4 0; 
First Step. y+tAy=3(¢+Az)?+5 
=32?+6a- Ax + 3(Ax)? + 5. 


- Second Step. y+ Ay=3a?+62:-Ax+3(Azr)? +5 


Ay__ ,. 22+Az . 
Third Step. he Ape Co Anes 
Wyre, eB hr eRe: 
Fourth Step. ro <Ste 2S Ans, 
,»— afc SVS. 
a y =a(2) x3 


y =3 x? +5 
Ay = 62-Ax+3(Az)? 
: Ay _ : 
Third Step. Tees 6x2+3- Ax. 
dy _ 
Fourth Step. ore 62. Ans. 


We may also write this 


} Ota oe = 
y rN: +5)=6-2. 


ILLUSTRATIVE EXAMPLE 2. Differentiate x? —-22+7. 
Solution. Place yY=uP —2e+7. 


First Step. y+Ay=(x2+Azx)? —2(4+ Ax) +7 J ; 
=73432?-Ax+32- (Az)? + (Ar)? -24—2:-Ax+T7. 


Second Step. y+ Ay=2z?+32?-Ax+3<a- (Ax)? + (Ax)? —-24—2 Aa if 
y = fe —22 +7 \ 
Ay= 8 2?-Ax+3x- (Ax)? + (Ax) —2-Az = 
. 
Third Step. AU = 32? +30-Ax+ (Ax)? —2. ? 4 
Fourth Step. oy =322?—2. Ans. : 
Or yf = 2-224) =829-2. 
ILLUSTRATIVE EXAMPLE 3. Differentiate oa 
Solution. Place y= i _ 
. = eee 
First Step. ytAy= @ + Az? 
c 
Second Step. y+ Ay= (e+ On)? 
Sues 
y wee 


A eS e eco r ay 
—_ (a + Ax)? 2? x?(x + Ax)? 
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PROBLEMS 
Use the General Rule in differentiating each of the following functions: 
dy il 1 
= 2 —_ = = ——_- Ym a ig 
A. Ans. 7 Sis 10. p 79 AS err aig 
@y=s-2Y Wi_oz, lly= 328-2 y’=2?-1. 
‘4 me 1-2 ik 
E ee 12.y= : eae 
3. s=2—51. of ore x x 
E43 — dp _ 13,Jy =——- eee 
4.p= 8-38. dg 73 —3- ey heer y (1 — x)? 
5, y= mat b. FR be 14.y= a2 ie 73 
; dz 1 
6. 2=30—-20. ~=6t-6 22. sofas y fe, ace 
dt D2 Y= ~ @2+1) 
os dy 4 
=" 5 lana Pony fice perl 02 
x dx x ee roe U —@4+ D3 
2". dy _ 
fear : : in” 7. s-u+8. ppt ama 
i ia 2 cad (ct + d) 


7° -Ot+1 3 380odt—S—Cié EF? 18. y= (eH2)% =—oyy9'- =A THAz 
1IWsy=52?-—6ae+7. 4y=(8+27)(4 —2). 


20.s=4-—t—2??. 25. y = (0+ x). 1 — ?? 
2—2¢4 x2 
tao 9 6 — 3 03; eee SE : 29. y= ° 
21. p ) 6 26. y 3 y ET 
2 oo xr+2 Pie 2 
4 e— a ae / 30J/y = : 
3. y= (x +1)(x + 2). hE) x —2 Sat ad ee 


28. Interpretation of the derivative by geometry. We shall now 
consider a theorem which is fundamental in all applications of the 
differential calculus to geometry. It is 
necessary to recall the definition of the 
tangent line to a curve at a point P on 
the curve. Let a secant be drawn through 
P and a neighboring point Q on the curve 
(see figure). Let Q move along the curve 
and approach P indefinitely. Then the 
secant will revolve about P, and its limiting position is the tangent 
line at P. Let 


(1) | y = f(a) 
be the equation of a curve AB. This curve is the graph of f(x) 
(see figure). 
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Now differentiate (1) by the General Rule and interpret each step 
geometrically from the figure (p. 25). We choose a point P(x, y) 
on the curve, and a second point Q(x + Az, y+ Ay) near P, also 
on the curve. 


First STEP. y + Ay =f(a + Ax) = NO 
SECOND STEP. y + Ay = f(« + Az) = NQ 
y= f@) C= MP=NF 


Ay = f(x + Ax) — f(x) = RQ 
Ay _ f(a@+Ax) —f(z)_ RQ _ RQ 
Ax ANG MN PR 
== tan 2 iO) ano. 
= slope of secant line PQ. 


THIRD STEP. 


At this point, therefore, we see that the ratio of the increments Ay 
and Az equals the slope of the secant line drawn through the points 
P(x, y) and Q(a + Az, y + Ay) on the graph of f(x). 

Let us examine the geometric meaning of the Fourth Step. The 
value of x is now regarded as fixed. Hence P is a fixed point on the 
graph. Also, Az is to vary and approach zero as a limit. Obviously, 
therefore, the point Q is to move along the curve and approach P as a 
limiting position. The secant line drawn through P and Q will then 
turn about P and approach the tangent line at P as its limiting 
position. In the figure, 


¢ = inclination of the secant line PQ, 
7 = inclination of the tangent line PT. 
Then lim ¢=7. Assuming that tan ¢ is a continuous function (see 


Ax 0 
Art. 70), we have, therefore, 
FOURTH STEP. Ul fe) = lwo tani = tans 
dx Az 0 
= slope of the tangent line at P. 
Thus we have derived the important 


Theorem. The value of the derivative at any point of a curve is equal 
to the slope of the tangent line to the curve at that point. 


It was this tangent problem that led Leibnitz* to the discovery of 
the differential calculus. 


* Gottfried Wilhelm Leibnitz (1646-1716) was a native of Leipzig. His remarkable 
abilities were shown by original investigations in several branches of learning. He was 
first to publish his discoveries in calculus in a short essay appearing in the periodical Acta 
Eruditorum at Leipzig in 1684. It is known, however, that manuscripts on Fluxions 
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ILLUSTRATIVE EXAMPLE. Find the slopes of the tangents to the parabola y = x? 
at the vertex and at the point where x = 3. 


Solution. Differentiating by the General Rule (Art. 27), we get 


(2) wt = 2x =slope of tangent line at any point (x, y) on curve. 
To find slope of tangent at the vertex, substitute x =0 in (2), 
giving dy 
= =\())- 

dx 


Therefore the tangent at the vertex has the slope zero; that 

is, it is parallel to the x-axis and in this case coincides with it. 
To find the slope of the tangent at the point P, where x = 3, 
substitute in (2), giving ai 
a — 


that is, the tangent at the point P makes an angle of 45° with the z-axis. 


Y; 


PROBLEMS 


Find by differentiation the slope and inclination of the tangent line 
to each of the following curves at the point indicated. Verify the result 
by drawing the curve and the tangent line. 


‘1./y = 4 — x?, where x = 2. Ans. —4; 104° 2’. 
2.y=42x— x”, where x = 2. OF Oz. 

3. y= where + = 3. S118 TBS. 
4. y =x? — 5) where « = 0. — 4; 158° 26’. 
ony c° — 3 x, where x= 1. (ie, OM 

6/y = 2 x2—x°, wherex=-—1. —1; 135°. 


In each of the three following problems find (a) the points of inter- 
section of the given pair of curves; (b) the slope and inclination of the 
tangent line to each curve, and the angle between the tangent lines, at 
each point of intersection (see (2), p. 3). 


a2 — 02, Ans. Angle of intersection = are tan $ = 53° 8’. 
0 

8.4 = x? — 5, arc tan 3 = 71° 34’ and arc tan =’, = 8° 59’. 

on y=3x—5. 

ey x? 2 x +1, are tan =°, = 28° 4’. 


meet 2 — 7, ; 
(ia Find the angle of intersection between the curves y= 7 and 
y =6 — x? at the point (2, 2). 


written by Newton were already in existence, and from these some claim Leibnitz got the 
new ideas. The decision of modern times seems to be that both Newton and Leibnitz 
invented the calculus independently of each other. The notation used today was intro- 
duced by Leibnitz. 


ss 


Mee es s/ 


CHAPTER IV 
RULES FOR DIFFERENTIATING ALGEBRAIC FORMS 


29. Importance of the General Rule. The General Rule for differen- 
tiation, given in the last chapter (Art. 27) is fundamental, being found 
directly from the definition of a derivative, and it is very important 
that the student should be thoroughly familiar with it. However, the © 
process of applying the rule to examples in general has been found 
too tedious or difficult: consequently special rules have been derived 
from the General Rule for differentiating certain standard forms of 
frequent occurrence in order to facilitate the work. 

It has been found convenient to express these special rules by 
means of formulas, a list of which follows. The student should not 
only memorize each formula when deduced, but should be able to 
state the corresponding rule in words. 

In these formulas wu, v, and w denote functions of x which are 
differentiable. 


FORMULAS FOR DIFFERENTIATION 


I & =0. 
II a1 
III J utv—w=4 e a 
IV £ (cur =0 2. 
d dv du 
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du 
VI a Z() _ aX, 
dx\c Cc 

VIII dy _ dy dv 


Fr aera being a function of v. 


d 1 , ; 
IX oe = ax » y being a function of x. 


dy 
30. Differentiation of a constant. A function that is known to have 


the same value for every value of the independent variable is con- 
stant, and we may denote it by 


As x takes on an increment Az, the function does not change in 
value, that is, Ay = 0, and 


Aye 
A= 0. 
mee Arey 
aus eS Tec y ema 
de 
I £=0. 


The derwative of a constant is zero. 


This result is readily foreseen. For the locus of y = ¢ is a straight 
line parallel to OX, and its slope is therefore zero. But the slope is 
the value of the derivative (Art. 28). 


31. Differentiation of a variable with respect to itself 


Let Y= xX. 
Following the General Rule (Art. 27), we have 
FIRST STEP. y+ Ay=a-+ Ax. 
SECOND STEP. Ay= Az. 
THIRD STEP. AY Ig 
Ax 
FOURTH STEP. oY is 
dx 
7 dx 
sf Sap ie 


The derivative of a variable with respect to itself is unity. 
a a 
This result is readily foreseen. For the slope of the line y = x is 


unity. 
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32. Differentiation of a sum 


Let y=utv—w 
By the General Rule, 
FIRST STEP. y+ Ay=u+Au+v+ Av—w-— Aw. 
SECOND STEP. Ay = Au + Av — Aw. 
A Au , Av_ Aw 
THIRD STEP. ie Ne + Aes 
Now (Art. 24), 
Au — du Popa. thy _ Aw dw 


lim “4%, ae ew _ 


cAr de wodAr dt Ameo hee 
Hence, by (1), Art. 16, 


FourtH STEP. dy _du,dv_ dw 
ds dx “dz Vaz: 

.@ adi, ydu gad, 

ae stig ee Di Tp oR =dx 


A similar proof holds for the algebraic sum of any number of 
functions. 


The derivative of the algebraic sum of n functions is equal to the same 
algebraic sum of their derivatives, n being a fixed number. 
Peel 


33. Differentiation of the product of a constant and a function 


Let ‘l—. 
By the General Rule, 
FIRST STEP. y+ Ay =c(v+ Av) =cv+ cds. 
SECOND STEP. Ay = cAt: 
THIRD STEP. Ay =a Av, 
He Ae 
Whence, by (4), Art. 16, 
dy _ dv, 
FOURTH STEP. eae a 
eas ere 
IV pipe CUNT 
The derivative of the product of a constant and_a function is e to 


the product of the constant and the derivative of the function. 
34. Differentiation of the product of two functions 


Let y= Ww. 
By the General Rule, 
FIRST STEP. y + Ay = (u+ Au)(v+ Ar). 
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Multiplied out, this becomes 
y + Ay = uw + uAv + vAu + Audr. 


SECOND STEP. Ay = uAv + vAu + AuAr. 
fly SRS Ve 
THIRD STEP. hoe U he +y he + Au me 


Applying (2) and (4), Art. 16, noting that lim Aw = 0, and hence 


Az— 0 


that the limit of the product Aw Glee is zero, we have 


Az 
dy _ dv, , du, 
_ FOURTH STEP. Fibs Langa 
ey ay 8 ey te: 
V gg HU) = U 


' _The derivative of the product of two functions is equal to the first 


unction times the derivative of the second, plus the second function 
times the derivative of the first. 


35. Differentiation of the product of n functions, n being a fixed 
number. When both sides of V are divided by wz, this formula 
assumes the form 

Ler) ee \y? 
e 6X2. .02 
ee ee 
uv u v 


If, then, we have the product of n functions y? A 
Y <= V1 V2 Un \ 


ee \ Wa 
we may write 


gy (nest) ez 
V102°** mn ti 0203 °° * Un 
dv dv2 A eae ee Un) 
2 de da 
rT on 034° °° Un 
dry dv dig dv 
dx , dx , dx dx 
= ee 
Multiplying both sides by m2 - ++ vn, we get 
dive 


Sf (oi02+ ++ O9) = (Bats ++ tn) FE (Out ++ +t) FEE 


+ (vyv2 +++ Une Le ie, 
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The derivative of the product of n functions, n being a fixed number 
is equal to the sum of the n products that can be formed by multiplying 
the derivative of each function by all the other functions. 

36. Differentiation of a function with a constant exponent. The 


Power Rule. If the n factors in the above result are each equal to 2, 
we get 


dey dv 
dix oie dx 
=t-—: 
OK v 
. d ee n—1 dv, 
VI Ker (7) — 7 ae 
When v = , this becomes 
Via ue (x) = nx", 
dx 


We have so far proved VI only for the case when n is a positive 
integer. In Art. 65, however, it will be shown that this formula 
holds true for any value of n, and we shall make use of this general 
result now. 


The derivative of a function with a constant exponent is equal to the 
product of the exponent, the function with the exponent diminished by 
unity, and the derivative of the function. 


This rule is called the Power Rule. 
37. Differentiation of a quotient 


Let y= ~ (v ad 0) : 
By the General Rule, Se 
First STEP Fee i ee vis 
. v+ Av i 
_utAu_u_v-Au—u- Av 
SECOND STEP. Ay = ody tee Dae op Aa 
Au», Ae 
Ay 5 Az Ax. 
THIRD STEP. Rp ame 
Applying (1)-(4), Art. 16, 
du _ |, a 
FOURTH STEP. dy __dx_ dx. 
dx v2 
du __, dv 
d (u dx dx 
VII .—(-j= 
dx (2) v2 
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The derivative o ton is equal to the denominator times the 
derivative of the numerator, minus the numerator times the derivative 
sai denominator, all divided by the square of the denominator. 


When the denominator is constant, set » =c in VII, giving 


ae 
| iele)= eae 2 


PROBLEMS* 


¥ Differentiate the following : 
ly=2'. 


ag Sa ee Ans. By Via 
[n = 3.] 
= ax* — bx? 
a he poet peety any lh : ) 
ae ae (ax* — bx?) = aig (ax*) me (bx?) by III 
d d 
=a5, (xt) — b= @) | abe 


=4azx3 —2 bx. Ans. 


lution. Bedeet-d (72-4) +4 8 x) by III 
Sate tal $4 2ae- t, aa By IV and VIa : 
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5. y = (a? — 3)5. 
Sotntion. “ = 5(2? ~ 3)é (x2 — 8) by VI 


[v = «2 — 3, andn=5.] 
= 5(4? — 3)*-224=10 x(x? — 3)*. Ans 


We might have expanded this function by the Binomial Theorem ((8), 
p. 1), and then applied III, ete., but the above process is to be preferred. 


B47 — VE —s 
Solution. WF (qe — 21)h =} (at —22)-* (a? — 22) by VI 
[vo = a? — «2, andn = 5] ‘- 
See ft kN : 
=> oe 2g?)-2(—2z)= Pam Ans. rite 
eae ; 
Solution. 24 dy =(@2+2)£a4528+ 0452) 32242) byV 


[vu = 327 +2, ando=(1+52%)%] 
=(328+2)h +502) 4214524) 4+(1 45262 by Viet 


= (3274+2)14522)-2524+62(14+522)% 
—5t87 +2), 6, i¢oyp = PHBt162, Ane 


V1+52 V1+52 
ee a? +27 
: Va? — x2 


(a? — 24 (a2 + 22) — (a +a) 2 (2 — 2 


— gz 
_22(a? — x?) + x(a? + x”) 
(a? — 2)? 
[Multiplying both numerator and denominator by (a? — 22%] 
P.O — FO — 
 (@ — 228 
Verify each of the following differentiations: 


ad =” ge wa oe 
oLoz 22+5)=182 
10. 2 (54352 28) =62—-6 25. 


11. 5 (at + bt) =a + 2b. 


4 (az — rat) = ar(e-1 — 5°"), 
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13. = (5 yt +6) = “ yt. 
(ald eR (42-1—Tx-2) =—44-24 142-3, 


15, 2 (at beter), _ 4. 


dx Me x? 


16. < (6-9 th) =2t is — 67-4. 


7. 2 (12 + 124+12%-%) =9t-4-91t-# 


i 


| 
. 


18 2 ata) =3r 


1 
1 2/5 — ——— fo ms 
y we _—_ y Sed! es 


+ bt + ct? a fas 
Oe a cee ae 7=— ve 
Vi 2tvti 2V1t 
1 2041. 
r=V20-——=:- —~> ‘= 
V20 26V2 ra 
2 
29.y=V34+4z. fo ee Ee 
os V3+42 
1 
23. y= /4 —3 2. oS SS 
: t. ea=se8 
anf 
: ~/ aa Snir 
24, = 14+ 52% ee 
(My i V1+5 2? 
- 1 x 
— $25. y= ——_——. aa 
i Va? — x? 4 (a2 — x2)? 
26. f(x) = . fits a 
222. /1+% 
x 
27. F(8) = (2—5 6). RO == 
< (2—5 6) 
28/do(y) = (8 + 5 y?)3. $’(y) = 30 (8 + 5 y?)% 
dy _2a+3 bz 
29. y= xVa + be. Gi 6 Ee Oe 
! dx 2Va+ bz 


Uo, 0= 0 Veta. ds_ 14-24, 
dt (6t—1)? 
eu, 


_ a . dy 2 (2a 
= — ee 


3 


- 
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pede eae 
32. T= 
|) anne, 
pete 7 
xv 
: x 
SS 
Va? —5 


35. y = (w+ 2)V2? 4+ 42. 
36. s=t2 V7 —2t. 


81.y= N2t62, 


38. y = (ex —1)Wx+1. 


Sh pS NE 
40.y=2 Ve — x, 


41. y = (a? — a3)?, 


Differentiate each of the following functions: 


43. fe) =27 = aint a 
43. y= 5. 
elms 

45. f(r) = ft. 

46.s= V3 =, 


{8 


In each of the following problems find the value of 
value of x: 


569) (02 a) Ses oeaete 
y= Viet); r= 


dr_ 40 
dé (— 63 
yay ee 
des @"\/4 agar 
Of ee 
dx (x2 — 5)? 
dy _ 2(?+4 +2) 
dee Var +42 
ds_ 141-52? 

dt V7 — 2 
dy. _ __2-+4ame 
dx x2(2 +6 x)3 
dy_ 4%+2 . 
dx 3(4+1)8 

dy _P 

dx y 

dy __ bx 

dx ay” 

au 


ie 


47. F(0) = V3 6? — 10. 


\ 48, y=aV7—6 22. 


32+2 
9.0= [geo 


Y 50. r= 


62 


Ve4+4 


Jay = Va 


fy for the given 


Ans. 48. 


a: 
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54. Som ye) B= Ans. 2 
Soi V/V 10 — 2 6s v= 38. aa 
(By =NB 5a; =. Beas 
57. y= V25 —2?; x= 4. — 4. 
b8.y=xV64+52; c=2. Bi. 
(3 v= Se Ging — gy. 
at z. 
61. y= (22—3)3; c= 1. 64. y= V138 —22; c=2. 
62.y=V2a+V408; c=4. (65) = VB; w= 4, 
63. y= Att; oa. 66, y= VOFEt: poe, 


38. Differentiation of a function of a function. It sometimes hap- 
pens that y, instead of being defined directly as a function of 2, is 
given as a function of another variable v, which is defined as a func- 
tion of x. In that case y is a function of x through v and is called a 
function of a function. 


: 20 
For example, if Y= erg? 
and v=1—2?, 


then y is a function of a function. By eliminating » we may express y 
directly as a function of x, but in general this is not the best plan 


- when we wish to find 2. 
Os 
If y = f(v) and v = ¢(x), then y is a function of x through v. Hence, 
when we let x take on an increment Az, v will take on an increment Av 
and y will also take on a corresponding increment Ay. Keeping this 
in mind, let us apply the General |Rule simultaneously to the two 


functions Pant ee, 
First Step. y+Ay=f(v+ Av) v+Av= o(a2+ Ax) 
SECOND STEP. y+Ay=f(v+ Av) v+ Av= (2+ Ax) 


y = JD) 0 = (x) 
Ay=fv+Av)—fw)  Av=o(a+Axr)—o@) | 


Ay _ f(v+Av) —f(v) Av_ o(x+Ax)— (x). 
THIRD STEP. v= es , Aue nV 
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The left-hand members show one form of the ratio of the increment 
of each function to the increment of the corresponding variable, and 
the right-hand members exhibit the same ratios in another form. Be- 
fore passing to the limit let us form a product of these two ratios, 
choosing the left-hand forms for this purpose. 


“voi Ay Av, whi Ay, 
This gives ee nes which equals ne: 
foie Ay _ Ay Av, 
Write this ae 


FOURTH STEP. When Az — 0, then also Av — 0. Passing to the 
limit, 


(A) dy _ dy dv, By (2), Art. 16 
dx dv dx 

This may also be written 
dy 9 5 AR 

@) = #"(v)- $'). 


If y=f(v) and v= G(x), the derivative of y with respect to x equals 


the product of the derivative of y with respect to v by the derivative of v 


with respect to x. 


39. Differentiation of inverse functions. Let y be given as a func- 
tion of x by means of the relation 


y =f(x). 
It is often possible in the case of functions considered in this book 
to solve this equation for x, giving 


x= ly); 
that is, we may also consider y as the independent and x as the 
dependent variable. In that case 


f(z) and ¢(y) 


are said to be inverse functions. When we wish to distinguish between 
the two it is customary to call the first one given the direct function 
and the second one the znverse function. Thus, in the examples which 
follow, if the second members in the first column are taken as the 
direct functions, then the corresponding members in the second 
column will be respectively the inverse functions. 


Y= 274, x=+ Vy —1. 
y=a, x = log, y. 
y =sin x, x = are sin y. 
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Let us now differentiate the inverse functions 
y=f(x) and += $y) 
simultaneously by the General Rule. 


First STEP. y+Ay=/(4+Ar) x+Ax=o(y+Ay). 
SECOND STEP. y+Ay=/(x+ Az) x+Ax=d(y+ Ay) 
; LSS i ee = o(y) 


Ay=f(z+Az)—f(z)  Azr=¢(y+Ay)—4(y) 


= Ay_f@@+Ax)—f@), Az_ow+Ay-4), 
STEP. ian Die han i 
Taking the product of the left-hand forms of these ratios, we get 
Ay Az_ 4. 
Ax Ay : 
Ay_ 1. 
or Kem Ae 
Ay 


FOURTH STEP. When Az — 0, then also, in general, Ay— 0. Pass- 
ing to the limit, 


ares by (8), Art. 16 
© dx dx oes 
* 
or 
. D ” 
(D) f@= = 


- Implicit functions. When a relation between x and y is given 
by means of an equation not solved for y, then y is called an implicit - 
function of x. For example, the equation 

(1) z?—4y=0 
defines y as an implicit function of x. Evidently z is also defined by 
means of this equation as an implicit function of y. 

It is sometimes possible to solve the equation defining an implicit 
function for one of the variables and thus obtain an explicit function. 
For instance, equation (1) may be solved for y, giving 

: y=ir, 

showing y as an explicit function of zx. In a given case, however, 

such a solution may be either impossible or too complicated for 

_ convenient use. 


aa eS 
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Uf. Differentiation of implicit functions. When y is defined as an 
implicit function of z, it was explained in the last article that it 
might be inconvenient to solve for y in terms of x or x in terms of y 
(that is, to find y as an explicit function of z, or x as an explicit 


function of y). 
We then follow the rule: 


Differentiate the equation as given, regarding y as a function of 2, 
dy 
Ll a 
and solve for de 


This process will be justified in Art. 215. Only corresponding 
values of x and y which satisfy the given equation may be substi- 
tuted in the derivative. q 

Let us apply this rule in finding re from 


ax® + 2 x3y — y’x = 10. 
a n6 a PROEPLL 78 pre 1S é 
Ses dx Cee dx ee) dx (y’2) dt oo), 
dy dy 
5 3 OY oe ee 6 _. 
6ax'+22 dn + OMY y —T xy Fees) 


(208 — Tay?) = yf — 6 ass — 6 2°y; 


dy _.y' —6ar>—6xy Pr pes 
dx = 243—T xy a 


The student should observe that in general the result will contain 


both x and y. r 
PROBLEMS 
Find 2 from each of the following equations: 
(fe — 2 DG. 
2.27 + y? =1?, 


3. 6222 + a?y? = a?b?. 
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$4 y3 = ai, poe eee! Sig: 
7.e+y=a Ans. a <F 
dy __ ay— <x? 
3 ies = a 
CE +y?—3ary=0. roa ore 
9.27-—2aeyty=l. 12. x2y?—az*-2yt=6. 
(@2+Vayty=a. 13. ¢ Vy —y Vz = 10. 
ll.xat+2Ve-—yt4y=e. 14.24 /U =e, 


Find the slope of each of the following curves at the given point: 
(5) 22 +8 .2y +42 +1=0; peed. Ans. 
16. x7y+ 23+ y23+1=0; (1,-1). 

17. Vz2+ Vy=5; (4, 9). 

18..\/22—~Vy=1; (4,1). 

19. x? — axy + 2 ay? =2 a3; (a, a). 

20: x7 =6 y — y?; (—2, 2). 


Lai. Show that the parabolas y? = 2 (2 os S and y2=2 (5 = x) 
2 
intersect at right angles. 


lh colho bol boloo IH RIE 
° ° : at rate ° 


Lg. Show that the circle x? + y2—102=0 is tangent to the circle 
x?+ y2?—16x2+8y—20=0 at the point (2, 4). 


. At what angle does the line y = x cut the curve x? + xy + y?=12? 


(> aX + 3X +BY 4 27 Ze =O 


LZ 


(axrayids FY. - 2X- 3 


CHAPTER V 
VARIOUS APPLICATIONS OF THE DERIVATIVE 


\Aa. Direction of a curve. It was shown in Art. 28 that if 


y = f(a) 
is the equation of a curve (see 
figure), then 
dy : 
Te slope of the line tangent 


to the curve at P(x, y). 


The direction of a curve at 
any point is defined as the direction of the tangent line to the curve 
at that point. Let 7 = inclination of the tangent line. Then the 
slope = tan 7, and 
dy _ 


ia tan 7 = slope of the curve at any point P(x, y). 


At points such as D, F, H, where the direction of the curve is 
parallel to the x-axis and the tangent line is horizontal, 


dy 
= ry, e—=0. Y 
T erefor ae 
At points such as A, B, G, where the direction 
of the curve is perpendicular to the x-axis and 
the tangent line is vertical, O ee 
: 3 
7 = 90°; therefore “a becomes infinite. 
ILLUSTRATIVE EXAMPLE 1. Given the curve y = z — «2+ 2 (see figure). 


(a) Find the inclination tT when x = 1. 

(b) Find t when x = 38. 

(ec) Find the points where the direction of the curve is parallel to OX. 

(d) Find the points where 7 = 45°. 

(e) Find the points where the direction of the curve is parallel to the line 
2x2—38y=6 (line AB). 

Solution. Differentiating, dy =i 20 Gan ae 


dx 
42 
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(a) When ¢=1, tan7 =1—2=—1; therefore 7=135°. Ans. 

(b) When x =38, tanz7 =9—6=8; therefore 7 =71° 34’. Ans. 

(c) When 7 = 0, tant =0; therefore x? —22=0. Solving this equation, we 
get x=0 or 2. Substituting in the equation of the curve, we find y =2 when 
z=0, y= 3 when x=2. Hence the tangent lines at C(0, 2) and D(2, 2) are 
horizontal. Ans. 

(d) When 7 = 45°, tan; =1; therefore x? -2x=1. Solving this equation, we 
get c=1+ V2=2.41 and — 0. 41, giving two points where the slope of the curve 
(or tangent) is unity. 

(e) Slope of the given line = Bi therefore x2? —2x2=%. Solving, we get 
e=1-+ Ve= 2.29 and — 0.29, giving the abscissas of the points F and H where 
the direction of the given curve (or tangent) is parallel to the line AB. 


Since a curve at any point has the same direction as its tangent 
line at that point, the angle between two curves at a common point 
will be the angle between their tangent lines at that point. 

ILLUSTRATIVE EXAMPLE 2. Find the angle of intersection of the circles 

(A) oy —4e =, 

(B) yv+y?—2y=9. 

Solution. Solving simultaneously, we find the points of intersection to be 
(8, 2) and (1, — 2). 


Let mm = slope of the tangent to the circle A at (x, y), 

and mz =slope of the tangent to the circle B at (a, y). 
dy as 

Then from (A), m= iat ye by Art. 41 
CP) ate 

and from (B), M2 = eae ii By Art. 41 

Substituting «= 3, y = 2, Me have 

m, = — 4 =slope of tangent to (A) at (3, 2). 


mz = — 3 =slope of tangent to (B) at (8, 2). 
The Peula for finding the angle 0 between two lines whose slopes are mj, 
and mz is 


_ it = Me " 
Ses (= ae ape Ean tie (2), Art. 3 
Substituting, fan ee eg = 45°. Ans: 
1+3 


This is also the angle of intersection at the point (1, — 2). 

3. Equations of tangent and normal; lengths of subtangent and sub- 
normal. The equation of a straight ine passing 
through the point (a1, y1) and having the slope «a 
mis Y-—Y=m(ex—a1). (8), Art. 3 
If this line is tangent to the curve AB at the 
point Pi (21, y1), then m is equal to the slope of 
the curve at (a1, yi). Denote this value of m by m. Hence at the 
point of contact Pi(a1, y:) the equation of the tangent line TP; is 


(1) y — yi = mi (x — x1). 


MeN Xx, 


i 


44 DIFFERENTIAL CALCULUS 


The normal being perpendicular to the tangent, its slope is the 
negative reciprocal of m; ((2), Art. 3). And since it also passes 
through the point of contact Pi(%1, y:), we have for the equation 
of the normal P,N, 


(2) yn =-— (ex). 


That portion of the tangent which is intercepted between the 
point of contact and OX is called the length of the tangent (= TPi), 
and its projection on the x-axis is called the length of the subtangent 
(= TM). Similarly, we have the length of the y 
normal (= PiN) and the length of the sub- 4 
normal (= MN). 


x 


In the triangle 7P,M, tan 7T=m, =Fo 
therefore (4 MN X. 
(3) AN IAB S ae length of subtangent. 
My my 
In the triangle MPN, tan 7 =m = a; therefore 
1 
(4) MN* =m MP, = miy; = length of subnormal. 


The length of the tangent (TP) and the length of the normal 
(P,N) may then be found directly from the figure, each being the 
hypotenuse of a right triangle having two legs known. 

When the length of subtangent or subnormal at a point on a curve 
is determined, the tangent and normal may easily be constructed. 


Gi se tangent, and normal, at the point (a, a) on the cissoid 


\ PROBLEMS . 
WP the equations of tangent and normal and the lengths of sub- 
t 


ay 


oO a—xt 
dy _ 3 ax? — x? 
dx y(2a—<x)? 
Substituting « = a, y = a, we have 

8 a? — a3 
a(2a— a)? 


Solution. 


m = = 2 = slope of tangent. 
Substituting in (1) gives 
y =2 x —a, equation of tangent. 
Substituting in (2) gives ° 
2y+2=83 a, equation of normal. 


* If the subtangent extends to the right of 7’, we consider it positive; if to the lets “ 
negative. If the subnormal extends to eh right of M, we consider it positive; if to 
left, Beg ative: 
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Substituting in (3) gives TM = : = length of subtangent. 
Substituting in (4) gives MN =2 a= length of subnormal. ; 
ES Oum Ly — V(TM)? + (MP)? = (e+e =5 V5= length of tangent, 
and Nec V (MN)? + (MP)? =V4@0+4+@=aV5= length of normal. 


. Find the equations of the tangent and normal at the given point 
on each of the following curves: 


Ub = x? 3x42; (0, 2). DGS, Cr So a ey 
Baro t Soest: regen Pam age 


2?7—3ayt+ty?+1=0; (2,1). 


(Q) y2?-—2y+32=8; (8, 1). 
show that the subtangent to the parabola y? = 2 pz is bisected at 
“ol and that the subnormal is constant and equal to p. 


/ Find the equations of the tangent and normal, and the lengths of 
the subtangent and subnormal, at the point (a1, y:) on the circle x? + y2=r?. 


Ans. mxtyy=r?, ny — yt =0,— mn — 1. 
1 
5. Find the equations of the tangent and normal at (a, y:) to the 
ellipse 62x? + a?y? = a2b?. 
Ans. b?ayx +’a®yry = a?b?, a?yyx — b2ax1y = xy: (a? — b?). 
ae the equations of the tangent and normal, and the lengths of 
the subtangent and subnormal, to each of the following curves at the 
points indicated : 
z 2 
y= 7s @ 1). Ans 26 — yi lt yoy lel 
24+4y2?=25; (3,2). Ans. 34+ 8y=25,8x—3y=18, —1$, —3. 
y = 12; (3, 4). 
) v2 —2 y7=18; (6, — 3). 


¢7..Find the area of the triangle formed by the x-axis and the tangent 
and the normal to the curve y? = 8 x at the point (2, 4). Ans. 16. 


Find the area of the triangle formed by the y-axis and the tangent 
and the normal to the curve 4 x? + y? = 20 at the point (1, — 4). 


ind the angles of intersection of each of the following pairs of 
curves : 


=27?4+4,27=8-—2y. a Ans. 71°34’. 
V2 — 3 tee y = 024. 
: Ans. At (4,5), 9°28’; at (—1, 3), 33°41’. 
~ (ec) =x? —4, x? + y?-—62+4=0. 
a= 10, e7 -- y2 = 29. 
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10. Find the points of contact of the horizontal and vertical tangents 
to each of the following curves: 
f= G7 — 6) a5. Ans. Horizontal, (8, — 9). 
Ya=B8y—y?. Vertical, (f, 3). 
(c) 727+4y?—82=0. 
(d) a? + ay+y?=4. ave 
Ans. Horizontal, (+ 2V3, + $V8); vertical, (+ $V3, # 2/3), 
(e) v% —ay+4y?= 16. 
(f) a7 +4 ay —y?=9. 
AC show that the hyperbola x? — y? = 5 and the ellipse 4 x?+ 9 y?=72 
intérsect at right angles. 


\ 


x? 
=F 


12. Show that the circle x? + y? = 8 az and the cissoid y? = 5 
(a) are perpendicular at the origin; 
(b) intersect at an angle of 45° at two other points. 


13. Show that the tangents to the folium of Descartes x3 + y3 = 3 axy 
at the points where it meets the parabola y2 = az are parallel to the 
axis of y. 


“Find the equation of the normal to the parabola y2 = 16 x which 
makes an angle of 45° with the x-axis. 


j a Find the equations of the tangents to the circle x? + y? = 41 which 
are parallel to the line 42+ 5y=12. . 


16. Find the equations of the tangents to the hyperbola 4 7? — y? = 36 
which are perpendicular to the line 272+5y=4. 


— ler Find the equations of the two tangents to the ellipse x? + 4 y? wis 
which pass through the point (2, 2). Ans. x+2y=6,2+14y= 830. 


Lv Show that the sum of the intercepts on the coérdinate axes of the 
tangent line at any point to the parabola x? + y? =a? is constant and 
equal to a. 


Liss Show that for the hypocycloid «x? + ys = a the portion of the tan- 
gent line at any point included between the codrdinate axes is constant 
and equal to a. ” 


2 ? p 
0 The equation of the path of a ball is y=ax2— Tae the unit of 


distance is 1 yd., the x-axis being horizontal, and the origin being the 
point from which the ball is thrown. (a) At what angle is the ball thrown? 
(b) At what angle will the ball strike a vertical wall 75 yd. from the 
starting point? (c) If the ball falls on a horizontal roof 16 yd. high, at 


.. 2 
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what angle will it strike the roof? (d) If thrown from the top of a build- 
ing 24 yd. high, at what angle will the ball strike the ground? (e) If 
thrown from the top of a hill which slopes downward at an angle of 45°, 
at what angle will the ball strike the ground? 


404 


1 


. The cable of a suspension bridge hangs in : 
the form of a parabola and is attached to support- en 
ing pillars 200 ft. apart. The lowest point of the cable is 40 ft. below 
the points of suspension. Find the angle between the cable and the sup- 
porting pillars. 


k 


— 


44. Maximum and minimum values of a function; introduction. In 
a great many practical problems we have to deal with functions 
which have a greatest (maximum) value or a least (minimum) 
value,* and it is important to know what particular value of the 
variable gives such a value of the function. 

For instance, suppose that it is required to find the dimensions of 
the rectangle of greatest area that can be inscribed in a circle of 
radius 5 inches. Consider the circle in the following figure. Inscribe 
any rectangle, as BD. 

Let CD =x; then DE = V 100 — 2x”, and the area of the rectangle 
is evidently 


(1) A=xv100 — x. 


-That a rectangle of maximum area must exist may be seen as follows: 
Let the base CD (=) increase to 10 inches (the diameter); then 
the altitude DE = V 100 — x? will decrease to zero and the area will 
become zero. Now let the base decrease to 
zero; then the altitude will increase to 10 
inches and the area will again become zero. 
It is therefore evident by intuition that there 
exists a greatest rectangle. By a careful study 
of the figure we might suspect that when the 
rectangle becomes a square its area would be 
greatest, but this would be guesswork. A 
better way would evidently be to plot the 
graph of the function (1) and note its behavior. To aid us in draw- 
ing the graph of (1), we observe that 

(a) from the nature of the problem it is evident that x and A mtst 
both be positive; and 

_(b) the values of x range from zero to 10 inclusive. 

Now construct a table of values and draw the graph, as in the 
figure on page 48. 


* There may be more than one of each, as illustrated on page 55. 


° 
@ 


ce 
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What do we learn from the graph? 


tay 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0 


= 


8 oe ee ee ee ee 


(a) If carefully drawn, we may find quite accurately the area of 
the rectangle corresponding to any value of x by measuring the length 
of the corresponding ordinate. Thus, 


when P= OM = pains 

then A= MP = 28.6 80. in. 

and when c= ON =43 in., 

then A= NQ = about 39.8 sq. in. (found by measurement). 


(b) There is one horizontal tangent (RS). The ordinate TH from 
its point of contact T is greater than any other ordinate. Hence this 
discovery: One of the inscribed rectangles has evidently a greater area 
than any of the others. In other words, we may infer from this that 
the function defined by (1) has a maximum value. We cannot find 
this value (= HT) exactly by measurement, but it is very easy to 
find by the calculus. We observed that at 7 the tangent was 
horizontal ; hence the slope will be zero at that point (Art. 42). To 
find the abscissa of T we then find the derivative of A with respect 
to x from (1), place it equal to zero, and solve for x. Thus we have 


(1) . A=2xV100 — 22, 
dA _100—2 2? 100 — 24? _ 
dz /100—22 V100—-22 — 
Solving, r=5 V2. 
Substituting, we get DE = 100 — x? = 5vV2. 


VARIOUS APPLICATIONS OF THE DERIVATIVE 49 


Hence the rectangle of maximum area inscribed in the circle is a 
square of area ¥ 
A=CD X DE =5V2 x 5V2 = 50 sq. in. 
The length of HT is therefore 50. 


Take another example. A wooden box is to be built to contain 
108 cu. ft. It is to have an open top and a square base. What must 
be its dimensions in order that the amount of material required shall 
be a minimum; that is, what dimensions 
will make the cost the least ? 


Let x = length of side of square base in feet, 
and y= height of box. 


Since the volume of the box is given, how- | | | 
i lil y 


ever, y may be found in terms of x. Thus, 


Meume—27y—108; «.y=——- 


We may now express the number (= M) of square feet of lumber 
required as a function of x as follows: 


Area of base = x? sq. ft., 


and Area of four sides = 4 xy = oe sq. ft. Hence 
(2) M=2 +32 


x 


X 


1 
| 
I 
\ 
I 
' 
| 
' 
| 
| 
| 
| 
| 
| 
| 
| 
I 
| 
| 
' 
| 
| 
| 
| 
| 
I 
| 
| 
1 


qwi/-—-— —---— —~-—--—-----—-—-—-—-—-~=—= 


1 

2 

3 

4 ee a 
6 = 0 Eas a ae Re 

| 
6 7 cam ies ie ae 
“ Cais cy ee 
8 50 tele ieee cabs “4 
9 A ja Sess a ey, et 
{ | 
0 ial ge 
~O SE a ay eR I 


is a formula giving the number of square feet required in any such box 
having a capacity of 108 cu. ft. Draw a graph of (2), as in the figure. 


“| r 
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What do we learn from the graph? 


(a) If carefully drawn, we may measure the ordinate correspond- 
ing to any length (= x) of the side of the square base and so deter- 
mine the number of square feet of lumber required. 

(b) There is one horizontal tangent (RS). The ordinate of its 
point of contact T is less than any other ordinate. Hence this dis- 
covery: One of the boxes evidently takes less lumber than any of the 
others. In other words, we may infer that the function defined by 
(2) has a minimum value. Let us find this point on the graph ex- 
actly, using the calculus. Differentiating (2) to get the slope at any 
point, we have 


dM _»,_ 482 
dx x2 
At the lowest point T the slope will be zero. Hence 
432 
2x2— ze =U; 


that is, when « = 6 the least amount of lumber will be needed. 
Substituting in (2), we see that this is 


M = 108 sq. ft. 


The fact that a least value of M exists is also shown by the follow- 
ing reasoning: Let the base increase from a very small square to a 
very large one. In the former case the height must be very great and 
therefore the amount of lumber required will be large. In the latter 
case, while the height is small, the base will take a great deal of 
lumber. Hence M varies from a large value, grows less, then in- 
creases again to another large value. It follows, then, that the graph 
must have a “lowest” point corresponding to the dimensions which 
require the least amount of lumber and therefore would involve the 
least cost. 

We will now proceed to the treatment in detail of the subject of 
maxima and minima. 

45. Increasing and decreasing functions.* Tests. A function y=f(zx) 
is said to be an increasing function if y increases (algebraically) when 
x increases. A function y = f(x) is said to be a decreasing function 
if y decreases (algebraically) as x increases. 

The graph of a function indicates plainly whether it is increasing 
or decreasing. For instance, consider the graph in Fig. a, p. 51. 


* The proofs given here depend chiefly on geometric intuition. The subject of maxima 
and minima will be treated analytically in Art. 125. 
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As we move along the curve from left to right the curve is rising; 
that is, as x increases the function (= y) increases. Obviously, Ay 
and Az agree in sign. 

On the other hand, in the graph of yy 
Fig. 6, as we move along the curve from 
left to right the curve is falling; that is, 
as x increases, the function (= y) always 
decreases. Clearly, Ay and Az have op- 
posite signs. 

That a.function may be sometimes increasing and sometimes 
decreasing is shown by the graph (Fig. c) of 

GQ) y=22?-—9x?4+122—8. 

As we move along the curve from left to 
right the curve rises until we reach the point 
A, falls from A to B, and rises to the right of 
B. Hence 

(a) from x=— © to x=1 the function is 
increasing ; 

(b) from x =1 to x=2 the function is de- 
creasing ; 

(c) from x =2 to r=+ 0 the function is 
increasing. 

At any point, such as C, where the function is increasing, the 
tangent makes an acute angle with the z-axis. The slope is positive. 
On the other hand, at a point, such as D, where 
the function is decreasing, the tangent makes 
an obtuse angle with the x-axis, and the slope is 
negative. Hence the following criterion: 


4 x 
FIG. a 


4 


Ay 
Aa 


Fig. b 


A function ts increasing when its derivative is 
positive, and decreasing when its derivative ts 
negative. 


For example, differentiating (1) above, we 
have 


(2) OU = fl(0) = 622 — 184+ 12 = 6 — 1)(@—2). 


When zx < 1, f’(x) is positive, and f(x) is increasing. 
When 1 < x < 2, f’(zx) is negative, and f(x) is decreasing. 
When x > 2, f’(x) is positive, and f(x) is increasing. 
These results agree with the conclusions arrived at above from 
the graph. 
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46. Maximum and minimum values of a function; definitions. A 
maximum value of a function is one that is greater than any value 
immediately preceding or following. 

A minimum value of a function is one that is less than any value 
immediately preceding or following. 

For example, in Fig. c, Art. 45, it is clear that the function has a 
maximum value MA (=y=2) when x=1, and a minimum value 
NB (=y=1) when z= 2. 

The student should observe that a maximum value is not neces- 
sarily the greatest possible value of a function nor a minimum value 
the least. For in Fig. ¢ it is seen that the function (= y) will have 
values to the right of B that are greater than the maximum MA, and 
values to the left of A that are less than the minimum NB. 

If f(z) has a maximum value when zx = 4, it is clear that f(x) is 
an increasing function of 2 when =z is slightly less than a, and a de- 
creasing function of x when 2 is slightly greater than a. That is, 
f(x) changes sign from + to — as x increases through a. Therefore, 
if continuous, f’(x) must vanish when z= a. 

Thus, in the above example (Fig. c), at C, f’(x) is positive; at 
A, f'(z) =0; at D, f’(x) is negative. 

On the other hand, if f(z) has a minimum 
value when x = a, then f(x) is a decreasing func- 
tion when z is slightly less than a, and an in- 
creasing function when z is slightly greater 
than a. Hence f’(x) changes sign from — to + 
as x increases through a. Therefore, if con- 
tinuous, f’(z) must vanish when z= a. 

Thus, in Fig. c, at D, f’(x) is negative; at B, f’(x)=0; at H, 
f’ (x) is positive. 

We may then state the conditions in general for maximum and 
minimum values of f(x). a 

f(x) is a maximum if f’(x) = 0 and f’(x) changes sign from + to —. 

f(x) is a minimum if f’(x) = 0 and f’(x) changes sign from — to +. 


The values of the variable satisfying the equation f’(z) = 0 are 
called critical values; thus, from (2), Art. 45, z = 1 and x = 2 are the 
critical values of the variable for the function whose graph is shown 
in Fig.c. The critical values determine turning points where the 
tangent is parallel to OX. 

To determine the sign of the first derivative at points near a 
particular turning point, substitute in it, first, a value of the variable 

slightly less than the corresponding critical value, and then one 
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slightly greater. If the first sign is + and the second —, then the 
function has a maximum value for the critical value considered. 

If the first sign is — and the second +, then the function has a 
minimum value. 

If the sign is the same in both cases, then the function has neither 
a Maximum nor a minimum value for the critical value considered. 
For example, take the above function in (1), Art. 45, 


(1) y = f(x) = 227? —92?4+ 127-83. 
Then, as we have seen, 
(2) f'@) = 6 —1)@—2). 


Setting f’(x) = 0, we find the critical values r =1,z=2. Let us 
first test x = 1. We consider values of z near this critical value to be 
substituted in the right-hand member of (2), and observe the signs 
of the factors. (Compare Art. 45.) 

When z < 1, f(x) = (—)(-) = +. 

When z > 1, f’(z) = G)(-) = -. 
; ’ Hence f(x) has a maximum value when s = 1. By the 
table, this value is y = f(1) = 2. 
fs Next, test s = 2. Proceed as before, taking values of x now near 
_ the critical value 2. 
| When x < 2, f(z) =(H)(-) =-. 
: When z > 2, f’(z) = 41)G) = +. 
_ Hence f(z) has a minimum value when z = 2. By the table above, 

this value is y = f(2) =1. 

We shall now summarize our results in a working rule. 
47, First method for examining a function for maximum and mini- 
- mum values. Working rule. , 


_ First Step. Find the first derivative of the function. 
SECOND STEP. Set the first derivative equal to zero and solve the resulting 
equation for real roots. These roots are the critical values of the variable. 
THIRD STEP. Considering one critical value at a time, test the first 
wative, first for a value a trifle less* and then for a value a trifle greater 
, the critical value. If the sign of the derivative is first + and then —, 
function has a maximum value for that particular critical value of the 
lable; but if the reverse is true, then it has a minimum value. If the 
t does not change, the function has neither. 


n this connection the term “little less,’’ or “trifle less,’’ means any value between the 
i 
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In the Third Step, it is often convenient to resolve f’(x) into 
factors, as in Art. 46. 
ILLUSTRATIVE EXAMPLE 1. In the first problem worked out in Art. 44 we showed 
by means of the graph of the function 
A=2V100 — x? 
that the rectangle of maximum area inscribed in a circle of radius 5 in. con- 


tained 50 sq. in. This may now be proved analytically as follows by applying the 
above rule. 


Solution. f(x) = 2V 100 — x?, 
: 100 — 2 x? 
First Step. f'(¢) = —=-... 

V 100 — x? 
Second Step. Setting f’(x) = 0, we have 
a =5V2=7.07, 


which is the critical value. Only the positive sign of the radical is taken, since, 
from the nature of the problem, the negative sign has no meaning. 

Third Step. When « < 5V2, then 2 «2 < 100, and f’(a) is +. 

When x > 5V2, then 2 22 > 100, and f’(x) is —. 

Since the sign of the first derivative changes from + to —, the function has a 
maximum value f(5V2) =5V2-5V2=50. Ans. 


ILLUSTRATIVE EXAMPLE 2. Examine the function (x — 1)?(~ +1)? for maxi- 
mum and minimum values. 
Solution. f(x) = (x —1)?(x+1)3. 
First Step. f’(x) =2(x —1)(4#+1)3+8(e2 —1)2(44+1)2=(@—-1)(#@+1)2(52%—-1). 
Second Step. (« —1)(a+1)?(5”%—1)=0. 
Hence x = 1, — 1, 4, are the critical values. 
Third Step. f'(w) = 5(a —1)(a@ + 1)2(@ — 8). 
Examine first the critical value x = 1 (C in figure). 
When x < 1, f’(~) = 5(—)(4)#(4) = -. 
When x > 1, f’(~) = 5(+)(4+)2(4+) =+. 
Therefore, when « = 1 the function has a minimum value f(1) = 0 (= ordinate 


of Ge 
Examine now the critical value x = + (B in figure). 


When x < 2, f’(x) = 5(—)(+)2(—) = +. 
When x > 4, f’(x) = 5(—)(+)2(+) =-. 
Therefore, when x = # the function has a maximum value f(#) = 1.11 (= ordi- 


nate of B). 
Examine lastly the critical value « = — 1 (A in figure). 


When x < — 1, f’(x) = 5(—)(—)?(—) = +. 
When x > — 1, f’(x) = 5(—)(+)?(—) = +. 


Therefore, when x = — 1 the function has neither a maximum nor a minimum 
value. 


<a a) a 
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48. Maximum or minimum values when f’(x) becomes infinite and 
f(x) is continuous. Consider the graph in the figure. At B, or G, 


f(x) is continuous and has a maximum value, but f’(x) becomes in- 
finite, since the tangent line at B is parallel to the y-axis. At E, f(x) 
has a minimum value, and f’(x) again becomes infinite. In our dis- 
cussion of all possible maximum and minimum values of f(x), we 
must therefore include as critical valwes also those values of x for 
which f’(x) becomes infinite, or, what is the same thing, values of x 
satisfying 
1 

The Second Step of the rule of the preceding section must then 
be modified as indicated by (1). The other steps are unchanged. 

In Fig. d above, note that f’(x) also becomes infinite at A, but the 
function is neither a maximum nor a minimum at A. 


. . 2 ° 
ILLUSTRATIVE EXAMPLE. Examine the function a — b(x% — c)3 for maxima and 
minima. 


Solution. f(x) =a— bla — c)3. 
b 
Oe 
3(a@ — ¢)s 
il.  3e= e)?. 
eo ee 26 
Since x = cis a critical value for which igh = 0 (and f’(x) = ©), but for which 


f(x) is not infinite, let us test the function for maximum and minimum values when 


IC: 
When «x < ¢, f’(«) =+. 


When «> ¢, f’(x) =-. 


Hence, when x = ¢ =OM. the function has a maximum value f(c) =a= MP. 
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PROBLEMS 


Examine each of the following functions for maximum and minimum 


values: 
\1.2273—9 27? — 242-12. 


2.423 —$42-2442. 


8. 73 + 12 x2 + 86 x — 50. 
4.15+9x2-—8 27-23. 
V5. ct — 2 x. 

6. 6 x? — x4. 


72+ 24 x? — x4. 


8. 24 — 8434+ 22 77—242+12. 


DO. C—O Me Oo ds 


eS 
16. ( — 1)2(x — 8). 
N17. (@ + 2)%(@ — 12. 
18. (« — 8)¥(a — 6)8. 


. 2(6 + x)2(6 = a)? 


20. b + c(a — a)®. 
os: 21. Rare 


xc =) 0) civiessminin— 0s 


x =a, gives min. = b. 
No max. or min. 


Ans. x =-—1, gives max.=1. 
x = 4, gives min. = — 124, 
x =-— 1, gives max. = 12. 
a = 2, gives min. = — 4. a 
x = — 6, gives max. = — 50. 
x = — 2, gives min. =— 82. 


x = 0, gives max. = 0. 
x =+1, gives min. =—1. 


x = + V3, gives max. = 9. 
C= i, gives ming =a, i 


. ? ol® 
x = 2, gives max.=4. a at 
C= 3, gives min. =, “ 


w= 2, SIVes Mine shes 


xe = + f gives min. = 2. 


x =-—1, gives min. =— Jae 
C= ie oVestMaxe——54 


x = 4, gives max. = V4=16. 
x = 6, gives min. = 0. 
G16, gives max. = 0 


x = 2, gives max. = 8192. 
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(co = G)(6 — x) _ 2ad OS Oe 
22. 2 . ns d= mrt gives max. creed 
a O, ere NOE Oy? 
a. 5 Crate gives max. = a 
2 er 2 
a ea fa gives min. = ede ey 
= a 
2 — » 
24, te. x = 2, gives max. = 3. 
at li ip =O), VANIER) wean, = Th, 
\ x+1 : aa : et Mk Ped dl 
2b: Pon Tl x= — 8, gives min. = 3 
26. (x — 2)°(2x+1)4.' x = — $, gives max. = 0. 
t= +4, gives min. = 126. 
x = 2, gives neither. 
27. (22 — a)3(x _ ays. i= a4, gives max. = = 
— a gives min. = aie 
p= a gives neither. 
28. x(a + x)2(a — x). x= — 4a, gives max. = 0. 
ea, gives min pe 
2 : 64° * 
x = 4, gives neither. 
wo ae + 6 io 6. i= 4, vives max, = 1% 
Poe Go toy gives min, = 25; 
(a — x)® PO sea inks ae 
30. Aa os ae ri gives min. 39 0 


49, Maximum and minimum values. Applied problems. In many 
problems we must first construct, from the given conditions, the 
function whose maximum and minimum values are required, as was 
done in the two examples worked out in Art. 44. This sometimes 
offers considerable difficulty. No rule applicable in all cases can be 
given, but in a large number of problems we may be guided by the 
following 


- General directions 
(a) Set wp the function whose maximum or minimum value is in- 
volved in the problem. 
(b) If the resulting expression contains more than one variable, the 
conditions of the problem will furnish enough relations between the varia- 
bles so that all may be expressed in terms of a single one. 


= 


- 4b 
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(c) To the resulting function of a single variable apply the above rule 
(p. 53) for finding maximum and minimum values. 

(d) In practical problems it is usually easy to tell which eritical value 
will give a mazimum and which a minimum value, so it 1s not always 
necessary to apply the third step. 

(e) Draw the graph of the function in order to check the work. 

The work of finding maximum and minimum values may fre- 
quently be simplified by the aid of the following principles, which 
follow at once from our discussion of the subject: 

(a) The mazimum and minimum values of a continuous function 
must occur alternately. 

(b) When c is a positive constant, cf(r) is a maximum or a min- 
mum for such values of x, and such only, as make f(z) a maximum or a 

Hence, in determining the critical values of z and testing for max- 
ima and minima, any constant factor may be omitted. 

When c is negative, cf(x) is a maximum when f(x) is a mimmum, 
and conversely. 

(c) If cis a constant, f(x) and c+ f(z) have mazimum and mim- 
mum values for the same values of zx. 


Hence a constant term may be omitted when finding critical values 
of z and testing. 


L¥. It is desired to make an open top box of greatest possible volume 
from a square piece of tin whose side is a, by cutting equal squares out 
of the corners and then folding up the tin to form the sides. What should 
be the length of a side of the squares cut out? 


PROBLEMS F 
. 
. 


Solution. Let z =side of small square = depth of box; | aco 
then a fe z =side of square forming bottom of box, 
and volume is =(a—2 x)?z, 
which is the a 82 to be made a maximum ae varying x. 
Applying the rule, p. 53, 


First Step. = = (a~22)?-4o(a—22) =a? — 8 art 12.2%. ‘ 
Second Step. Solving a? — 8 ax + 12 «2? = 0 gives critical values c= Zand 2. 
-_ ~ 


It is evident from the figure that z = 2 rust give a minimum, for then 
tin would be cut away, leaving no material out 4 sis to make a box. By the 
: test, + = is found to give a maximum volume 22. Hence the side of the square 
be cut out is one sixth of the side of the given square, 


P = a 
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The drawing of the graph of the function in this and the following problems is 
left to the student. 


2. Assuming that the strength of a beam with rectangular cross sec- 
tion varies directly as the breadth and as the square of the depth, what 
are the dimensions of the strongest beam that can be sawed 
out of a round log whose diameter is d? 

Solution. If x= breadth and y = depth, then the beam will 


have maximum strength when the function xy? is a maximum. 
From the figure, y2 = d? — x2; hence we should test the function 


f(x) = a(@? — x?). 
First Step. f'(@) =—2 2? + d? — 2? =d? —3 x. 
Second Step. d?—322=0. ..%= £ = critical value which gives amaximum, 
Therefore, if the beam is cut so that | 
; Depth = V2 of diameter of log, 
_ and Breadth = V4 of diameter of log, 
the beam will have maximum strength. 
~ te What is the width of the rectangle of maximum area that can be 
inscribed in a given segment OAA’ of a parabola? 
Hint ihOC=h, BC=h—a« and PP’ =2 4; there- 
fore the area of rectangle PDD’P’ is 
2(h — x)y. 
But since P lies on the parabola y? = 2 px, the function to 


be tested is pian tae aa 
Ans. i Se lt 
oe ee : . pete zh 
. Find the altitude of the cone of maximum volume that can be 
inscribed in a sphere of radius r. 
Hint. Volume of cone =4 72x?y. But 
t= BO XCD =4(2)n—9))s 
therefore the function to be tested is 


fy) =F yer — 4). a. 


Ans. Altitude of cone = $r. D 


~\ 5. Find the altitude of the cylinder of maximum volume that can be 
inscribed in a given right cone. 


Hint. Let AC =r and BC=h. Volume of cylinder = ray. 
But from similar triangles ABC and DBG, 


r:c=h:h—y. vo th—y. 
Hence the function to be tested is 
2 
fy) = uh 9)? 
Ans. Altitude = 4h. 


? 
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— 6. A rectangular flower bed is to contain 482 sq. ft. It is surrounded 
by a walk which is 4 ft. wide along the sides and 3 ft. wide across the 
ends. If the total area of the bed and walk together is a minimum, what 
are the dimensions of the flower bed? Ans. 18 ft. x 24 ft. 


7. A rectangular field to contain 3200 sq. rd. is to be fenced off along 
the bank of a straight river. If no fence is needed along the river, what 
must be the dimensions requiring the least amount of fencing? 

Ans. 40rd. x 80rd. 


¢8. The legs of an isosceles triangle are each 10in. long. Find the 
length of the base if the area is a maximum. Ans. 10V2 in. 


9. A trough is to be made of a long rectangular piece of tin by bending 
up the two long edges so as to give a rectangular cross section. If the 
width of the piece is 25 in., how deep should the trough be made in order 
that its carrying capacity may be a maximum? Ans. 6 in 

10. A rectangular box is to be made from a sheet of tin 16 in. by 20 in. 
by cutting a square from each corner and turning up the sides. Find the 
edge of this square so that the volume is a maximum. Ans. 2.94 in. 


11. The cross section of an open irrigation canal is to be of the form 
of an isosceles trapezoid with the slope of the sides equal to =. The area 
of the cross section is to be 448 sq. ft. What are the dimensions if the 
retaining surface (bottom plus sloping sides) is to be a minimum? 

d Ans. 40 ft. wide at top, 16 ft. at bottom, 16 ft. deep. 


U4. A rectangular box with a square base and a cover is to be built 
to contain 1000 cu. ft. If the cost per square foot for the bottom is 25¢, 
for the top 40¢, and for the sides 20¢, what are the dimensions for a mini- 
mum cost? ' 


. ig A telephone company agrees to put in a new exchange for 100 sub- 
seribers or less at a uniform charge of $40 each. To encourage a larger 
list of subscribers the company agrees to deduct 20¢ from this uniform 
charge for each subscriber in excess of the 100 (that is, if 110 subscribe, 
the flat rate would be $38). What number of subscribers would give the 
telephone company the maximum gross income? _ Ans. 150. 


14. A farmer is 12 mi. from A, the nearest point on a straight railway. 
The railroad company agrees to put in a siding anywhere he designates, A 
and to haul his produce to B, 80 mi. along the track from A, for10¢per __ 
ton per mile. If he can haul by truck for 26¢ per ton per mile, where 
should the siding be located in order that the cost of transportation of his 
crops to B may be a minimum? (Assume a straight road from the farm 
to the new siding.) Ans. 5 mi. from A. 


t5. A rectangular box with a square base and an open top is to } 
made. Find the volume of the largest box that can be made from 400 — as 
of material. 0 


*- 
a) 
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eA man having 120 ft. of fence desires to inclose a rectangular 
field and also build a fence across the field parallel to two of the sides. 
What is the maximum area he can inclose? Ans. 600 sq. ft. 


17. A rectangular field containing 2400 sq. rd. is to be inclosed by a 
fence and then to be divided into two lots by another fence parallel to one 
of the sides. What must be the dimensions of the field if the total amount 
of fencing is to be a minimum? Ans. 40 rd. x 60 rd. 


18. The strength of a rectangular beam varies as the product of the 
breadth and the square of the depth. Find the dimensions of the strong- 
est beam that can be cut from a log whose cross section is an ellipse of 
— and b. Ans. Breadth = 2 bV/ i; depth = 2 an/2. 


19. The stiffness of a rectangular beam varies as the product of the 
’ breadth and the cube of the depth. Find the dimensions of the stiffest 
beam that can be cut from a cylindrical log whose radius is a. 

Ans. a x av3. 


20. A telephone company finds there is a net profit of $15 per instru- 
ment if an exchange has 1000 subscribers or less. If there are over 1000 
subscribers, the profits per instrument decrease 1¢ for each subscriber 
above that number. How many subscribers would give the maximum 
net profit ? Ans. 1250. 


21. A piece of wire 10 ft. long is to be cut into two pieces, one of 
which is to be bent into the form of a square and the other into the form 
of a circle. Show that in order to make the sum of the areas of the square 
40 ft 
+4 °° 


bg5, One base of an isosceles trapezoid is a diameter of a circle of 
radius a, and the ends of the other base lie on the circumference of the 
circle. Find the length of the other base if the area isa maximum. Ans. a. 


and circle a minimum, the length used for the square must be s 


23. A window is in the form of a rectangle surmounted by an isosceles 
triangle, the altitude of which is 2 of its base. If the perimeter is 30 ft., 
find the dimensions for admitting the maximum amount of light. 

Ans. Rectangle, 8 ft. x 6 ft. 


24. Given a sphere of radius 6in. Calculate the altitude of each of 
the following solids: 
(a) inscribed right circular cylinder of maximum volume; 
(b) inseribed right circular cylinder of maximum total surface; 
(c) circumscribed right cone of minimum volume. 
Ans. (a) 4V3 in.; (b) 6.31 in.; (c) 24 in. 


25. Two roads intersect at right angles, and a spring is located in an 
adjoining field 20rd. from one road and 10rd. from the other. How 
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should a straight path just passing the spring be laid out from one road 
to the other so as to cut off the least amount of land? How much land 
is eut off? Ans. 400 sq. rd. 

What would be the length of the shortest road that could be run 


across? Ans. (203 + 103)? rd. 

oe should be the diameter of a tin can holding 1 qt. (58 eu. in.) 

and requiring the least amount of tin (a) if the can is open at the top? 
(b) if the can has a cover? 

STAGE hires 8/232 ‘ 

Ans. (a) ~/—== 5.29 in.; (b) 4/—— = 4.20 in. 

n @)V— 5) in.; (b) «J in 

27. The distance between the centers of two spheres of radii a and b, 

respectively, is c. Find from what point P on the line of centers AB the 

greatest amount of spherical surface is visible. (The area of the curved 

surface of a zone of height h is 2 zrh, where r is the radius of the sphere.) 


3 
ca? F 
veh Coe ; units from A. 


a? + b? 
28. Find the dimensions of the largest rectangular parallelepiped with 
a square base which can be cut from a solid sphere of radius r. or 
Ans. h=—==: 
V3 


3 
aa the cost per hour for fuel required to run a given steamer varies 
as the cube of its speed and is $40 per hour for a speed of 10 mi. per hour, 
and if other experses amount to $200 per hour, find the most economical 
speed for a distance of 500 mi. Ans. 13.6 mi. per hour. 


30. Prove that a conical tent of a given capacity will require the least 
amount of canvas when the height is V2 times the radius of the base. 
Show that when the canvas is laid out flat it will be a circle with a sector 
of 152° 9’ cut out. How much canvas would be required for a tent 10 ft. 


high? Ans. 272 sq. ft. 
31. Find the dimensions of the largest rectangle which can be in-— 
- : 3 ago AE 
seribed in the ellipse | +ja—1. Ans. avV2 x bW2. 7% 


its base on the z-axis and with two vertices on the witch whose equation 


32. Find the area of the largest rectangle which can be drawn with — , 
8 a3 ; 
or a ; 


(See figure in Chapter XXVI.) Ans. 4a’, 


33. On the circle whose equation is x? + y2 = 17 find the codrdinates 

of the foint which is nearest to the point (6, 3). Ans. 4 i 
4, What point on the curve 4 y = x? is nearest to the point (0, 4)? / 
Ans. (+ V3, pm . 

35. A wall 27 ft. high is 8 ft. from a house. Find the length of the _ 
shortest ladder that will reach the house if one end rests on the gro 


outside of the wall. _ ae 18 VIB ft 
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6. The distance between two sources of heat A and B, with intensi- 
ties a and 5 respectively, is 1. The total intensity of heat at a point P 


between A and B is given by the formula ’ 
A P B 
= 2 a b ae een — = 


x?" @—z)? 
where zx is the distance of P from A. For what position of P will the tem- 
perature be lowest? Mace cine 


a? + BE 
L3y. Find the altitude of the right cylinder of maximum volume that 
ean be inscribed in a sphere of radius r. 2r 
Ans. —=- 
V3 
38. Find the altitude of the right cylinder of maximum curved sur- 
* face that can be inscribed in a sphere of radius r. Ans. rV2. 


39. Show that the least volume of a right cone circumscribed about a 
given sphere is twice the volume of the sphere. 


40. A right circular cone of maximum volume is inscribed in a given 
_ fight circular cone, the vertex of the inside cone being at the center of 


a 


the base of the given cone. Show that the altitude of the inside cone is 
one third the altitude of the given cone. 


_ 41. What are the dimensions of the right hexagonal prism of minimum 
surface whose volume is 36 cu. ft.? 
Pa Ans. Altitude = 2V3 ft.; side of hexagon = 2 fi. 


42. A segment is bounded by the line xr=8 and the hyperbola 
—y*=16. Find the dimensions of the largest rectangle which can be 
re eesshed in this segment. - Ans. 2.54 x 7.44. 


Ee 43. Find the point on the hyperbola x* = 16 which is nearest to 
1e point (0, 6). Ans. (5, 3). 


_ 44. The lower base of an isosceles trapezoid is the major axis of an 
| se; the ends of the upper base are points on the ellipse. Show that 
aximum trapezoid of this type has the length of its upper base 
wt of the lower. 

An isosceles triangle with vertex at (0, 6) is to be inscribed in the 
 bobdbaants Find the equation of the base if the area of 
langle is a maximum. Ans. 2y+0=0. 


a ee a ce sits wyad Gorin 
F on a small magnet the axis of which if on a line drawn through 
iter of the coil and perpendicular to its plane. This force is given 
y FP =——*—_. where z is the distance to the magnet from the center 

ee 
! i. Show that F is a maximum for r= 5; 


ahh 
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bay, Let P(a, b) be a point in the first quadrant of a set of rectangular 


axes. Draw a line through P cutting the positive ends of the axes at A 
and B. Calculate the intercepts of this line on OX and OY in each of the 
following cases: 
Les) when the area OAB is a minimum; 
' )ey when the length AB is a minimum; 
(c) when the sum of the intercepts is a minimum; 
(d) when the perpendicular distance from O to AB is a minimum. 
Ans. (a) 2a, 2b; (b) a + ab?, b + a2bé; 


(c) a+ Vab, b+ Vab; (a) moat, ao 


50. Derivative as the rate of change. In Art. 23 the functional 
relation 


(1) y= 2 
gave as the ratio of corresponding increments 
Ay _ 
(2) al 22+ Ax. 
When x = 4 and Az = 0.5, equation (2) becomes 
Ay _ 
(3) Aa = 85. 


Then, we say, the average rate of change of y with respect to x 
equals 8.5 when x increases from « = 4 to x = 4.5. 
In general, the ratio 


(A) Ay _ average rate of change of y with respect to x when x changes 
jae 
from x tox + Az. 
Constant rate of change. When 


(4) y=axr +b, 
Ay _ 
we have Ag = 


That is, the average rate of change of y with respect to x equals a, 
the slope of the straight line (4), and is constant. In this case, and 
in this case only, the change in y (Ay), when x increases from any 
value x to x + Ax, equals the rate of change a times Az. 

Instantaneous rate of change. If the interval from x to x+ Az 
decreases and Az — 0, then the average rate of change of y with 
respect to x in this interval becomes at the limit the instantaneous 
rate of change of y with respect to x. Hence, by Art. 24, 


(B) ut = instantaneous rate of change of y with respect to x for a 
definite value of x. 
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For example, from (1) above, 


dy _ 
(5) at eee 
When x = 4, the instantaneous rate of change of y is 8 units per 
unit change in x. The word “instantaneous” is often dropped in (B). 
Geometric interpretation. Let the graph of 


(6) y = f(x) 
be drawn, as in the figure. When x in- 
creases from OM to ON, then y increases 
from MP to NQ. The average rate of 
change of y with respect to x equals the O| 
slope of the secant line PQ. The instanta- 
neous rate when x = OM equals the slope of the tangent line PT. 


Hence the instantaneous rate of change of y at P(x, y) 7s equal to 
the constant rate of change of y along the tangent line at P. 


When x = xo, the instantaneous rate of change of y, or f(x), in (6) 
is f’(xo). If x now increases from xo to % + Az, the exact change in 
y is not equal to f’(#o)Ax, unless f’(a) is constant, as in (4). We shall 
see later, however, that this product is equal to Ay, nearly, when Ax 
is sufficiently small. 

51. Velocity in rectilinear motion. Important applications arise 
when the independent variable in a rate is the time. The rate is 
then called a time-rate. Velocity 
in rectilinear motion affords a oH SS 

: PP B 
simple example. 

Consider the motion of a point P on the straight line AB. Let 
s be the distance measured from some fixed point, as O, to any posi- 
tion of P, and let t be the corresponding elapsed time. To each value 
of ¢t corresponds a position of P and therefore a distance (or space) s. 
Hence s will be a function of ¢t, and we may write 


Si f(t). 
Now let ¢ take on an increment At; then s takes on an increment 
As, As being the distance passed over in the time At, and 


(1) —— = the average velocity 


of P when the point moves from P to P’, during the time interval At. 
If P moves with uniform motion (constant velocity), the above ratio 
will have the same value for every interval of time and is the velocity 
at any instant. 


7 


66 DIFFERENTIAL CALCULUS 


For the general case of any kind of motion, uniform or not, we 
define the velocity (time-rate of change of s) at any instant as the limit 
of the average velocity as At approaches zero as a limit; that is, 

_ ds 
= 

The velocity at any instant is the derivative of the distance (= space) 
with respect to the time, or the time-rate of change of the distance. 


(C) v 


When 2 is positive, the distance s is an increasing function of t, 
and the point P is moving in the direction AB. When 2 is negative, 
s is a decreasing function of t, and P is moving in the direction BA. 
(Art. 45.) 

To show that this definition agrees with the conception we al- 
ready have of velocity, let us find the velocity of a falling body at 
the end of two seconds. 

By experiment it has been found that a body falling freely from 
rest in a vacuum near the earth’s surface follows approximately the 
law 

ae) s= 16.15 
where s= distance of fall in feet, t= time in seconds. Apply the 
General Rule (Art. 27) to (2). 


First Step. s+As=16.1(¢+ At)? = 16.1#+32.2¢- At+ 16.1(Aé)?. 
SECOND STEP. As = 32.2¢- At+16.1(Af)?. 


THIRD STEP. = 32.2¢+ 16.1 At= average velocity throughout 
At oa 
the tume interval At. 
Placing ¢ = 2, 
(3) a = 64.4+ 16.1 At = average velocity throughout the 


time interval At after two 
seconds of falling. . $ 


Our notion of velocity tells at once that (3) does not give us the 
actual velocity at the end of two seconds; for even if we take At very 
small, say zoo OF tooo Of a second, (8) still gives only the average 
velocity during the corresponding small interval of time. But what ‘ 
we do mean by the velocity at the end of two seconds is the limit of 
the average velocity when At diminishes toward zero; that is, the ve- _ 
locity at the end of two seconds is, from (3), 64.4 feet per second. 
Thus even the everyday notion of velocity which we get from experi- _ 
ence involves the idea of a limit, or, in our notation, : 


ern AR 3 | 
— iim, ( A S) = 64.4 ft. per second. 
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52. Related rates. In many problems several variables are in- 
volved each of which is a function of the time. Relations between 
the variables are established by the conditions of the problem. The 
relations between their time-rates of change are then found by 
differentiation. 

As a guide in solving rate problems use the following rule: 

First Step. Draw a figure illustrating the problem. Denote by z, 
Y, z, etc. the quantities which vary with the time. 

SECOND STEP. Obtain a relation between the variables involved which 
will hold true at any instant. 

THIRD STEP. Differentiate with respect to the time. 

FourtTH Step. Make a list of the given and required quantities. 

Firth STEP. Swhstitute the known quantities in the result found by 
differentiating (third step), and solve for the unknown. 


PROBLEMS 


1. A man is walking at the rate of 5 mi. per hour toward the foot of 
a tower 60 ft. high. At what rate is he approaching the top when he is 
80 ft. from the foot of the tower? 

Solution. Apply the above rule. 


First Siep. Draw the figure. Let s=distance of the man from the foot, and 
y = his distance from the top, of the tower at any instant. 


Second Step. Since we have a right triangle, re 
y? = z? + 3600. 
Third Step. Differentiating, we get z 
dy_»,@ 
2y es rap ze or ee 
dy _xdz 
a dt yd 


This means that at any instant whatever 


(Rate of change of y) = (2) times (raie of change of x). 


Fourth Step. z= 80, © = 5mi.an hour 
= 5 x 5280 ft. an hour. 
y= Vz? +3600 dy_, 
= 100. di 
Fifth Siep. Substituting in (1), 
dy_ 80 


=-— x 5 x 5280 ft. h 
7 100 * > * 280 per hour 


=4 mi. per hour. Ans. 


—_ > aa 
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2. A point moves on the parabola 6 y = x? in such a way that when 
x = 6 the abscissa is increasing at the rate of 2 ft. per second. At what 
rate is the ordinate increasing at that instant? 


Solution. First Step. Plot the parabola. 


Second Step. Gj = 
: dy _ dx 
Third Step. 6 dt othr di’ or 
(2) dy _ ee dx | 
Gh KG 


This means that at any point on the parabola 


(Rate of change of ordinate) = (5) times (rate of change of abscissa). 


Fourth Step. i163 = = 2 ft. per second. 
dy _ 9 


Fifth Step. eng ae in (2), 
dy _ = 
Tae Gy 2=4ft.persecond. Ans. 


From the first result we note that at the point P(6, 6) the ordinate changes twice 
as rapidly as the abscissa. 


If we consider the point P’(— 6, 6) instead, the result is “a = — 4 ft. per second, 
the minus sign indicating that the ordinate is decreasing 
as the abscissa increases. 


8. A circular plate of metal expands by heat so 
that its radius increases at the rate of .01 in. per 
second. At what rate is the surface increasing 
when the radius is 2 in.? 


Solution. Let « = radius and y= area of plate. Then 


y= WL". 
(3) OY 2 re &. ; 


That is, at any instant the area of the plate is increasing in square inches 2 rz . 
times as fast as the radius is increasing in linear inches. 


Sone ee dy _ 4 
ti. =-.01; 3 


Substituting in (3), 
dy 
dt 


4. An arc light is hung 12 ft. directly above a straight horizontal 
walk on which a boy 5 ft. tall is walking. How fast is the boy’s hae ’ 


=27X2 x .01=.04 msq. in. persecond. Ans. 
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lengthening when he is walking away from the light at the rate of 168 ft. 
per minute? 


Solution. Let x = distance of the boy from a point directly under the light L, 
_and y = length of boy’s shadow. From the figure, 


y¥ry¥+s—5: 1, 


or os 
: a dy__ 5 dz, 
Differentiating, a Td? 
that is, the shadow is lengthening # as fast as the boy is s 


walking, or 120 ft. per minute. 
— 5. Ina parabola y? = 12 x, if x increases uniformly at the rate of 2 in. 
per second, at what rate is y increasing when x = 3 in.? 
Ans. 2 in. per second. 
aon y == ++ , find (a) the average rate of change of y with respect 


to x as x increases Patan 2 to 4; (b) the instantaneous rate when r= 2; 
(c) the actual change in y when x changes from 2 to 2.5. 
. Ans. (a) 0.875; (b) 0.75; (ce) 0.4. 
7. A particle falls according to the law s=16#*. Find its average 
velocity during the first 5sec. What is the speed at the end of 4 sec.? 
How far does it fall during the next 0.1 sec.? 
Ans. 80 ft. per second; 128 ft. per second; 12.96 it. 


8. Two ships are at the same point. The first leaves at 10 A.M., sail- 
ing east at the rate of 9 mi. per hour. The second starts at 11 A.M. and 
sails south 12 mi. per hour. How fast are they separating at noon? 


— 9. At a certain instant a ship bound north is 6 mi. west of another 
_ ship, which is bound east. If the first ship is sailing at the rate of 15 mi. 
per hour and the second ship at the rate of 12 mi. per hour, how fast are 
_ they separating at the end of one hour? Ans. 18.8 mi. per hour. 


_ 10. The period (P sec.) of a complete oscillation of a pendulum of 
length J in. is given by the formula P = 0.3241. Find the rate of change 
yf the period with respect to the length when = Qin. By means of this 

sult approximate the change in P due to a change in! from 9 to 9.2 in. 
Ans. 0.054 see. per inch; 0.0108 see. 


11. A ladder 24 ft. long leans against a vertical wall. If the lower end 
being moved away from the wall at the rate of 3 ft. per second, how fast 
e top descending when the lower end is 8 ft. from the wall? When 
re the lower and the upper ends moving at the same rate? 

Ans. 1.06 ft. per second; when the bottom is 16.97 ft. from the wall. 


. Find the rate of change of the area of a square when the side 6 is 
¢ at the rate of a units per second. 
Ans. 2 ab square units per second. 
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18. A conical funnel is 14 in. across the top and 12 in. deep. A liquid 
is flowing in at the rate of 30 cu. in. per second and flowing out at the 
rate of 10 cu. in. per second. Find how fast the surface of the liquid is 
rising when the liquid is 6 in. deep. Ans. 0.52 in. per second. 


14. Assuming that the volume of the wood in a tree is proportional to 
the cube of its diameter, and that the latter increases uniformly year by 
year when growing, show that the rate of growth when the diameter is 
3 {t. is 36 times as great as when the diameter is 6 in. 


15. The volume of a sphere is increasing at the rate of 16 cu. in. per 
second. How fast is the radius increasing when it is 6 in.? How fast is 
the surface increasing ? 


1 

Ans. ain 
16. A rope ABC, 28 ft. long, runs over a pulley B, which is 12 ft. 
above the level track on which the ends A and C are moving. If the rope 
is taut, and the end C moves to the right 18 ft. 
per second, how fast will A move when C is 
5 ft. from EF, a point on AC directly below B? 
Ans. 8+ ft. per second. 


= (0.035 in. per second; 53 sq. in. per second, 


B 


17. The volume of a right circular cone 
remains constant. If the radius of the base 
is increasing at the rate of 2 in. per second, a Zoo 
how fast is the altitude changing when the 
altitude is 6 in. and the radius 4in.? Ans. Decreasing 6 in. per second. 


18. Sand is being poured on the ground from the orifice of an elevated 
pipe, and forms a pile which has always the shape of a right circular cone 
whose height is equal to half the radius of the base. If sand is falling at 
the rate of 6 cu. ft. per second, how fast is the height of the pile increasing 
when the height is 5 ft.? x 


19. Sand is being poured on the ground, forming a conical pile with 
its altitude equal to } of the radius of its base. If the sand is falling at 
the rate of 12 cu. ft. per second, how fast is the altitude increasing at the 
time when the volume is 100 cu. ft.? 


20. The radius of a cone is decreasing at the rate of 2 in. per minute, 
and the altitude is increasing at the rate of 3 in. per minute. When the 
radius is 18 in. and the altitude is 20 in., find (a) the rate at which the 
volume is changing; (b) the rate at which the curved surface is changing. 

Ans. (a) Decreasing 156 7 cu. in. per minute; 
(b) decreasing 118.6 sq. in. per minute. 


21. A rhombus ABCD is made by fastening together with hinges four 


rods each 10 in. long. If the points A and C are drawn apart at the rate 


of 4 in. per minute, at what rate is the area of the rhombus changing when 
the diagonal AC is 16 in. long? 


het 
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22. A man 6 ft. tall walks away from an arc light 15 ft. high at the 
rate of 3 mi. per hour. (a) How fast is the farther end of his shadow 
moving? (b) How fast is his shadow lengthening? 

Ans. (a) 5 mi. per hour; (b) 2 mi. per hour. 


23. A cistern is in the shape of an inverted circular cone, with its 
diameter equal to its height, each being 10 ft. How fast is the water 
pouring in when it is 5 ft. deep and rising 4 in. per minute? 

20 
Ans. 12 

24. If y = x”, and z is increasing at the rate of 4 linear unit per min- 
ute when x = 2, find (a) how fast y is changing; (b) how fast the slope 
of the graph is changing. Ans. (b) 1 unit per minute. 


cu. ft. per minute. 


25. A balloon is in the shape of an ellipsoid of revolution, its longer axis 
being twice each of the two shorter ones. If gas is being poured in at the 
rate of 100 cu. ft. per minute, when the balloon is 10 ft. long and expand- 


ing uniformly, how fast is the length increasing? Ans. : ft. per minute. 


(The volume of an ellipsoid is V = $ wabc, where a, b, c are the semi- 
axes. ) 


26. The hypotenuse AB of a right triangle ABC is constantly 5 in. 
long. The side AC is increasing 2 in. per minute. At what rate is the 
area of the triangle changing when AC is 3in.? 4in.? What is approxi- 
mately the change in area when AC increases from 3 to 3.04 in.? 


27. The velocity (feet per second) of a jet of liquid issuing from an 
orifice is given by the formula v? = 2 gh, where h is the height of the 
liquid surface above the orifice. If h is decreasing at the rate of 3 in. per 
minute, find how fast the velocity of flow is changing when h = 100 ft. 

Ans. Decreasing 0.1 ft. per second per minute. 


28. A rod 10 ft. long moves so that its ends A and B remain constantly 
on the z- and the y-axis respectively. If A is 8 ft. from the origin and 
is moving away at the rate of 2 ft. per second, 

(a) at what rate is the end B coming down? 
(b) at what rate is the area formed by AB and the axes changing? 
(c) if P is the middle point of AB, at what rate is OP changing? 


29. The point P(x, y) moves along the parabola y?=16 z so that x 
decreases at a constant rate of 4 units per second. (a) At what rate is y 
changing when P is at the point (9, 12)? (b) The vertices of a triangle 
are P, the focus, and the vertex of the parabola. At what rate is the area 
of the triangle changing? 


30. If y2=2 2, and z is decreasing at the rate of 0.25 unit per min- 


ute, find how fast the slope of the graph is changing at the point (8, — 4). 


Ans. Decreasing 34% unit per minute. 
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31. The adiabatic law for the expansion of air is PV'4=C. If ata 
given time the volume is observed to be 10 cu. ft. and the pressure is 
50 lb. per square inch, at what rate is the pressure changing if the volume 
is decreasing 1 cu. ft. per second? 

Ans. Increasing 7 lb. per square inch per second. 


32. A spherical balloon is being inflated so that the volume increases 
uniformly at the rate of 40 cu. in. per minute. How fast is the surface 
increasing when the radius is 8in.? Find approximately how much the 
radius will increase during the next half minute. 


83. A candle is moving directly away from the center of a sphere of 
radius 5 ft. at the rate of 2 ft. per second. At what rate is the surface 
illuminated by the candle increasing when the candle is 10 ft. from the 
center of the sphere? Ans. 5 7 sq. ft. per second. 

34. A point moves along the parabola whose equation is 4 y = x? so 
that the abscissa increases at the constant rate of 2 units per second. At 
what rate is the distance between this point and the point (0, 4) changing 
when x = 2 and when « = V8? 


Ans. Decreasing ae = 0.55 unit per second; 0. 


tye 


CHAPTER VI 
SUCCESSIVE DIFFERENTIATION AND APPLICATIONS 


58. Definition of successive derivatives. We have seen that the 
derivative of a function of x is in general also a function of x. This 
new function may also be differentiable, in which case the derivative 
of the first derivative is called the second derivative of the original 
function. Similarly, the derivative of the second derivative is called 
the third derivative ; and so on to the nth derivative. Thus, if 


a ee 
iy = 12 73, 
rele |e 


Notation. The symbols for the successive derivatives are usually 
abbreviated as follows: 


f(a) d?y o (oY) d*y | Bic 


dx\dz/~ dx?’ dx\dx2/ dx?’ 
If y = f(x), the successive derivatives are also denoted by 
7 d? id vt . 
Woy sie); Chay" =f"@); 
3 in, 
PU Ky = f(a); +223 TH ay =f). 


In the example given above, the notation y= 38x24, y’ = 122, 
y = 36 x2, y’’ = 72 x, y'* = 72 is most convenient. 
54. Successive differentiation of implicit functions. To illustrate the 
process we shall find re from the equation of the hyperbola 
(1) 6222 — a?y? = a7b?. 
73 
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or 
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Differentiating with respect to x (Art. 41), 
, dy 
Nor, — Op Pry, ON 
2 b?a — 2 ay ae 0, 
dy _ bx, 
i dx ary 
Differentiating again, remembering that y is a function of z, 
2ajh2 — h2yrq2 —Z 
dy a*yb b2x2a 
dx? aty? 
Substituting for a its value from (2), 
67a 
2h29, — n2h2 aes 
dy ° b UI a b = (ay) tia? SaeE 
dxz aty? ax aty? 


But, from the given equation, b?x? — a?y? = a7b?. 


= ol maya Oa 
"* dae? ay? 
PROBLEMS 
Verify each of the following differentiations: 
ya ee Te 8. CY 12248, 
[4 
2. = 2 2 i = 
3.u=V442. Biers 
di? (44 #2)3 
4.y=uV1—22. ey a 
dx*® (1 —2z)3 
t d?s 4 
5. s=——- ASA, ae a 
2-—t di? (2-—t)8 
5 eee diy a8 
Va +2 dx? A(m + 2)2 
Yt j= 6? d’p = etl 7s 
6+1 dé? (8+ 1)3 
1-2 d” [n 
8 => si ay = Pas n 
aXe: age 1" Ga 
HINT. Reduce the fraction to the form — 1 + I “ . before differentiating. 
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9. 2? + y?2 = 12. Be 

TON -— 4 a0. His 

ues + a7y" = ab?, Fees (aaa 
12. ax? + 2 hry + by? =1. ae 

13. «7? — zy + y? = 0. ae 

14, 2? + 2y?—2ay—1=0. bes 2 


dx2 ss (4y —2.22)3° 
In Problems 15-19 find the values of y’ and y’’ for the given values 
of the variables. 


pe 18 
(Wb. y= V8a+ F328. Ans. y= — 6, y" = Tor- 
oye N44 +9; 2 = 4. y' =4,y"=—- 7st 
17. y=aVu? —16; x= 5. y =9A, y=. 
18.07 4+ 44y?= 25: +=3, y=2. y =—$, yy” =— fs. 
ee — cy + y= 73 c= 2,y=—1. y =3,y" =2. 
2X0), Oj SS (GSE ID ae apa ie 93.y=Vil—32: 2=1. 
yl y=— ss HB. et — y= 64; z= '5, 7 = 6. 
Comi—iN 10 — 3 oS oa i2. <P, 2 A SOP = 2 4 ih, 0) oh 
In each of the following examples find oe, 
8 
26. y = 0? + 7 29. y= 2 Va? — x2. 
Q7.y=W32x—5. 30. y2 — 2 2y =a? 
8. y=. 
: ae Y xa—4 


55. Direction of bending 
ofacurve. When the point 
P(x, y) traces a curve, the 
slope of the tangent line at 
P varies. When the tan- 
gent line is below the curve 
(Fig. a), the arc is concave upward; when above the curve (Fig. 5), 

- the are is concave downward. In Fig. a the slope increases when 


FIG. a Fig. b 
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P describes the are AP’. Hence f’(x) is an increasing function of x. 
On the other hand, in Fig. b, when P describes the arc QB, the slope 
decreases, and f’(z) is a decreasing function. In the first case, there- 
fore, f(z) is positive; in the second case, negative (Art. 45). Hence 
we have the following criterion for determining the direction of 
bending at a point: 

The graph of y=f(x) 1s concave upward if the second derivative of 
y with respect to x is positive, and concave downward if this derivative 
is negative. 

56. Second method for testing for maximum and minimum values. 
At A in Fig. a of the preceding section, the are is concave upward, 
and the ordinate has a minimum value. That is, f’(x) = 0 and f’’(z) 
is positive. At B in Fig. b, f(z) = 0 and f’’ (x) is negative. 

We may then state the sufficient conditions for maximum and 
minimum values of f(x) for critical values of the variable as follows: 


f(x) is a maximum if f’(x) = 0 and f’’(x) = a negative number. 
f(x) is a minimum if f’(x) = 0 and f’’(x) = a positive number. 
Following is the corresponding working rule for applying this test 
for maximum and minimum values : 


First Step. Find the first derwative of the function. 

SECOND STEP. Set the first derivative equal to zero and solve the result- 
ing equation for real roots in order to find the critical values of the variable. 

TuirD Step. Find the second derivative. 

FouRTH STEP. Swhstitute each critical value for the variable in the 
second derivative. If the result 1s negative, then the function is a maxi- 
mum for that critical value; if the result 1s positive, the function is a 
minimum. 


When f’’(#) =0 or does not exist, the above process fails, al- 
though there may even then be a maximum or a minimum; in that 
case the first method given in Art. 47 holds, being fundamental. 
Usually the second method does apply, and when the process of 
finding the second derivative is not too long or tedious, it is generally 
the shortest method. 


ILLUSTRATIVE EXAMPLE 1, Let us now apply the above rule to test analytically 


the function cee 402 
found in the example worked out on page 49. 
Solution. f(a) = x? + m 
432 


First Step. fiz) =22— oe 


uf 


~J 


| 
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Second Step. 22— = 0, 


x = 6, critical value. 


Third Step. Ff" (x) =2 + ss. 
Fourth Step. f'(6) =+. 
Hence (6) = 108, minimum value. 


ILLUSTRATIVE EXAMPLE 2. Examine 2° —322—92+5 for maxima and 
minima. Use the second method. 


Solution. f(q) =x —322°-92r4+5. 
First Step. f'(e) =322-62x—-9. 
Second Step. 8x27-—62-9=0; 

‘hence the critical values are x=—land3. 
Third Step. I Ge) = 6 — €. 


Fourth Step. f’(— 1) =— 12. 
.. J(— 1) = 10 = (ordinate of 4) =maximum value. 


f"(3) =+12. «. f(8) = — 22 (ordinate of B) = minimum value. 
PROBLEMS 
Examine each of the following functions for maxima and minima: 
la —3 27+ 5. Ans. x= 0, gives max. = 5. 
% = 2, gives min. = 1. 
2.e8—327-9x4+2. x =— 1, gives max. = T. 
= 3, gives min. = — 25. 
M3.9—242+15 22-225. x= 1, gives min. = — 2. 
x = 4, gives max. = 25. 
4.423 —18 224+ 152-20. x= 4, gives max. = — 33. 
x= §, gives min. = — §3. 
§. 28+ 3274+ 92—5. No max. or min. 
6. 3 xt — 4 25 — 36 x7 + 60. x = — 2, gives min. = — 4. 
x= 0, gives max. = 60. 
x= 3, gives min. = — 149. 
7% —5 28 — 2027+ 10. x= — 2, gives max. = 58. 
x = 2, gives min. = — 38. 
=. : x= a, gives max. = 3. 
ie x =— a, gives min. = — 3, 
9. 225-—382?-1227+4. 
10.2+3x2—422—25. 12. xt — 2x? + 10. 


11. (x + 1)°(x — 2). 13. 2? — s 
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14, A box with a square base and lid is to contain 360 cu. ft. If the 
bottom costs 8¢, the lid 12¢, and the sides 6¢ per square foot, what are 
the dimensions for minimum cost? Ans. 6 ft. x 6 ftroeLOmme 


15. The base of a right circular cone is a circle of radius 1 ft., and its 
altitude is 2 ft. Find the radius of the right circular cylinder of maximum 
or minimum curved surface which can be cut from the cone. Determine 
whether this is a maximum or a minimum. 


16. A rectangular garden is to be laid out along a neighbor’s lot and 
is to contain 432 sq. rd. If the neighbor pays for half the dividing fence, 
what should be the dimensions of the garden so that the cost to the owner 
of inclosing it may be a minimum? Ans. 18rd. xX 24rd. 


17. A right prism, the base of which is an equilateral triangle, has a 
volume of 2 cu. ft. Find the edge of the base for minimum total surface. 
Ans. 2 ft. 


18. Show that of all triangles inscribed in a circle of radius a the 
equilateral triangle has the greatest area. 


19. A sheet of paper for a poster is to contain 16 sq. ft. The margins 
at the top and the bottom are to be 6in., and those on the sides 4 in. 
What are the dimensions if the printed area is to be a maximum? 

Ans, 4.90:fty xiSeeqeuue 

20. A solid wooden sphere weighs wlb. What is the weight of the 
heaviest right circular cylinder which can be cut from the sphere? 


Ans. i Ib. 


21. The slant height of a right circular cone is a given constant a. 
Find the altitude if the volume is a maximum. Ane 


V3 


22. A brick conduit, designed to accommodate underground cables, is 
to be built with a cross section in the form of a rectangle surmounted by 
a semicircle. The area of the cross section is to be 24 sq. ft. If the cost 
of construction is assumed to be proportional to the perimeter of the cross 
section, find the width which will involve the least cost. Ans. 5.18 ft. 


23. The shore of a lake is a straight line, and B 


two towns, A and B, are located 4 mi. and 8 mi., 
respectively, from D and F, the nearest points 


: ; i A 
on the lake shore, the distance DE being 9 mi. 
One pumping station on the lake shore is to 
supply both of the towns with water. Where D a 


must it be located in order that the length of the 
mains to the towns may be a minimum? Ans. 8 mi. from D. 


24. Given a point on the axis of the parabola y? = 2 px at a distance a 
from the vertex; find the abscissa of the point of the curve nearest to it. 
Ans. “=a—p. 
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» 25. The sum of the areas of a sphere and of a cube is a constant. 
What is the relation between the diameter of the sphere and the edge 
of the cube if the total volume is a minimum? 

Ans. Edge of cube = diameter of sphere. 
26. If the total waste per mile in an electric conductor is 

2 

W = c?r + SS 
és 

where c = current in amperes, r = resistance in ohms per mile, and t=a 

constant, what is the relation between c, r, and ¢ when the waste is a 

minimum? ANS) Ch =e 


57. Points of inflection. A point of inflection (or inflectional point) 
on a curve separates arcs having opposite directions of bending (see 
Art. 55). 

In the figure, B is a point of inflection. When the tracing point 
on a curve passes through such a point, the second derivative will 
change sign, and if continuous must vanish at the point. Hence we 
must have 


(1) At points of inflection, f’’(x) = 0. 


Solving the equation resulting from (1) gives the abscissas of the 
points of inflection. To determine the direction of bending in the 
vicinity of a point of inflection, test f’’(x) for val- 
ues of x first a trifle less and then a trifle greater 
than the abscissa at that point. 

If f’’(x) changes sign, we have a point of in- 
flection, and the signs obtained determine if the 
curve is concave upward or concave downward in the neighborhood. 

The student should observe that near a point where the curve is 
concave upward (as at A) the curve lies above the tangent, and at 
a point where the curve is concave downward (as at C) the curve 
lies below the tangent. At a point of inflection (as at B) the tangent 
evidently crosses the curve. 

Following is a rule for finding points of inflection of the curve whose 
equation is y = f(x). This rule includes also directions for examining 
the direction of bending. 


First STEP. Find f’’(x). 

SECOND STEP. Set f’’(x) = 0, and solve the resulting equation for real 
roots. 

THIRD Step. Test f’’(x) for values of x first a trifle less and then a 
trifle greater than each root found in the second step. If f''(x) changes 
sign, we have a point of inflection. 
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When f’’ (x) =+, the curve ts concave wpward _+__.* 
When f’’ (x) = —, the curve is concave downward ——~. 


Before the Third Step it is sometimes convenient to factor f’’(x). 

It is assumed that f’(x) and f’’(x) are continuous. The solution 
of Problem 2, below, shows how to discuss.a case where f’(x) and 
f’’(x) are both infinite. 


PROBLEMS 


Examine the following curves for points of inflection and direction of 
bending : 
lLy=32*-—423+1. 
Solution. f(z) =3 24-423 41. 
First Step. f'' (a) = 386 x? — 24 x. 
Second Step. 36 x? —242=0. 
“.a = % and x = Oare the roots. 
Third Step. f''(w) = 86 x(x — 2). 
When x < 0, f’(x) = +. 
When 2>2> 0, f’(x) =-. 
Therefore the curve is concave upward to the left and concave downward to 
the right of x = 0 (A in figure). 
When 0 <2 < 2, f"(z) =-. 
When x > 2, f’(x) = +. 
Therefore the curve is concave downward to the left and concave upward to 
the right of x = 2 (B in figure). 
Hence the points A(0, 1) and B(%, 44) are points of inflection. 
The curve is evidently concave upward everywhere to the left of A, concave 


downward between A(0, 1) and B(, 3+), and concave upward everywhere to 
the right of B. 


2. (y— 2)? = (a@ — 4). 


Solution. y=24+(4— 4), 
First Step. “ = ; (x = 4)-3, 
Second Step. When x = 4, both first and second derivatives become infinite, 
Third Step. When x < 4, ==, 
When x > 4, a =-, 


: * This may easily be remembered if we say that a vessel shaped like the curve where 
it is concave upward will hold (+) water, and where it is concave downward will spill 
(—) water. 
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We may therefore conclude that the tangent at (4, 2) is perpendicular to the 
x-axis, that to the left of (4, 2) the curve is concave upward, and to the right of 
(4, 2) it is concave downward. Therefore (4, 2) is a point of inflection. 


¥ 3. y=22. Ans. Concave upward everywhere. 
4.y=5—22—272. Concave downward everywhere. 
5. y = 23. Concave downward to the left and 
concave upward to the right of 
(0, 0). 
oy = x": Concave upward everywhere. 
v7. y=223-—3 27-3624 25. Concave downward to the left and 
concave upward to the right of 
pa 
po 2 4 = 1 — 1 
Be — 2, 2a a 10.y=n2?+-- 
; a 


58. Curve-tracing. The elementary method of tracing (or plotting) 
a curve whose equation is given in rectangular codrdinates, and one 
with which the student is already familiar, is to solve its equation for 
y (or x), assume arbitrary values of x (or y), calculate the correspond- 
ing values of y (or x), plot the respective points, and draw a smooth 
curve through them, the result being an approximation to the re- 
quired curve. This process is laborious at best, and in case the equa- 
tion of the curve is of a degree higher than the second, it may not be 
- possible to solve the equation for y or x. The general form of a curve 
is usually all that is desired, and the calculus furnishes us with 
powerful methods for determining the shape of a curve with very 
little computation. 

The first derivative gives us the slope of the curve at any point; 
the second derivative determines the intervals within which the curve 
is concave upward or concave downward, and the points of inflection 
separate these intervals; the maximum points are the high points, 
and the minimum points are the low points on the curve. As a guide 
in his work the student may follow the 


Rule for tracing curves, using rectangular coordinates 


First Step. Find the first derivative; place it equal to zero; solve 
to find the abscissas of the maximum and minimum points. Test these 
values. 

SECOND Step. Find the second derivative; place it equal to zero; 
solve to find the abscissas of the points of inflection. Test these values. 

TuirD Step. Calculate the corresponding ordinates of the points 
whose abscissas were found in the first two steps. Calculate as many 
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more points as may be necessary to give a good rdea of the shape of the 
curve. Make a table such as is shown in the problem worked out below. 

FourtH Step. Plot the points determined and sketch in the curve to 
correspond with the results shown in the table. 


If the calculated values of the ordinates are large, it is best to 
reduce the scale on the y-axis so that the general shape of the curve 
will be shown within the limits of the paper used. Codérdinate plot- 
ting paper should be employed. Results should be tabulated as in 
the problems solved. In this table the values of x should follow one 
another, increasing algebraically. 


PROBLEMS 


Trace the following curves, making use of the above rule. Also find 
the equations of the tangent and normal at each 
point of inflection. 

lLy=x2?—-—97?+ 242-7. 

Solution. Use the above rule. 


YA 


First Step. y =3 22-1824 24, 
302—18%+24=0, 
Gp a dy ON, 
Second Step. y’ =62z—- 18, 
6x2—18=0, 
Third Step. By 


i 


Direction of Curve 


K 


} concave down 


Binaxe 
pt. of infl. 


min. \ 
J concave up 


Fourth Step. Plotting the points and sketching in the curve, we get the figure 
shown. 

To find the equations of the tangent and normal to the curve at the point of 
inflection P;(8, 11), use formulas (1), (2), Art. 43. This gives 3 x + y = 20 for the 
tangent and 3 y — x = 80 for the normal. 


2.y=ur2—6 x? — 38624 5. 
Ans. Max. (— 2, 45); min. (6, — 211); point of inflection, (2, — 83) ; 
tangent, y + 48 « —18=0; normal, 48 y —x7+ 38986 =0. 
8.y=at*— 2274+ 10. 
Ans. Max. (0,10); min. (+1, 9); points of inflection, (+ a ae 
4.y=42t—8 2742. : ey 
Ans. Max. (0, 2); min. (+ V3, -- $) ; points of inflection, (+ 1, — 3), ‘ 


_ 


~ ae | a 
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6x. - 
443s 
3 Ans. Max. (1, 3); min. (— 1, —3); points of inflection, (0, 0), 
(+ V3, 33 


T.4yt+xe-—3277+4=0. 
8. y=3 2? — x. 
9.3y=—18zr— x. 

: 10.6y=362-—32°-22. 
o 11. 6y=24127°4362. 


2 


12. 12 y= z* — 242° + 24. 


13. y=3 F — 10 3. 


Wy=xs-—52. 
6. y= 22 —5 2. 
WW y=3 5-52. 


Ans. Max. (2, 16): min. (— 2, — 16); poimt 
of inflection, (0, 0). 
Max. (2, 0); min. (0, — 1). 
¥ 17. y= 2 — 2)? + 4). 


18, y=x+44- 
x 
19. y = z*(a7 — 4). 


SL 
20. ay = x= + ——- 
a 


21. y= 


ot mee 
z+ 4a? 
23. 8 x2y — 2 +32=—0. 
24. y—Sy—=—0. 


22. y = 


2. y= 


= 
(+3)? 
59. Acceleration in rectilinear motion. In Art. 51 velocity in rec- 
motion was defined as the time-rate of change of the distance. 
ww define acceleration as the time-raie of change of the velocity. 


Acceleration = —— 
dt 


Stem (C), Art. Sl, we obtain also, since » = = 


a: 0 and r=0, s has a minimum value. 
< 0 and e= 0, s has a maximum value. 

and changes sign from + to — (from — to +) wheni 

zh fo, then e has a maximum (a minimum) value when 
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In uniformly accelerated rectilinear motion, a is constant. Thus 
in the case of a body falling freely under the action of gravity only, 


a = 32.2 ft. per second per second. Namely, from (2), Art. 51, 
* ads ee dv 
s= 16.12, =F = 82.21, a= 7 = 82.2. 
PROBLEMS 


~ 1. By experiment it has been found that a body falling freely from rest 

in a vacuum near the earth’s surface follows approximately the law 
s = 16.1 #2, where s=space (height) in feet, {= time in seconds. Find 
the velocity and acceleration (a) at any instant; (b) at end of the first 
second; (c) at end of the fifth second. 


Solution. (i) os 4635 
(a) Differentiating, = ses oi dy 

or, from (C), Art. 51, (2) v=32.2¢tft. persecond 
Differentiating again, ~ Se 

or, from (A) above, (8) a = 82.2 ft. per (sec.)2, 


which tells us that the acceleration of a falling body is constant; in other words, the 
velocity increases 32.2 ft. per second every second it keeps on falling. 
(b) To find» and cat the end of the first second, substitute ¢ = 1 in (2) and (8). 


Then v = 32.2 ft. persecond, a= 32.2 ft. per (sec.)?. 

(ec) To find v and a at the end of the fifth second, substitute i = 5 in (2) and (8). 

Then a = 32.2 ft. per (sec.)2. 

2. Given the following equations of rectilinear motion; find the dis- 
tance, velocity, and acceleration at the instant indicated. 


v= 161 ft. per second, 


fa) s—3 FP —5t; t= 


(b) s=80%-—16#; t=4. 
(c) x= 40#-—8; t=3. 

(d) y=38—8t; t=2. 

(e) pias TSE oe 

G) «=8@—20%+5; t=3. 
(2) y=25t—10 2s t—=2° 
(h) s=84t; i 
G)'s=25 47 —- fF — 5: 


— 


cording to the law s = 96 ¢ — 16 ??. 


ASS ee 
s = 64, v= — 48, a=— 82. 
z= 48, »=-— 8, a=—d6. 


y= 8, 0 = 28, @508 


Fil = 1 Sa 
$= 3 >= — 9, 4am 


3. A point moves in a straight line directed vertically upward ac- 


Find (a) its velocity and acceleration — 


. after 4 sec.; (b) how high it will rise; (c) how far it will move in the fifth — 


second. 


Ans. (a) v= — 32,a=— 32; (b) 144 ft.; (c) 48 ft. downward. 


; 
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4, Find the acceleration, having given 


(a) 0= 100 —32t; t=4. Anz. — 32. 

(b) o=?#? —3t; t=3. 3 
ee 

eee s4 7 


5. If the equation of a rectilinear motion is s = Vt +1, show that the 
acceleration is negative and proportional to the cube of the velocity. 


6. Given the following equations of rectilinear motion. Find the posi- 
tion and acceleration when the particle first comes to rest. 
(a) s=40¢-—16??. Ans. 2—25, 6=— 32. 
(b) s= 50 t — 10 #”. 
(ec) s= 24143 — #. 
(d) s=#?+ 2. 


_J5 7%. The height (s ft.) reached in t see. by a body projected vertically 
upward with a velocity of 7 ft. per second is given by the formula 
$= 1,t — 3 gt?. Find a formula for the greatest height reached by the body. 

8. In the preceding problem suppose 7; = 160, g = 32. Find (a) the 
velocity at the end of 4 sec. and at the end of 6sec.; (b) the distance 
moved during the fourth second and during the sixth second. 

— 9. In t hr. a train had reached a point (1 #— 4 ft? +16 f?) mi. distant 
from the starting point. (a) Find its velocity and acceleration. (b) When 
will the train stop to change the direction of its motion? (c) Describe the 
motion during the first 10 hr. 

Ans. (a) 09 =f —127?+ 32t,a=3 t? —24t+ 32; 
(b) at end of fourth and eighth hours; 

(c) forward first 4 hr., backward the next 

4 hr., forward again the remaining 2 hr. 


CHAPTER VII 


DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 
APPLICATIONS 


We consider now functions such as 
sin22, 3°, log (1+ 2%), 


called transcendental functions, as distinguished from the algebraic 
functions hitherto discussed. 

60. Formulas for derivatives; second list. The following formulas, 
grouped here for convenience of reference, will be derived in this 
chapter, and, with the formulas of Art. 29, comprise all formulas for 
derivatives used in this book. 


dv 
x f (loge v) = % = 5 & 
Ka F. (ogi v) = M2" 22. 
XI = (a”) = a” log. a 2. 
XIa Z(e)= eo a. 
at < (u”) = vur-1 a + logeu - u’ &. 
XII (sin v) = cos v 2. | 
XIV & (cos v) = — sin v 2. 
XV < (tan v) = sec?» 2. 
XVI 2 (cot v) = — csc? v e. 
ae & (sec v) = sec v tan v 2. 
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d a dv 
XVUI Fe (csc v) = — cse vcot v Ps 
d Papeete. Ci) 
XIX ox (vers v) = sin v oP 
dv 
d P dx 
XX = = 
a (arc sin v) ET SERC 
dv 
d dx 
XXI = == 
aE (arc cos.v) yaa 
dv 
XXII tare tanto) 
dx easier Eas 
du 
d dx 
XXIII om (are-cot v) = — aaa 
| dv 
d dx 
XXIV — (arc sec v) = 
dx vVv? — 1 
dv 
d dx 
XXV — (arc csc v) = — 
dx vV v2 — 1 
dv 
d dx 
XXVI — (arc vers v) = —————- 
dx V2 u— v3 


61. The number e. Natural logarithms. One of the most important 
limits in the calculus is 


1 
(1) lim (1 + %)* = 2.71828 ---. 
This limit is denoted by e. To prove rigorously that such a limit e 


exists is beyond the scope of this book. For the present we shall 
content ourselves with plotting the locus of the equation 


1 
(2) y= (1+2)* 


1 
and showing graphically that as x — 0 the function (1+ 2%)* (=y) 
takes on values in the near neighborhood of 2.718 - - - and therefore 
e = 2.718 - - - approximately. 
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As x — 0 from the left, y decreases and approaches e as a limit. 
As x — 0 from the right, y increases and also approaches e as a limit. 


The fact expressed in (1) is used in Art. 68. 

As x — + 0, y approaches 1 as a limit; and as x — — 1 from the right, 
y increases without limit. The lines y = 1 and x = — 1 are asymptotes in 
the figure. 

In Chapter XX we will show how to calculate the value of e to any 
number of decimal places. 

Natural, or Napierian, logarithms are those which have the number 
e for base. These logarithms play a very important role in mathe- 
matics. When the base is not indicated explicitly, the base e is 
always implied in what follows in this book. Thus log, v is often 
written simply log v. 

By definition, the natural logarithm of a number N is the exponent 
x in the equation 

(8) Cl=rN Ss LNA 1S,6a) a OO pan 

Tie=07N =e and loca 0, 

lila Nereeongilon, ea, 

If x — — ©, then N — 0, and we write log, 0 = — o. 

The student is familiar with the use of tables of common loga- 
rithms, where the base is 10. The common logarithm of a number N 
is the exponent y in the equation 

(4) 10¥%= N, or y= logio.N. 

Let us find the relation between the common and natural loga- 
rithms of a number N. 

In (8), take logarithms of both members to the base 10. Then we 
have, from (2), p. 1, 

(5) x logio €é = logio N. 

Solving for x, which equals log. N, by (8), we get the desired 
relation 


(A) lee eee 
logio e 
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That is, we obtain the natural logarithm of any number by dividing 
ats common logarithm by logo e. 
Equation (A) may be written 


(6) logio N = logio e - log. N. 


Hence the common logarithm of a number is obtained by multiplying 
ats natural logarithm by logio e. This multiplier is called the modulus 
(= M) of common logarithms. 


By tables, logio e = 0.4348, and — VU 
logio € 

Equation (A) may now be written 

(7) log. N = 2.803 logio N. 


Tables of natural logarithms should be at hand. 
62. Exponential and logarithmic functions. The function of x de- 
fined by 


(1) | y=e (e = 2.718 - - +) 
is called an exponential function. Its graph is shown in the figure. 
The function is an increasing function for all values of x, as we shall 


see later, and it is everywhere continuous. 
From (1), we have, by definition, 


(2) x = log. y. 


The functions e* and log, y are inverse functions 
(Art. 39). Interchanging x and y in (2), we have 


(3) y = log. x, 


in which y is now a logarithmic function of x. The graph is shown in 
the figure. The function is not defined for negative values of x, nor 
for x«=0. It is an increasing function for all 
values of x > 0, and is everywhere continuous. 
That is (Art. 17), for any value a of x greater @ 
than zero 


(4) lim log, x = log, a. 
When x — 0, then y — — ©, as remarked above. The y-axis is an 
asymptote in the graph. 

The functions a* and log, x (a > 0) have the same properties as 
e* and log, x and graphs similar to the above. 


q 
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63. Differentiation of a logarithm 
Let y = log, v. (v> 0) 
Differentiating by the General Rule (Art. 27), considering v as the 
independent variable, we have 
FIRST STEP. y + Ay = log, (v-+ Av). 
SECOND STEP. Ay = log, (v+ Av) — log, v 


= lOp, (¢tA")— log. (1+ “). By (2), p.1 
v v 
gels Av 
THIRD STEP. Keene log. (1 + — =). 
We cannot evaluate the limit of the right-hand member as it 
stands by Art. 16, since the denominator Av approaches zero as a 
limit. But we can rewrite the equation as follows: 


Aa =e ee 


| Multiplying by - oa 


= “lox, (14-40) By (2), p.1 
The expression following log, is in the form of the right-hand 
member of (2), Art. 61, with x = a 
FOURTH STEP. dy 2 log. e€ = i, 
dv v v 


bis Av = 0, Av, 0. Hence lim (1 + Anyse_ — 4% ‘d 
v Av 0 
(1), Art. 61. 5 Using (4), Art. 62, we have the result. 
Since v is a function of x and it is required to differentiate log, v 


with respect to x, we must use formula (A), Art. 38, for differentiating 
a function of a function, namely, 


dy _ _ dy | dv. 
dx dv dx 


Substituting the value of from the result of the Fourth Step, 
we get 


dv 
d x ldv 
x \ ccocmmeas — ed 
dx (loge v) v v ax 
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The derivative of the natural logarithm of a function is equal to the 
derivative of the function divided by the function (or the reciprocal of the 
function times its derivative). 


Since logio v = logio e log. v, we have at once (IV, Art. 29) 


logio e dv 


d 
».¢ =% = 
- dx (logio v) dx 


64. Differentiation of the exponential function 


Let oho (a> 0) 
Taking the logarithm of both sides to the base e, we get 
log y = v loga, 
or p= pet — logy. 
Differentiating with respect to y by formula X, 
hark aah 
dy loga y 


From (C), Art. 39, relating to inverse functions, we get 
dy _ 


dp 7 10S 4° Y 

or q 
dy _ ces 
(1) an log a- a’. 


Since » is a function of xz and it is required to differentiate a” with 
respect to x, we use formula (A), Art. 38. Thus we get 


dy _ vWD, 

Teme ode 

d dv 

. — (a) = 1 -q-—- 

XI a oga-a = 

When a=e, log a= log e = 1, and XI becomes 

d dv 
val stat vy — op? —. 
3 ore nae 


The derivative of a constant with a variable exponent is equal to the 
product of the natural logarithm of the constant, the constant with the 
variable exponent, and the derivative of the exponent. 
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65. Differentiation of the general exponential function. Proof of the 
Power Rule 


Let Y= (u > 0) 
Taking the logarithm of both sides to the base e, 
log. y = 0 log, u, 


or Ye rem By (8), Art. 61 
Differentiating by formula XIa, 
ou Ci en (v log w) 
= sea(td m + Io gu) by Vand X 
= v du dv 
=u (SG tog a): 
° a. CN om y—-1 du » dv 
XII say (U") = vu dx lee u- ue 


The derivative of a function with a variable exponent is equal to the 
sum of the two results obtained by first differentiating by VI, regarding 
the exponent as constant, and again differentiating by XI, regarding the 
function as constant. 

Let » = n, any constant; then XII reduces to 


a \ = n—1 dU 
cE a dx 


Thus we have shown that the Power Rule VI holds true for any 
value of the constant n. 
ILLUSTRATIVE EXAMPLE 1. Differentiate y = log (a? + a). 
d 
dy £ Be (x? + a) 
dx v2+a 
(v= 22+a.] 


Be - Ans. 
xv? +a 


ILLUSTRATIVE EXAMPLE 2. Differentiate y = log V1 — 22, 
d | 

— _ 2 

ae (1 — x?) 


Solution. aa = inoue by xX 


_ 31 —2*)—3(—2 2) 
a — 228 by VI 


SSohition: by X 


pee! 
eek Ans. 
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ILLUSTRATIVE EXAMPLE 3. Differentiate y = a3”. 


é dy = 5 ik xc 2 2 
Solution. ras log a-a re (3 a?) by XI 
= 62 loga-a**. Ans. 
ILLUSTRATIVE EXAMPLE 4. Differentiate y = be*+®. 


i dy — a c+2? 
Solution. Pe b ae (e ) by IV 


= be? +?” re (c? + x?) by XI a 


2 
= 2 bre? +=, Ans. 


ILLUSTRATIVE EXAMPLE 5. Differentiate y = x®”. 
d 


. ay — ptye7—-1 ad eX ad 2 
Solution. ise en (x) + 2° log x - (e*) by XII 


= ery?’—-1 4 2%” log a+ e? 


= ery C + log x) . Ans. 


66. Logarithmic differentiation. Instead of applying X and Xa at 
once in differentiating logarithmic functions, we may sometimes 
simplify the work by first making use of one of the formulas of (2) 
on pagel. Thus Illustrative Example 2 above may be solved as 
follows: 


ILLUSTRATIVE EXAMPLE 1. Differentiate y = log V1 — 2?. 


Solution. By using (2), p. 1, we may write this in a form free from radicals, as 


follows: te 1 log (Ce). 
d 
i dei?) 
dy 1dzx 
Th pl by X 
i Gan 2 = ee y 


— 20 ae 
“122 2? 1] ene 


ll 
Dole 


ILLUSTRATIVE EXAMPLE 2. Differentiate y = log = ; += 


Solution. Simplifying by means of (2), p. 1, 
= [log (1 + 2?) — log (1 — x*)]. 


d d 
—— (1-2?) =-( —«?) 
Then Ay pe Ce Rage ee Oe wy © by III and X 
de 2| 1+? 1— «x? 


e c oe 
= = ———.. Ans. 
ta ae 1 — 24 es 


In differentiating an exponential function, especially a variable 
with a variable exponent, the best plan is first to take the natural 
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logarithm of the function and then to differentiate. Thus Illustrative 
Example 5, Art. 65, is solved more elegantly as follows: 


ILLUSTRATIVE EXAMPLE 3. Differentiate y = x*. 


Solution. Taking the natural logarithm of both sides, 


log y = e7 log x. By (2) pa 
Now differentiate both sides with respect to x. 
dy 
© = or (log 2) + log 2 (e*) by X and V 
= oF -2 + log ae by X and XIa 
Ce le 
or aus u(; + log) 


= ery i + log =) . Ans. 


ILLUSTRATIVE EXAMPLE 4. Differentiate y = (4 x2 — 7)2+ V#—5, 
Solution. Taking the natural logarithm of both sides, 

log y = (2+ Vz? — 5) log (422 —7). 
Differentiating both sides with <i. Gora: 


1 eu — = (2+ Vat=6) ot log 42? —7)- 
y de Te Te 
dy _ 4 x? — T)2+-ve—| 8 Se we) le Ge =) 62) | ae 
dx ao As 


In the case of a function consisting of a number of factors it is 
sometimes convenient to take the natural logarithm and simplify 
by (2), p. 1, before differentiating. Thus, 


ILLUSTRATIVE EXAMPLE 5. Differentiate y = (& = 1) — 2), 
(x — 3) (a — 4) 


Solution. Taking the natural logarithm of both sides, 


log y = 3 [log (x — 1) + log (x — 2) — log (x — 8) — log (x — 4)]. 
Differentiating both sides with respect to x, 
a a ee 
g—l «#-—2 2-3 =| 
eh 222—102+11 
(% — 1)(x —2)(% —8)(@ — 4) 
- dy __ 2a2?—10r4+11 


ao ocd; ak a ee SA ae Ans. 
(x — 1)3(a — 2)3 (a — 3)3(@ — 4)3 


Ly i 
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PROBLEMS 


Verify each of the following differentiations: 


15. 


l.y=log (x+ a). 
2. y= log (ax + b). 
3. y = log ax". 
i i 
ef loz ax+b 
5. y = log (ax? + b). 
6. y = log (x3 — 4 x? + 6). 
7. y = log x3, 
8. 7 = log? x [= (log x)?]. 
9. y = logio (2Vz). 
2+ x? 
10. y = logs Baa 
11. y = log (1Va+ 2). 
eae) = a log x: 
= a+ bx 
13. f(z) = log oie 
14. f(x) = log («x + V1 +4 x?). 
ms Ul 
s = log 7 
d coc x= 
16. ie Co 1— ae" 
d nt — nx 
Lie mo. = log a. 
d 3 
18. — e* = 8 xe". 
dx 


19. 


PAD, 


21. 


22. 


23. 


Cpa 
dx. x+a 
dy a 

dx ax+b 
dy _ 1, 

ie as 

2) ee a, 
dx ax+b 
dy_ 2azr _. 
dx ax?+b 


Ui 8D 
dx xw®—472+6 
dy _ 3. 

dx «x 

dy _ 3 log? x. 
dx A 

dy _ logio @, 
dx Ye, Be 
dy 18 x 

de 4—zx* 
dy_ 2a+32. 


dx 2x(a+72) 
f'ty= 1+ logs. 
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dy _x+1 

dx = Fa 

dy_ 1 

dy Lae 

dy 2 

dx (e@+1)2 
dy _ yeaz(qx + 2). 
dx 

dy 1 = =a 
ty 1e4e a) 
dy 4 


dx (e* + e-2)2 
ds_1—tlogt, 


dt tet 
2 
‘(c) = — —=__——-- 
Me. +1 


y’ = x7(1 + log 2). 


i 
we xr(1 — log x). 


2 
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24. y = log (xe*). 
ah AS wean 
25. y = log [ae 
ees 
a e+1 
a. ee 
zx _z 
28. Ae ae a) 
_@—et 
Le = — a ayar 
30. s = 08! 
e€ 
Se ee ee ee 
Ve2+1+2 
Hint. First rationalize the denominator. 
S204 — 
iE 
33. y = 2. 
Be LAS 
os s= (¢) 
shay = xV2ae+ i. 
V3a4+1 
oe Veta. 
; xV a2 — x? 
37. y = x"(a + Dx)™. 


In Problems 38-47 find the value of 
38, 
39. 


.y = login(2' + 3); +—2. 
-y=azlog («#+1); r=4. 


7S 20**F 


y =log Vz? —4; x=3. 


x 
J. == GH. 


g=1-7 SSS 
log x ‘es 
= a= 
ae 5 
= lope V 15 3-4 = 5, 


= 

ds_(a\'/, a _ 

ai = (7) (184-1) 

4 _, [1,1 

a Ne ee 82+1 

dy _y[ 20% 1), 

dx lat—axt x 

dy _ [E-— |: 

dx “lz a+tobz 

= for the given value of x. 

Ans. y’ = 3. 

y' = 6.08% 
y' =) 
y’ = 2.409. 
y’ = 0.804. 
y’ = — 0.024, 
7’ = = 


y’ = 46.05. 
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Dyes roe 
Ey; 2=2 Ans. y’=—1. 
= UNE Rp a4, aff = 26. 
- V20-—3¢2 
“ 48. Find = i for each of the following functions: 
(a) y = log cz. (d) y = xe-*. 
e in) 7 = &. (e) y= €& log xz. 
2 
: (c) y= x log z. y= — 
: Differentiate each of the following functions: 
49. log (x Va? — x?). i 4 
: 56. & log =: 
50. x log Va? — x?. z 
7243 57. 10™* logiot. 
| §1. logio di 58. (ae)". 
oe #2 59. 3* s3. 
. lo : 
em so.) 
_ 58. x log V6 =. evat4a. 
et ee ts Paar 
8 a go, (A+ Bu)(C + Dz), 
7 (E+ Fr)(G + Hz) 
67. The function sin x. The graph of 
1) y=sinz 


wn in the figure. Any value of z is assumed to be the measure 


tant to note that sin x is a periodic function with the period 
ey, sin (+27) =sin z. 
en the value of x is increased by a period, the value — 


ated 
eC 
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The property of periodicity has the following interpretation in the 
graph on page 97: The portion of the curve for values of x from 0 to2 x 
(arc OQBRC in the figure) may be displaced parallel to OX either to 
the right or left a distance equal to any multtple of the period 2 m, and 
it will be part of the locus tn tts new position. 

68. Theorem. Before differentiating sin x (Art. 69) it is necessary 
to prove that << 


(B) ee 


This limit cannot be found by Art. 16. We | 
proceed by geometry and trigonometry. 

Let O be the center of a circle whose radius 
is unity. Let x = angle AOM measured in radians. Since the radius 
is unity, are AM = 2g, also. 

Lay off are AM’ = are AM and draw MT and M’T tangent to 
the circle at M and M’ respectively. From geometry, 

MM’ < arc MAM’ < MT+M’T. 


Or, by trigonometry, 
2snz2< 22 <2 tans 


Dividing through by 2 sin x, we get 
aS 1 ; 
sinx ~ cos 
Replacing each term by its reciprocal and reversing the inequality 
signs, we have 


io 


sin x 
ic — > cos 


sin x 


Therefore when x is small, the value of lies between 1 and cos x. 


But when x — 0, lim cos x = cos 0 = 1, since cos x is continuous for 
x = 0 (see Art. 17). Thus we have proved (B). 

It is interesting to note the behavior of this function from its 
graph, the locus of equation 


_ sing 


The function is not defined for x=0. Let us, however, assign 
the value 1 to it for x=0. Then the function is defined and is 
continuous for all values of x (see Art. 17). 
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69. Differentiation of sin v 

Let y= Sine. 

By the General Rule, Art. 27, considering » as the independent 
variable, we have 

FIRST STEP. y + Ay = sin (v+ Av). 

SECOND STEP. Ay = sin (v + Av) — sin v. 

The right-hand member must be transformed in order to evaluate 
the limit in the Fourth Step. To this end, use the formula from 


(6),p.3, | ; 
sin A — sin B=2cos4(A-+ B) sin$(A— B), 


setting A=? HAD. (B=, 
Then 3$(A+B)=0+4Ar, 4(A—B)=3 Ad. 
Substituting, 
sin (v + Av) — sin v = 2 cos (v + 3 Ap) sind Ao. 
Hence Ay = 2 cos (o + =) sin =. 
sin =? 
Ay ( = 2 
THIRD STEP. = — . 
IR re cos (vy + 5 Do 
4 
FOURTH STEP. = = COS 0. 
sin a: 
Stead Be =1, by Art. 68, we es (0 + At) = COs?. 
2 
Substituting this value of 7 in (A), Art. 38, we get 
dy _ dv, 
dx 7 ©O8 Ge 
Ee ec 
XIII -". ae (sin v) = cos v = 


The statement of the corresponding rules will now be left to the 
student. 

70. The other trigonometric functions. The function cos zx is de- 
fined and is continuous for any value of x. It is periodic, with the 
period 27. The graphof = y—cogz 


is obtained from the graph of Art. 67 of sinxz by taking the line 
x = 4% 7 as the y-axis. 


= 
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The graph of y= tans 


(see figure) shows that the function tan x is discontinuous for an 
infinite number of values of the independent variable x; namely, 
when x = (n + 4), where n denotes any positive or negative integer. 

In fact, when x — 4 7, tan x be- 
comes infinite. But from the rela- 
tion tan (7 + x) = tan 2, we see that 
the function has the period 7, and 
the values x = (n+ 4) differ from 
4a by a multiple of the period. 

The function cot « has the period 
mw. It is defined and is continuous 
for all values of x except x=mn7, n being any integer as before. — 
For these values cot x becomes infinite. Finally, secx and csc2 
are periodic, each with the period 2 7. The former is discontinuous 
only when x = (n+ 4)z, the latter only when x = nm. The values 
of x for which these functions become infinite determine vertical 
asymptotes in the graphs. 

71. Differentiation of cos v 


Let y = COS 2. 
By (8), p. 2, this may be written 


pin (Z—»). 


Differentiating by formula XIII, 


4 


=—sinv we 
dx 
[ since cos G — ”)= sin v, by (8), p. 2. | 
d dv 
XIV oo =—sij peaers 
ay (cos v) sin v aE 


72. Proofs of formulas XV-XIX. These formulas are readily de- 
rived by expressing the function concerned in terms of other functions __ 
whose derivatives have been found, and differentiating. 


Proof of XV. Let if tana 
By (2), p. 2, this may be written 
_ sin, 


COS V 
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Differentiating by formula VII, 


. COS V { (sin v) — sin v { (cos v) 


dy _ 
dx cos? v 
2, Ww 2, dv 
rien oF + sin oe 
cos? v 
dv 
ee ae 2 av, i 
Sg Oa Using (2), p. 2 
iid i iperaye dD 
XV ise (tan v) = sec leis 


To prove XVI-XIX, differentiate the form as given for each of 
the functions below. 
1 


XVI. cotyv = J : XVII. secv = ett XVIII. csc » = ——- 
tan v COS V sin v 


XIX. -versine vy = vers ) = 1— cosv. 


The details are left as exercises. 
73. Comments. In the derivation of formulas I-XIX it was neces- 
sary to apply the General Rule, Art. 27, only for the following: 


d du, dy dw, ) 
III Pe (utv—w)= ai ae ee Algebraic sum. 
@ yp) = Hs gt 
V | SE (uv) =u ae +0 a Product. 
du dv 
VII aa 8 Saas aa uotient. 
VIII dy — dy dv, Function of a function. 
dx- dv dz 
Ix dy = ely Inverse functions. 
dx dx 
dy 
, do 
w 2c Logarith 
x 7 (log v) = me ogarithm. 
LET dv. Sine. 
XIII ae (sin v) = cos v a 


Not only do all the other formulas deduced depend on these, but 
all we shall deduce hereafter depend on them as well. Hence we see 
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that the derivation of the fundamental formulas for differentiation 
involves the calculation of only two limits of any difficulty, namely, 


lim a me by Art. 68 
1 
and lim (1+ 0)?=e. By Art. 61 
PROBLEMS 


Differentiate the following : 


1. y =sin ax?. 


dy _ af (ona 
Solutior. Fe cos aa ie (ax?) by XIII 
[v= ax?,] 
=2ax cosax?. Ans. 
OF, Sea NAL Se ae 
: dy tar ee RA) ae GT eek 
Solution. dn 7 8ee 1-—2x a (1—~2)? by XV 


[v= V/1—2.] 
=sec? V1 —a-4(1 —2)~3(-1) 
poe eC ed wie Ans. 
2V1—z2 


Sh 7) = COS® a 
Solution. This may also be written 
y = (cos x)3, 
dy = 3(cos x2 & (cos #) by VI 
dx dx 
[v=cosx and n=3.] 


= 3 cos? x(— sin x) by XIV 
=-—ssinzcos?x. Ans. 


4. y=sin nx sin” x. 


: dy __s Ne te Merny, nae 
Solution. ia sin nx as (sin 2)” + sin” x ae (sin nx) by V 
[u=sin nx and v=sin” «.] 


=sin nx: n (sin x)"-1 a (sin x) 


+ sin” x cos nx = (nx) by VI and xi 


=nsin nx: sin" x cos x + nsin" x cos nx 
=nsin" — x(sin nx cos « + cos nx sin x) 
=nsin"xsin(n+1)x. Ans. 


TRANSCENDENTAL FUNCTIONS 103 


bay — Sin'2 x. Ans. y’=2 cos2.2. 
Gusi— COS 3b. s’=— 8 sin 37. 
7. u = tan 5. uw! =} sec? S 
8. ¥= 4 cot3 x. y’ =—ese?3 x. 
9. p=sec 5 0. p’=5sec 5 6 tan 5 0. 
= un Tee % x. 
10. y = 4 ese 5 y 2 ese 5 cot 5 
: dy cos © 
ei — iN Sine. — = ——_—. 
dx 2W/sin x 
] dp ; 
— Wh eo I 
12279—!COS 9 6 5 sin 6 
2 
i = is Fees 
Vtan x dec 2(tan x)? 


14. s= Vsec 2¢. 


low — xo sin) 2. 
16. f(@) = tan 6 — @. 


17. p = 288. 


Se isin oC SIN 2 2. 
19. y = log cos x. 


20. y = log Vsin 2 x. 
21. 4 = e* sin 72x. 


22. y = e-* cos o 
mezo.p = log tan 6. 


24. y= log jae. 


25. f(x) =sin (x+ a) cos (47—a). 


= 26. (8) = FESS 

27. p = 3 tan?6 — tan6 + 0. 
; 28. y = xsinz, 

20. y = (sin x)*. 

20.4 = sin 2 x. 

31. p = cos af. 


oe. — tan v. 


& — tan 2 tVsee 2 the 


y’ =xcosx+sin x. 


f/(0) = tan? 0. 
dp___ @sin 8+ cos 0 

doa 2 

y’ =2sinxcos2x+cosxzsin2 zx. 


= — tan x. 
= Cori A ap 
= e“(a sin 7x + 7 COS TZ). 


y! 

y’ 

y’ 

y= e-+(5 sin = + cos z). 
dp _ 


Ze 2. 2 
dé sin20 
a = sec x. 
HQ) = Cos ae 
ove 2 sind 
BUDE (1 — cos 6)? 
bo tan 0: 


dy _ sine(Sn2 ) 
Pats : + cos x log x). 


y’ = (sin x)* [log sin x + x cot 2]. 


a a Sa 
TE ae A sin 2 x. 


2 

ce =— a? cos al. 
2. 

= = 2 sec? v tan v. 
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S80 = Cisne Ans. 


34. y= asia, 

30. y= € sin x. 
36. 4 = e-* COs 2 x. 
37. y = e* sin be. 
2 y =sin (xv + y). 


39. ey = cos (7+ y). 


40. sin y = log (v+ y). 


In Problems 41—50 find the value of ay 


radians). 
41. y = 2sin 5; t= ls 
A 2 — COSC smi Ee 
BY y= leer aes aps ils, 
Sine aes 
44. y ae ttl 
45.y=sin2xcosxz; «=. 


46. 
Ae 
48. 


Af == DSI | COS KO "36 
NS ones a= Ib 
y=10e* cos rz; x=}. 


x 
49. y= 5esin 5 a=1. 


# 
50.y=10¢ %cos2 x2; x=1. 


Differentiate each of the following functions: 


2 


1. 2 sin a = n): 
52. 5 cos 02. 


an 
53. tan ee 


54. x cot x. 
55, See Dy x. 
: ap 
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] 
TY = 2 cos x — asin a, . 
dy _ (2—2*) cosz+2xrsinz. aT 
ax? res 
TY = 2 6 cos x ne 
ct a -*(4 sin 22 — 3 cos2 2). 
yes 2 _ §2) sin b 2ab br. 
rs gy -[(a? — b?) sin bx + 2ab cos bz]. 
dy cos (i) 
dx 1—cos(x+y) 
Cj ay Pe Sy) a 
de e&+sin(x+y) 
dy _ il 


dx (@+y)cosy—1 


in for the given value of x (in 


22, 
_ 56. sec 5 


2 
57. log cos me 


58. x log tan zx. 


59. esine, 


60. cos e2%, 


TRANSCENDENTAL FUNCTIONS 105 


74. Inverse trigonometric functions. From the equation 
(1) Sit a, 


we may read ‘“‘x is the measure of an angle in radians whose sine 
equals y.”” For a central angle in a circle with radius unity, x equals 
also the intercepted are (see Art. 2). The statement in quotation 
marks is then abbreviated thus 


(2) x = arc sin y, 


read ‘‘x equals an are whose sine is y.”’ _Interchanging x and y in (2), 
we obtain 


(8) p—are sine, 


and arc sin x is called the inverse sine function of x. It is defined 
for any value of x numerically less than or equal to 1. From (1) 
and (2), it appears that sin x and arc sin y are inverse functions 
(Art. 39). 


Equation (8) is often written y = sin-1 x, read “the inverse sine of x.” 
This notation is inconvenient, for the reason that sin-! x, as thus written, 
might be read as sin x with the exponent — 1. 


Consider the value of y determined by x = 3 in (8), that is, by 
(4) y = arc sin 4. 


One value of y satisfying (4) is y = 3 7, since sin 4 7 = sin 30° = 3. 
A second value is y = 2 7, since sin t=sin 150°=4. To each of 
these solutions any multiple of 2 may be added or subtracted. 
Hence the number of values of y satisfying (4) is without mit. The 
function arc sin x is then said to be ‘‘ multiple-valued.”’ 

The graph of arc sin x (see figure) shows this property 
well. When x= OM, y= MP,, MPo, MP3, ---, MQ, 
eee. >, 

For most purposes in the calculus it is allowable 
and advisable to select one of the many values of y. We 
select, then, the value between — 47 and 37, that is, 
the smallest numerical value. Thus, for example, 


(5) aresin} = 7, arcsin0=0, aresin (—1)=—4 7. 


The function arc sin x is now single-valued, and if 


(6) y=arcsinx, then —$a Sy =r. 


In the graph we confine ourselves to the are QOP. 
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In the same manner each of the other inverse trigonometric func- 
tions may be made single-valued. Thus, for arc cos @, if 

(7) y=arcecosx,. then O0O=y=7. 
As examples, 
arecos}=47, arccos(—%)=37, arccos(—1)=7. 
From (6) and (7) we now have the identical relation 

(8) are sin x + arc cos“ = 45 7. 


In the graph of arc cos x (see figure), we confine our- 
selves to the arc QPiP. 

Definitions establishing a single value for each of 
the other inverse trigonometric functions are given 
below. 

75, Differentiation of arc sin v 


Let y = are sin 0; (—3m7SyS37) 
then v=sin y. 
Differentiating with respect to y by XIII, 
i COS ¥; 
dy ‘ 
therefore pH al By (C), Art. 39 
dv cosy : 


Since v is a function of xz, this may be substituted in (A), Art. 38, 
cae GY A, lee Leon 
dz cosy G29 @\/ji = Fe ox 
ie y=V1-—sin?y = V1 — v2, the positive sign of the radical aa 


taken, since cos y is positive for all values of y between — = and 4 inclusive. 


dv 
d P dx 
4 oe. = 
xX ae (arc sin v) VER 
lfy =are sing, yo — i The graph is the 
: dx \/1 — x? 


are QP of the figure. The slope becomes infinite at Q and 
P, and equals 1 at O. The function increases (y’ > 0) 
throughout the interval « =—1 to x=1. 

76. Differentiation of arc cos v 

Let y = arc COs 0; (S47) 
then v= COS y. 


at 
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Differentiating with respect to y by XIV, 


Le sin y 
dy : 

therefore ie a =e, By (C), Art. 39 
dv sin y eer es 


But since v is a function of z, this may be substituted in (A), 
Art. 38, giving g, = = 1 dy Te Ardy. 


dx siny dz V1 — 72 dx 
sin y = V1—cos?y = V1 — v?, the plus sign of the radical being taken, 
since sin y is positive for all values of y between 0 and 7 inclusive. 


dv 
XXI a < (are cos Daa e 
' 1 
If y=arccosz, then y ra — roar When z increases from 
—1to+1 (are PQ of the first figure on page = 
106), y decreases from z to 0 (y’< 0). Te eee 
77. Differentiation of arc tan v. Let ee ate 3 
(1) y = arctanv; then wr 
(2) v— tangy, Pe ae 


The function (1) becomes single-valued if 
we choose the least numerical value of y, that 
is, a value between —47 and 47, corresponding to are AB of 


the figure. Also, when v > — , y > —437; whenv >-+ 4, y > 37. 
Or, symbolically, 
(3) arc tan (+0)=47, arctan(—»)=—4Frm. 


Differentiating (2) with respect to y by XV, 


dv 9 
ee os 


dy 
and se ae ig By (0), Art. 39 
dv sec?y j 
Since » is a function of x, this may be substituted in (A), Art. 38, 
eiving cy Mead aide, 1d 
dx sec?y dx 1+? dz 
[see?y =1+ tan2?y =1+ 0?.] 
dv 
XXII eee ee 
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and the function is an increasing 


If y = arc tan x, then y’ = 


1 
2 
function for all values of x. I+z 
The function arc tan = furnishes a good 


example of a discontinuous function. Con- 
fining ourselves to one branch of the graph of 


1 
7 = are tan Pid 


we see that as x approaches zero from the left, y approaches — 4 Tas a 
limit, and as x approaches zero from the right, y approaches + $7 as 
a limit. Hence the function is discontinuous when «= 0 (Art.17). Its 
value for x = 0 can be assigned at pleasure. 

78. Differentiation of arc cot v. Following — ___} Y| 
the method of the last article, we get 

dv 

ay dine 

1+ 

The function is single-valued if, 
when g=arecout, 0 < yea; 
corresponding to the arc AB of the figure. 
Also, if v >-+ 2, y—> 0; ifv>—,y—7. That is, symbolically, 

are cot (+ 0%) =0; arc cot (— 0) =z. 


79. Differentiation of arc sec v and arc csc v. Let 


d 
XXIII oy (arc cot v) = 


(1) y = arc sec 0. 


This function is defined for all values of v except those lying be- 
tween — land + 1. To make the function single-valued (see figure), 


when » is positive, choose y between 0 and 4 x (arc AB); 
when 2 is negative choose y between — a and — 4 = (arc CD). 
Also, if ve+o0, yo4 a; 

if v>— 0, yo—in. 
Solving (1), v=secy. 
Differentiating with respect to y by XVI, 


1 ee t : 
dy y tan y; 


dy if 


therefore —* = ———___.. 
dv secytany 


By (C), Art. 39 
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Since v is a function of x, this may be substituted in (A), Art. 38, 
giving 


Q 


y 1 Utne Le Cy. 


dx secytany dx ovo? — 1 az 


e =v, and tan y = V/ sec? y —1=V v2? —1, the plus sign of the radical being | 


since tan y is positive for all values of y between 0 and z and between — 7 and — of 


dv 
ry. (arc sec v) = ee abi Se eh et teed Se 
dx vVv2—1 i: 
Differentiation of arc csc v. Let eS Ale eee ere 
y = arc csc 0; He, 
then 0 = CSC Y. << aieae = 
Differentiating with respect to y by XVIII DF | 
and following the method of the last section, ===—~~—=¢}-+}-=>s=—= 
we get ¥ 
dv 
d dx pecan ft? 
XXV -—(arccsc v) = — ————" 
dx vVv® — 1 


The function y = arc csc v is defined for all values of v except those 
lying between — 1 and + 1, and is many-valued. To make the func- 
tion single-valued (see figure above), 


when » is positive, choose y between 0 and 4 m (are AB): 
when » is negative, choose y between — 7 and — 4 m (are CD). 


80. Differentiation of arc vers v Ms 


277 


Let i= are vers 0. * 
then v = Vers y. 


Differentiating with respect to y by XIX, 


mm ST V 
a sin y; 

therefore dy _ me, By (C), Art. 39 
dv siny 


* Defined only for values of v between 0 and 2 inclusive, and many-valued. To make 
the function single-valued, y is taken as the smallest positive are whose versed sine is 0; 
that is, y lies between 0 and 7 inclusive. Hence we confine ourselves to are OP of the graph. 
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Since v is a function of x, this may be substituted in (A), Art. 38, 
BIVINE dy ES 1 dv. 


dx siny dx ~/2y— y,2dz 
sin y = V1 — cos? N= ae (1 — vers y)2 = V/20— v2, the plus sign of the pee | 
being taken, since sin y is positive for all values of y between 0 and 7 inclusive. 


du 
d dx 
XXVI .. = (arc vers v) = —————' 
dx V2v0—v? 
PROBLEMS 
Differentiate the following: 
17 are tan.ax-s 
d o ae by XXII 
Solution. sol Jeo daa y 
dx 1+ (ax?)? 
[v = ax] 
= 20x Ans. 
d iL ap eye 
2. y =arcsin (8 7 —4 72), 
d 
= (8% —4 23) 
Solution. Lie by XX: 
dt V1—(3a—423)2 
[v=32—423,] 
sin 8 eee ee 
; V1—92? 42404-1625 Vi—-« 
3. ¥ = arc sec : 
y = are sec 3 
a (5 + t) 
: dim dx \x? —1 
Solution. “a2 eo by XXIV 


li aN fella ht WI 
a? —1 (eae 


[p= 544] 
a? —1 
(x? —1)2 4 — (x? +1)22 
a fms een, Ans 
Laat eae gt +) 
Cea 
4. y = are cos: Ans eee 
a dx Va? — 72 
5. y = are sec 2. dy _ a 


a dt Va? — a? 
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6. y= are tan L, Ans. Betts Biss | 
ie dx z?+1 
7. y=aresin L, Byes fel 
x dx ave? —1 
dy 2 
8. ¥ = arc csc 2 x, es 
dx aV4 at —1 J 
= + eS dy _ 1 ; 
9. y=aresin Vx. St eee 
dy 1 
10. y = arc sec (1 — 2). LS ee 
dx d—2)Va? —22 
11. 0 = arc vers p? ag yee. Sh 
oS p?. Ts seve 
= _ ot l dy _ 1 
12. y = arc sin Uc Petes oe Rec eT h 
13. y = x are sin x. ©Y — are sin x + —XL__. 
dx 1— 2? 
dy ier 
14, y= x are cos 2 x. Lo ee 
de Tar 
dy —9 . : 
Ly, Oper tan 2%. <4 =2sxare tan «+ 
15. y = x? arc tan - yoo 
16. y = log are tan 5- v=? 
+ (4 + x?) are tan = 
17. f(u) = uVa? — u? + a? are sin = f'(u) = 2Va? — u?. 
Va2 — x? we "(x ety eee 
ae) = x + aare sin = Tie) are 
19. f(w) = ware sin 5 + V4a— 23. f(x) = are sin ©. 
- 5 fo — St+ 12. 
20. F(t) = 8 log +- 9 are tan 5 F O= iar 
a+r. d@__1 
21. = are tan 7— a hak pret 
dx Yy 
22. «= rare vers ¥— V2 ry — 9. sae el bees 
r ee dy 1/2 ry —y? 
Pees. x dy _ ae 
8.9 = 344 4 are tan 5 + &. = (aaa 
—— INA ee) <= . 9 
Gh pe 2Vs—4+2aerctans2—*. @i8t2_. 
2 ds sVs—4 
25. y = 3 x3 arc tan x — ¢ x? + 3 log (x24 1). dY —.28 are tan 2. 


dx 
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Differentiate each of the following functions: 
26. arc sin x”. 32. Vz are ese x. 
97. arc cos 4 2. 33. e arc sin 2%. 


28. arc tan («7 — 2). 34. e2 are tan 2 x. 


99. arc cot A 35. arc cos e”. 
9, i ee on / ae 
30. arc vers (1 — 2). Sider Mette Z am 
81. « are sec 5 37, 3 are sin |= 4" + V2 —a— a, 


PROBLEMS 


1. Sketch the following curves, and find the slope at each point where 
the curve crosses the axes of co6rdinates : 


(a) y= e. Ans. y-axis, }. 

(b) y= log (@ +2). x-axis, 1; y-axis, 5. 

(ec) y= log (9 — v7). z-axis, +4V2; y-axis, 0. 
(d) y = logio x. * x-axis, 0.434. 


2. Find the point on the curve y = log x? where the tangent is (a) par- 
allel to the line x — 2 y + 6=0; (b) perpendicular to the line x + y—-1=0. 
Ans. (a) (4, 2.7726); (b) (2, 1.8868). 

3. Find the equations of the tangent and the normal to the curve 


y = cos x at the point where 1 = 5. Ans. b+y=F 


4, Find the lengths of the subtangent and subnormal to the curve 


so y= oe 


y = sin x at the point where « = oe 


4 
5. Find the angles which the curves y=sinz and y=cosz make 
with each other at their points of intersection. Ans. 109° 28’, ; 
6. Find the angles of intersection of the graphs of y = x — sin 2.” and 
y = x at the points where z = 0 and x = a Ans. 90°, 26° 84% 


7. Find the maximum, minimum, and inflectional points on the fol- 
lowing curves and draw their graphs: 


(a) y= log (1+ 27). Ans. Min. (0, 0); ‘ 
points of inflection, (+ 1, log 2), 
= i _2\, 
(b) y= x log. Min. (>, ‘) 
oF seed . 3 aad 
(c) y= load Min. (e, e); 


point of inflection, (e, ): i 
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ia) 7 — xe. Ans. Min. (- 1,- *) ; 
point of inflection, (— 2,—- *). 
(e) y= 4 (e? — e-*). Point of inflection, (0, 0). 


8. A submarine telegraph cable consists of a core of copper wires 
with a covering made of nonconducting material. If x denotes the ratio 
of the radius of the core to the thickness of the covering, it is known that 


the speed of signaling varies as x? log - Show that the greatest speed 
is attained when x = auk . 
Ve : 
9. What is the minimum value of y = ae** + be-k? Ans. 2WVab. 
_ 10. Find the maximum point and the points of inflection of the graph 
of y = e-*’, and draw the curve. ecu 
Ans. Max. (0, 1); points of inflection, (4 — =) 
V2 Ve 
11. Show that the maximum rectangle with one side on the x-axis 
which can be inscribed under the curve in Problem 10 has two of its 
vertices at the points of inflection. 
12. Find the maximum, minimum, and inflectional points for the 
range indicated, and plot the curves. 


(a) y=x+2sinz; (0 to2 7m). 
Ans. Max. (2%, 3.8265) ; min. (£%, 2.4567) ; 
points of inflection, (0, 0), (a, 7), (2 7, 2 7). 
(b) y=x+sin22z; (0 tom). 
Ans. Max. (z 1.9132) : min, ea , 1.2284) ; 
points of inflection, (0, 0),(2 2), (, x). 
(c)y=sinx+cosz; (0to27). 


Ans. Max. (z, 1.4142) aint (22, s 1.4142) 


: : é 3 71 
points of inflection, (=. 0), (+. 0)- 
(d) y= cose; (0 to 2 7). 


(e) y= 2sinzx—cosz; (0 to2 7). 
(f) y =sin rx + cos 7z; (0 to 2). 
(zg) y=5e-*sinz; (0 to27z). 


a2 
(h) y= 10e 2 cos 3 (0 to 4). 


13. The turning effect of a ship’s rudder is shown theoretically to be 
k cos 6 sin? 0, where @ is the angle the rudder makes with the keel, and 
kis a constant. For what value of @ is the rudder most effective? 
Ans. About 55°. 
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14. Into a full conical wineglass of depth a and generating angle a 
there is carefully dropped a sphere of such size as to cause the greatest 
overflow. Show that the radius of the sphere is 

_ asina _ 
sina+cos2a 

15. Find the dimensions of the cylinder of maximum volume which 
can be inscribed in a sphere of radius 6in. (Use the angle 6 subtended 
by the radius of the base of the inscribed cylinder as a parameter. Tes 
r=6sin 6, h =12 cos 8.) 

16. Solve Problem 15 if the convex surface of the cylinder is to be a 
maximum, using the same parameter. 


17. A tapestry 7 ft. in height is hung on a wall so that its lower edge 
is 9 ft. above an observer’s eye. At what distance from the wall should 
he stand in order to obtain the most favorable view ? Ang iZite 


Hint. The vertical angle subtended by the tapestry in the eye of the observer 
must be a maximum. 


18. When the resistance of air is taken into account, the inclination 
of a pendulum to the vertical may be given by the formula 
6 = ae-* cos (nt + €). 
Show that the greatest inclinations occur at equal intervals e of time. 


19. If a projectile is fired from O so as to strike an inclined plane which 
makes a constant angle a with the horizontal at O, the range is given 


by the formula R= 207 C08 8 sin (8 — a) 
bi g cos? a 


where v and g are constants and @ is the angle of elevation. Calculate 
the value of # giving the maximum range up the plane. 
we 
ANS. Gies 4 + 3° 
20. When a load is being pulled up an inclined plane of constant incli- 
nation a by a force making an angle @ with the horizontal, the efficiency 
of this device as a machine is given by the formula 


_ cos (a+ — 8) sina 
~ gin (a + B) cos (a —B) ” 
where (3, the angle of friction, is also a constant. At what angle must the 
torce be applied for maximum efficiency ? Ans. 0=a+ 8. 
21. For a square-headed screw with pitch @ and angle of friction @ 
the efficiency is given by the formula 
e tan 
~tan(0+o)+f 
where f is a constant. Find the value of 6 for maximum efficiency when 
@ is a known constant angle. 


CHAPTER VIII 


APPLICATIONS TO PARAMETRIC EQUATIONS, POLAR 
EQUATIONS, AND ROOTS 


81. Parametric equations of a curve. Slope. The codrdinates x and 
y of a point on a curve are often expressed as functions of a third 
variable, or parameter, t, in the form 


x= f(t), 
(1) ae 
Ly = o(0). 
Kach value of ¢ gives a value of x and a value of y and determines a 
point on the curve. Equations (1) are called parametric equations 
of the curve. If we eliminate ¢ from equations (1), we obtain the 
rectangular equation of the curve. For example, 
ie = 1 COS.¢; 
(2) re 
Dp SP SIO, 
are parametric equations of the circle in the 
figure, t being the parameter. For if we elim- 
inate ¢ by squaring and adding the results, we 
Bee x? + y?2 = r2(cos? t+ sin? t) = 72, 


! the rectangular equation of the circle. It is evident that if ¢ varies 
from 0 to 2 7, the point P(z, y) will describe a complete circumference. 
Since, from (1), y is a function of ¢, and ¢ is a function (inverse) 


of x, we have 
= = oH a by (A), Art. 38 
=a: by (O), Art. 39 
Seat ba y ( iF, . 
dt 
that is, 
dy 
dy _ a Eee 
(A) ee de AG) = slope at P(x, y). 
Si 


, By this formula we may find the slope of a curve whose parametric 
_ equations are given. 
; 115 
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ILLUSTRATIVE EXAMPLE 1. Find the equations of the tangent and normal, 
and the lengths of the subtangent and subnormal to the ellipse* 


. x=a cos q, 
(3) een 


at the point where ¢ = 45°. 


" : da ; dy 
; = ,— =) P 
Solution. The parameter being d ao asin p do cos p 
Haid eae dy_ _bcosm_ ~) <= a 1) aa 
Substituting in (A), eee TC ae cot d = slope at any point = m. 


Substituting @ = 45° in the given equations (3), we get 11 = 4 av2, "=F bv2 
as the point of contact, and the slope m becomes 


my, =~ 2 cot 45° = —2. 
Substituting in (1) and (2), Art. 43, and reducing, we get 
ba + ay = V2 ab =equation of the tangent, 
V2 (ax — by) = a* — b? =equation of the normal. 
Substituting in (3) and (4), Art. 43, 


4 ov2 (= a = — 4 aV2 = length of subtangent, 


3 bv2(— Al =— ai = length of subnormal. 


ILLUSTRATIVE EXAMPLE 2. Given the equations of the cycloidt in parametric 
form, 4 6) 
x =a(O —sin 0), 
) Rene’ 4 — cos 0), 
0 being the variable parameter; find the lengths of the subtangent, subnormal, 


and normal at the point (71, y:) where 0 = 04. 


* As in the figure, draw the major and minor auxiliary circles of the ellipse. Through 
two points B and C on the same radius draw BA parallel to OY and DP parallel to OX. 
These lines will intersect in a point P(z, y) on the ellipse, Y 


because 2=OA=OB cos $6 =a cos > 

and y= AP=OD=OC sin ¢ = b sin ¢, 
z= Y — gj 

or " cos @ and » = Sin op. 


Now squaring and adding, we get 
oer = ot fn oe 
aa t pa = 008 ¢+ sin? ¢=1, 


the rectangular equation of the ellipse. ¢ is some- 
times called the eccentric angle of the ellipse at the 
point P. 

{+The path described by a point on the circumference of a circle which rolls witho 
sliding on a fixed straight line is called a eycloid. Let the radius of the rolling circle be a, 
the tracing point, and M the point of contact with the fixed line OX, which is called 
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Bae PEN doe Syn in) dy. 
Solution. Differentiating, “The a(1 — cos @), Te asin 0. 


Substituting in (A), Art. 81, 


i ee =m = slope at any point. 
When 0= 41, y= y1 = a(1 — cos 1), M= m1 = sin6; 
1 — cos 6; 


Following Art. 43, we find (see figure at foot of this page) 
TN = subtangent = a0 ees fu" NM = subnormal = a sin 6;. 
MP = length of normal = aV 2(1 — cos 61) =2 asin }6,. By (5), p. 3. 

In the figure, PA = asin 0; (if 6 = 6,) = the subnormal NM as above. Hence 
the construction for the normal PM and tangent PB is as indicated. 

Horizontal and vertical tangents. From (A), and referring to Art. 42, 
we see that the values of the parameter ¢ for the points of contact of 
these tangent lines are determined thus: 


Horizontal tangents: solve vl =m) (Or 7 


Bey fork 


dt 


ILLUSTRATIVE EXAMPLE 8. Find the points of 
contact of the horizontal and vertical tangents to 
the cardioid (see figure) 


x =acos@0—acos26—a, 
ote 


Vertical tangents: solve 


y =asin 0 —dasin2 6. 


Oe icy 4) : nce ~ 
qo 7 sin 0 + sin 2 6); qb = 4600s 8 cos 2 @). 


Horizontal tangents. Then cos 0—cos20=0. Substituting (using (5), p. 8) 
cos 2 6 = 2 cos? 6 — 1, and solving, we get 0 = 0, 120°, 240°. 

Vertical tangents. Then —sin 0+sin 20=0. Substituting (using (5), p. 3) 
sin 20 =2 sin @ cos 0, and solving, 0 = 0, 60°, 300°. 


Solution. dy 


base. If are PM equals OM in length, then P will touch at O if the circle is rolled to the left. 
We have, denoting the angle PCM by 80, 


x=ON =OM —NM = a0 — asin 0=a(0 — sin 6), 
y = PN = MC — AC =a —a cos 6=a(1 — cos 8), 


the parametric equations of the cy- 
cloid, the angle @ through which 
the radius of the rolling circle turns 
being the parameter. OD =2 ra 
is called the base of one arch of the 
eycloid, and the point V is called 
the vertex. Eliminating 0, we get 
the rectangular equation 


«© =aarc cos(A@—H*) 2ay—y?. 
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The common root @=0 should be rejected. For both numerator and de- 
nominator in (A) become zero, and the slope is indeterminate (see Art. 12). From 
(6), x = y=0 when @=0. The point O is called a cusp. 

Substituting the other values in (5), the results are as follows: 

Horizontal tangents: points of contact (— Sa, 3 av3). 

Vertical tangents: points of contact ({ @, + 1 a8), 

The vertical tangents coincide, forming a “double tangent ’’ line. 

These results agree with the figure. 


PROBLEMS 


Find the equations of the tangent and normal, and the lengths of 
subtangent and subnormal to each of the following curves at the point 
indicated : 


Tangent Normal Subt. Subn. 
lw=8,2y=t;t=1. Ans. e—4y+1=0, 82+2y—9=0, 2, FF 
Rai y=B; t=2. 12x—y—16=0, x+12y—98=0, Fj, 96 
3S. 2=8,y=—8; §=1. 8x—-2y—-1=0, 2x+38y—-5=0, % 8. 
4.e=2eyse-si=0. 2+2y—-4=0, 22-y-8=0, —2, =e 
5. a=sint, y=cos2t; =e 2y+4x-—8=0, 4y-—22-1=0, —3, —1, 

C2 l= yee t= s. 11. 2=cost, y= sin 2is t=3" 
2.2=F y=6t— Fs J=— 0 18. 2= 8 e+} y = 2 eos teens 
EA hia flesh eed ie 13. x=sint,y=2cost; t= 
A Ee AY ee SENET I 14.%=4cost,y=3sin#; t=> 
10, e=2-—%9=8 8; f=1, 15, s=log €+ 2), y=t3 ate 


In each of the following examples plot the curves and find the points 
> of contact of the horizontal and vertical tangents: f 
t 12t—t Ans. Horizontal tangents, (— 1, — 2), q, 2); 


ic 7= 
3° ¥ 8 vertical tangents, none. 


17. x=2+5cos 0,y=3+ 5sin 0. sn: 
Ans. Horizontal tangents, (2, — 2), (2, 8); 
vertical tangents, (— 8, 3), (7, 8). 


18. x=4sin 0, y= 2(1 — cos @). 20. s=sint, y=singe 
9 23... 4 : : . 
190 et 1, yar 21. x= costé, y = sintéo gee 


In the following curves (figures in Chapter XXVI) find lengths of 
(a) subtangent, (b) subnormal, (c) tangent, (d) normal, at any point: | 
dea ets cue t), 

=a(sint—tcost). ; ; 


Ans. (a) ycott, (b) y tant, Oe ar he * 


22. The curve 
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£23. The hypocycloid (astroid) ce a ? goed fs 


Ans. (2) —ycott, (b) —y tant, () Al prong 


24. The circle eas 
= 7—FT Sint. 
Ae £=a(2 cost—cos2 ft), 
. 25. The cardioid Be aati ain 2 hy. 


a —926. The folium 


27. The hyperbolic spiral 


82. Parametric equations. Second derivative. Using y’ as symbol 
for the first derivative of y with respect to z, then (A), Art. 81, will 
give y’ as a function of ft, 

@ y’ = hi). 

To find the second derivative y”, use this formula (A) again, re- 
cing y by y’. Then we have 


= dy’ 
,_dy dt _ WO | 
YG a £0 | 

dt 


= f(#), as in (1), Art. 81. 
STRATIVE EXAMPLE. Find y” for the cycloid (see Illustrative Example 2, 


Ke sae 

= a(1 — cos §). 

2 Ww. _ sing ae 
Solution e found _ Se Eperr: and wa cos 9). 


ee 


dy _ (1 — cos 9) cos §—sin?@__cos@—-1 ____ii _., 
wo 


(1 — cos 6)? (1 — cos 6)? (1 — cos 


ak ‘ 
easier Ey 7 caer : 
2, and the curve therefore is concave downward, as in the - 


. 
en 


ad 
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PROBLEMS 
1. In each of the following examples find and = a ae in terms of ¢: 
(a)z=t—-l,y=@41. Ans. iy 21, Y= 2. 
(b)e=Ssy=1-t. au. 4, CUE. 
ee = “5 i z oa Hs h, 7 ee te 
woah ya’ eet 


2. Show that the curve x = sec 0, y = tan @ has no point of inflection. 


3. In each of the following examples plot the curve and find the maxi- 
mum, minimum, and inflectional points: 
(a= 2 eC conl, y= 20 sin-n0, 3 
Ans. Max. (0, 2 a); points of inflection, (+ eee ah 


(b) 2 = "tan 7, = sin’ t-cos ¢: 
Ans. Max. (1, 3); min. (—1, —4 
points of inflection, = a — “8, (0, 0), (v3 M8). 
83. Curvilinear motion. Velocity. When the parameter ¢ in the 
parametric equations (1), Art. 81, is the time, and the functions f(#) 
and ¢(¢) are continuous, if t varies continuously the point P(z, y) will 
trace the curve or path. We then have a curvilinear motion, and 


(1) z=f, y= oO) 
are called the equations of motion. 

The velocity v of the moving point P(x, y) at any instant is de- 
termined by its horizontal and vertical components. 

The horizontal component v, is equal to the velocity along OX 
of the projection M of P, and is therefore the time rate of change of z. 
Hence, from (C), Art. 51, when s is replaced by x, we get 


(C) Une 


In the same way the vertical component vy, 
or time rate of change of y, is 


dy 
D ==. 
(D) Vy at 
Lay off the vectors v, and v, from P as in the figure, complete the 
rectangle, and draw the diagonal from P. This is the required vector 
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velocity v. From the figure, its magnitude and direction are given 
by the formulas 


ay 

(E) v2 = v2 + v,?, nage eee 
Vx dx 

dt 


Comparing with (A), Art. 81, we see that tan 7 equals the slope 
of the path at P. Therefore the direction of v lies along the tangent 
line at P. The magnitude of the vector velocity is called the speed. 

84. Curvilinear motion. Component accelerations. In treatises on 
mechanics it is shown that in curvilinear motion the vector accelera- 
tion a is not, like the vector velocity, directed along the tangent, but 
toward the concave side of the path of motion. It may be resolved 
into a tangential component, a;, and a normal component, a,, where 


dv. Rae 
Gh  B 
(R is the radius of curvature. See Art. 105.) 

The acceleration may also be resolved into components parallel to 
the axes of codrdinates. Following the same plan used in Art. 83 
- for component velocities, we define the component accelerations paral- 
lel to OX and OY, 

dv, dvy 


(F) (ee aie ne 


Also, if a rectangle is constructed with vertex P and sides a, and 
a,, then ais the diagonal from P. Hence 


(G) a =~ (ax)? + (ay)?, ain 
which gives the magnitude (always positive) of the vector accelera- 
tion at any instant. 

In Problem 1 below we make use of the equations of motion of a 
projectile, which illustrate very well this and the preceding article. 


ar = 


PROBLEMS 


1. Neglecting the resistance of the air, the equations of motion for a 
projectile are 


z=ncosd:t, y=unsingd-t—16.1 7; 


where 2; = initial velocity, ¢ = angle of projection with 
horizon, and t= time of flight in seconds, x and y being © AS 
measured in feet. Find the component velocities, com- 

ponent accelerations, velocity, and acceleration (a) at any instant; (b) at 
the end of the first second, having given 7; = 100 ft. per second, ¢ = 30°. 
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Find (c) the direction of motion at the end of the first second; (d) the 
rectangular equation of the path. 


Solution. From (C) and (D), 
(a) Vz = 1 COS G3 Yy = 01 Sin d — 82.2 1. 


Also, from (2), v=V 012 — 64.4 tr; sin d + 1036.8 7. 
From (F) and (G), Q:=0; a, =— 32.2; a = 82.2, direction downward. 


(b) Substituting t = 1, », = 100, @ = 30° in these results, we get 


Vy, = 86.6 ft. per sec. (oil). 
Oypi—iie Oita DEL SeCs Qy = — 32.2 ft. per (sec.)?. 
v (speed) = 88.4 ft. per sec. Q = 82.2 ft. per (sec.)?. 
(c) 7 = are tan °y — are tan we = 11° 37’ = angle of direction of motion with 
Vx : 


the horizontal. 
(d) When 2; = 100, 6 = 80°, the equations of motion become 


2=50tV3, y=50t—16.1 22. 


Eliminating ft, the result is y = a - _ : : 

2. If a projectile be given an initial velocity of 200 ft. per second ina | 
direction inclined 45° with the horizontal, find (a) the component velocities 
at the end of the third and sixth seconds; (b) the velocity and direction 
of motion at the same instants. 

Conditions are the same as for Problem 1. 


Ans. (a) When t = 38, v, = 141.4 ft. per sec., v, = 44.8 ft. per sec., 
when ¢ = 6, v, = 141.4 ft. per sec., v, = — 51.8 ft. per sec. ; 
(b) when (= 3, v= 14834) persecs. a— 17-35. 
Wwheniti= 65.0 — 11505 iit. peusec. mas oo moow 


x”, a parabola. 


' 3. If a point referred to rectangular codrdinates moves so that 
x=acost+b and y=asint+e, 


show that its velocity has a constant magnitude. 


4, If the path of a moving point is the sine curve 


i ss 
y = bsin at, 
show (a) that. the x2-component of the velocity is constant; (b) that the 


acceleration of the point at any instant is proportional to its distance from 
the x-axis. 


~ 5. With the data as in Problem 2 find the greatest height reached by 
the projectile. If the projectile strikes the ground at the same horizontal 
level from which it started, find the time of flight and the angle of impact. 
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6. A point moves in a counterclockwise direction around the circle 
x? + y*? = 100 (the unit of distance being 1 ft.) with a constant speed of 
6 ft. per second. Find the components of its velocity at the point (6, 8). 
Ans. v, = — 4.8 ft. per second; v, = 3.6 ft. per second. 
7. Given the equations of motion x= ?t?, y= (t—1)2. (a) Find the 
equation of the path in rectangular coédrdinates. (b) Draw the path with 
the velocity and acceleration vectors fort = 4,t=1,t=2. (c) For what 
values of the time is the speed a minimum? (d) Where is the point when 
its speed is 10 ft. per second? 
Ans. (a) Parabola, x? + y? =1; (c)t=4; (d) (16, 9). 
8. Given the equations of motion x= ?#??, y= <. (a) Find the equa-. 
tion of the path in rectangular coérdinates. (b) Draw the path with the 
velocity and acceleration vectors for t=1, t=V2, t= 2. (c) For what 
value of the time are the velocity and acceleration vectors at right angles? 
Ans. (a) Rectangular hyperbola, ry = 4; (c) t=V48. 
9. Given the equations of motion x=?2, y=4t-—t*. (a) Find the 
equation of the path in rectangular codrdinates. (b) Draw the path with 
the velocity and acceleration vectors for t=0, t=1, £=V3. (ce) For 
what values of the time is the speed a minimum or maximum? (d) At 
what point on the curve is the acceleration the least? 


eG) meee at PO. 0 ; (d) (0, 0). 


- 


4 ° 
10. Given the equations of motion x= ??, y = t? — ma (a) Find the 


equation of the path in rectangular coérdinates. (b) Draw the path with 
the velocity and acceleration vectors for £=0, {=1, t=2. (c) Where 
is the point when it is moving parallel to the x-axis? (d) At what point 


2 
is the accelerationa minimum? Avns. (a) Parabola, y= x«— 7 s (eas 1). 
11. Given the following equations of curvilinear motion, find at the 


given instant v,, vy, 0; Gz, Ay, a; position of point (codrdinates) ; direction 
of motion. Also find the equation of the path in rectangular coérdinates. 


Maye = 17, w= tt = 2: (g) x=2sint, y=8cost;t=7. 
6D) Rais Pp Ee; — Ne ae “a LE 
Pe yin hs t=. (h) =sint, y= cos2t; t= 7 


(d) x=2t, y= +3; ¢=0. (i) z=2t,y=3e'; t=0. 
(e)t=1—-P,y= 21; 1=2., G) eat, y= log te baa 1 
(f) r=asint,y=acost; t= (erty = 12 ls 3, 


85. Polar codrdinates. Angle between the radius vector and the tan- 
gent line. Let the equation of a curve in polar codrdinates p, 6, be 


(1) p=f(@). 
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We proceed to prove the 


Theorem. Jf W is the angle between the radius vector OP and the 
tangent line at P, then 


(H) tan p= 
p 
,_ ap, 
where p= 74 


Proof. Through P and a point 
Q(p + Ap, 6+ A@) on the curve near 
P draw the secant line AB. Draw PR 
perpendicular to OQ. 

Then (see figure) OQ = p+ Ap, angle POQ= Ad, PR= psin AO, 
and OR=pcosAé@. Also, 


Rte eee p sin AO : 
RQ OQ—OR p+Ap—pcosA8@ 


Denote by W the angle between the radius vector OP and the 
tangent line PT. If we now let A@ approach zero as a limit, then 

(a) the point Q will approach P; 

(b) the secant AB will turn about P and approach the tangent 
line PT as a limiting position; and 

(c) the angle PQR will approach y as a limit. 

Hence 


Poe p sin Aé ; 
8) Ue dag rk REG WIE a Aé 


(2) =» tan POR = 


To get this fraction in a form so that the theorems of Art. 16 will 
apply, we transform it as shown in the following equations: 
p sin Ad uy p sin A@ 
AR A Soe 
p( cos A@) + Ap 2 psin? S24 Ap 


[ Since from (5), p. 8, p — p cos Ad = p(1 — cos Ad) = 2 p sin? “. 
_ sin A@ 
3 pheAe 
i ee IN: 
psin T . MACs + Ad 
2 


{Dividing both numerator and denominator by A@ and factoring.] 
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When Aé — 0, then, by Art. 68, 


in AB pe Id 
lim a = and lim =1, 
2 
Per Aust ee Ageeipe rs 
Also, lim sin 9 = 0, lim 56 = a9 ; 


Hence the limits of numerator and denominator are, respectively, 
pand p’. Thus,(H) is proved. 
From the triangle OPT we get 


(1) T=O+y. 


Having found 7, we may then find tan 7, the slope of the tangent 
to the curve at P. Or since, from (J) and (4), p. 3, 


tan r = tan (6 +p) = ano tan 


1—tan @tany’ 

we may calculate tan y from (H) and substitute in the formula 
Slope of tangent = tan 7 = SEL, Sha amie 
1 — tan 6 tan p 


ILLUSTRATIVE EXAMPLE 1. Find yw and 7 in 
the cardioid p=a(1—cos@). Also find the slope 


i 
at =~ 


Solution. u = p’ =asin 9. Substituting in (A) 
gives 


— p — (1 — cos 9) 
ny p’ asin 6 
Pa gine 2 9 
reg ne ee By (5), p. 3 
2 asin 5 cos 5 


Therefore y =% - In the figure, angle OPT =} angle XOP. Ans. 


Mbatituting in (1), 7 = 0 +3=32. A 


tan 7 = tan 7 =1. Ans. 


Nore. Formulas (H) and (J) have been derived for the figure on page 124. In 
each problem, the relations between the angles y, 7, and @ should be determined 
by examining the signs of their trigonometric functions and drawing a figure. 
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To find the angle of intersection ¢ of two curves C and C’ whose 
equations are given in polar codrdinates, we may proceed as follows: 


Angle TPT’ = angle OPT’ — angle OPT, 
or o=y'—wy. Hence 
tan Wy’ — tan 
t = 
a Tan yeatany: 


where tan y’ and tan y are calculated by 
(H) from the equations of the curves and 
evaluated for the point of intersection. 


ILLUSTRATIVE EXAMPLE 2. Find the angle of 
intersection of the curves p = asin 2 6, p=acos2 6. @ 

Solution. Solving the two equations simultaneously, we get, at the point of 
intersection, 


tane 01.52 AeA be O29 
From the first curve, using (H), 
tan y= 3 tan 26 = 3, for 0 = 225°. 
From the second curve, 
tan y = — 3 cot 26 =— }, for 6 = 223° 
Substituting in (J), stew 
tan d= at4 =4. ..@=arctan ¥. Ans. 


Sa 4 
The curves are shown in Chapter XX VI. 


86. Lengths of polar subtangent and polar subnormal. Draw a line NT 
through the origin perpendicular to the radius vector of the point P 
on the curve. If PT is the tangent and PN the normal Ny 
to the curve at P, then 


OT = length of polar subtangent, 


and ON = !ength of polar subnormal, a sf 
of the curve at P. * 
In the triangle OPT, tany = OT. Therefore 
p 
(1) OT = ptany = p? A = length of polar subtangent.* he 


In the triangle OPN, tany = ae Therefore 


p lige length of polar subnormal. 


2 ON) = —— = 
2) tany dé 
* When @ increases with p, @ is positive and y is an acute angle, as in the above figure. 


Then the subtangent OT is positive and is measured to the right of an observer placed at O 
and looking along OP. When — is negative, the subtangent is negative and is measured 


dp 
to the left of the observer. 
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The length of the polar tangent (= PT) and the length of the polar 
normal (= PN) may be found from the figure, each being the hypotenuse 
of a right triangle. 

ILLUSTRATIVE EXAMPLE. Find the lengths of the polar subtangent and polar 
subnormal to the lemniscate p? = a? cos 2 @ (figure in Chapter X XVI). 

"Solution. Differentiating the equation of the curve, regarding p as an implicit 
function of 6, 
| ree dp___a@’sin2@ 
2 paA= 2a?sin26, or i Seem 
Substituting in (1) and (2), we get 
Length of polar subtangent = — 


3 
a?sin26 
_ @?sin2 6 

p 


If we wish to express the results in terms of @, find p in terms of 9 from the given 
equation and substitute. Thus, in the above, p=+aVcos24; therefore the 
length of the polar subtangent = + a cot 2 6V cos 2 §. 


Length of polar subnormal = 


PROBLEMS 
— 1. In the circle p = a sin 6, find y and 7 in terms of 8. 
: A Poe a2 8. 
2. In the parabola p = a sec? 3° show thatr + W=7. 
—~ 38. Show that y is constant in the logarithmic spiral p = e%. Since the 


tangent makes a constant angle with the radius vector, this curve is also 
called the equiangular spiral. 


1 4, Show that tan y= 6 in the spiral of Archimedes, p=a. Find 


values of Y when 6= 2 7 and 47. Ans. y = 80° 57’ and 85° 27’. 
5. Find the slopes of the following curves at the points designated: 
_ (a) p=a(1—cos8@); 0=5- Ans. —1. 
(b) p=asec?6; p=2a. 3 
(ce) p=asin 4 6; origin. 0,1, 0, —1. 
(d) p? =a? sin 4 6; origin. 0, 1, 2 
(e) p=asin3 6; origin. 0 
—(f) p=acos3 6; origin. 
(g) p=acos 2 §; origin. 


> (h) p=asin2 6; 0=7- 
(i) p=asin3 6; 0==- (k) p08 =a; 0=5- 


(i) p= a0; O=7- ive=—<e- 70. 
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6. Find the angle of intersection between the following pairs of curves: 
(a) pcos 0=2a, p= 5asin 0. Ans. are tan 3. 
(b) p=asin 6, p=asin2 0. 

Ans. At origin, 0°; at two other points, arc tan 3V3. 


(c) psin @=2 a, p=a sec? é. Ans. 45°. 
(d) p=4 cos 0, p= 4(1 — cos 8). 60°. 
(e) p=8cos 0, p= 2(1 + cos 8). 30°. 
(f) p= sin 0; p ="cos:2 0. 0° and are tan ae 
(gz) p?sin20=4, p?=16 sin 2 0. 60°. 


(h) p=a(1+ cos 8), p= b(1 — cos 8). 
(i) p=sin2 0, p=cos20+1. 
(j) /p? sin 20 = 3, p'=-2isec 0: 
7. Show that the following pairs of curves intersect at right angles: 
(a) p= 2) Sin Op =="2, COR: 
(b) p= Q0; pb =a. 
(ec) p=a(1+cos 0), p=a(1 — cos @). 
(d) p? sin 2 0 = a2, p? cos 2 0 = b?. 


6 0 
= QM 2s 
(e) p= asec’; p b ese? 5 


8. Find the lengths of the polar subtangent, subnormal, tangent, and 
normal of the spiral of Archimedes, p = af. 


2 
Ans. Subtangent = ee tangent = 7 Va? + p?, 


subnormal = a, normal = Va? + p?. 
The student should note the fact that the subnormal is constant. 


9. Find the lengths of the polar subtangent, subnormal, tangent, and 
normal in the logarithmic spiral p = a’. 
Ans. Subtangent = ie » tangent = py /1+ a 
subnormal = p log a, normal = pv 1 + log?a. 
When.a=e, we notice that subtangent = subnormal, and tangent = 
normal. 


10. Show that the reciprocal spiral p§ =a has a constant polar sub- 
tangent. 


87. Real roots of equations. Graphical methods. A value of x which | 


satisfies the equation 
(1) f(x) =0 


is called a root of the equation (or a root of f(x)). In applied mathe- 
matics real roots only are sought. Methods of determining such roots 
approximately will now be developed. 
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Location and number of the roots. 
First MetuHop. If the graph of f(x), that is, the locus of 
(2) y = f(x) 
is constructed, following Art. 58, the intercepts on the x-axis are the 


roots. From the figure, therefore, we know at once the number of 
roots and their approximate values. 


ILLUSTRATIVE EXAMPLE. Locate all real roots of 

(3) w—9n?+24e—-—7=0. 

Solution. The graph has been con- 
structed in Art. 58, Problem 1. It 
crosses the axis of « between 0 and 1. 
Hence there is one real root between 
these values, and there are no other real roots. 

The table gives the values of f(0) and f(1), show- 
ing a change of sign. 

The table of values of x and y used in 
plotting the graph may locate a root exactly, 
namely, if y = 0 for some value 5 
ofx. If not, the values of y for a ia) 
two successive values x =a, 

: ° Xo f (xo) =i) 
x = b may have opposite signs. b f(b) 
The corresponding points 
P(a, f(a)), Q(b, f(b)) are, therefore, on opposite sides of the x-axis, and 
the graph of (2) joining these points will cross this axis. That is, a root 
Xo will lie between a and 6. 
An exact statement of the principle involved here is as follows: 


If a continuous function f(x) changes sign in an intervrala<a<b 
and if rts derivative does not change sign, then the equation f(x) = 0 has 
one root, and only one, between a and b. 

Location of a root by trial depends upon this principle. If a and 6 
are not far apart, a further approximation can be found by interpo- 
lation. This amounts to determining the intercept on the x-axis of the 
chord PQ. That is, the portion of the graph joining P and @Q is re- 
placed, as an approximation, by the chord. 


en a ee 


x f@)=y 

ILLUSTRATIVE EXAMPLE (CONTINUED). The root —————— et 

between 0 and 1 may be located by calculation more 0.4 1.224 
closely between 0.3 and 0.4. See table. Let 0.38 +2 0.3 +'2(root) 0 

be this root. Then, by interpolation (proportion), 0.3 — 0.583 

Diff. 0.1 1.807 


30). .588 
—_—_— = =>. De 
Saas 4 


Hence x = 0.332 is a second approximation. This is the intercept on the x-axis 
of the line that joins the points Q(0.4, 1.224) and P(0.3, — 0.583), which lie 
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on the graph of (8). In the figure, MP = — 0.588, 
NQ = 1.224, drawn to scale. The abscissas of M and 
N are 0.8 and 0.4 respectively. Also, MWC =a, and the 
homologous sides of the similar triangles MPC and 
PQR give the above proportion. 


For an algebraic equation, of which (8) is 
an example, Horner’s method is best adapted 
to calculating a numerical root to any desired 
degree of accuracy, as explained in textbooks on algebra. 

88. Second method for locating real roots. The method of Art. 58 is 
well adapted to constructing quickly the graph of f(x). By this graph 
the roots are located and their number determined. In many ex- 
amples, however, the same result is attained more quickly by drawing 
certain intersecting curves. The following example shows how this 
is done: 


p*—----- IR 


Radian 


ILLUSTRATIVE EXAMPLE. Determine the num- 
ber of real roots (x in radians) of the equation 
(1) cotxr—x=0, 
and locate the smallest root. 
Solution. Transpose and write (1) thus: 


0 0 | 
10 175 | 66T- 


(2) cot t = 2. 20 849 2.76 
Tf we draw the curves a Ps La 
(3) y=cotz and y=x 45 185 
on the same axes, the abscissas of the points of in- 50 873 
tersection will be roots of (1). For, obviously, 60 1.047 
eliminating y from (3) gives equation (1), from ki tate 


which the values of x of the points of intersec- 
_ tion are to be obtained. 


90 1.571 


ly 


b 
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In plotting it is well to lay off carefully both scales (degrees and radians) on OX. 
Number of solutions. The curve y= cot x consists of an infinite number of branches 
congruent to AQB of the figure (see 
Art. 70). The line y =z will obviously 2 a 
cross each branch. Hence the equation (degrees) (radians) 
(1) has an infinite number of solutions. 
Using tables of natural cotangents 
and radian equivalents of degrees, we | Spud os 
may locate the smallest root more closely Sti ae — ice 
as shown in the table. By interpolation Dif. | 0.018 —0 048 
we find x = 0.860. Ans. ! aa 


The Second Method may be described as follows: 
Transpose certain selected terms of f(x) = 0 so that it becomes 


cotx cotx—x 


50 | 0.873 0.839 — 0.034 


(4) fi(x) = fo(z). 
Plot the curves 
(5) y=fiz), y=felz) 


on the same axes, choosing suitable scales (not necessarily the same on 


both axes). 
The number of points of intersection of these curves equals the num- 


ber of real roots of f(x) =0, and the abscissas of these points are the roots. 

The terms selected in (4) can often be chosen so that one or both 
of the curves in (5) are standard curves. 
. For example, to locate the real roots of 

y+427—-5=0, 

write the equation ee =5—4 2. 

The curves in (5) are now the standard curves 

y=n, y=5—4z7, 


a cubical parabola and a straight line. 
As a second example, consider 


Hw 2sin22+1—27=0. 
Write thisin the form sin2z=4(z?—1). 
Then the curves in (5) are the standard curve 

y=sin2x 
and the parabola y = 34(x? —1). 


89. Newton’s method. Having located a root, Newton’s method 


affords a procedure to calculate its approximate value. 


The figure shows two points 
P(a, f(a)), Q(b, f(b) 
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on the graph of f(z) on opposite sides of the x-axis. Let PT be 
the tangent line at P (Fig. a). The intercept a’ of this line on the 


FIG. a Fic. b 


x-axis is, obviously, an approximate value of the intercept of the 
graph and hence of the corresponding root of f(z) =0. Newton’s 
method determines the x-intercept of PT. 

We find this intercept a’ as follows. The codrdinates of P are 
2, =a, y1 = f(a). The slope of PT ism =f’(a). Hence the equation 
of PT is ((1), Art. 43) 


(1) y — f(a) =f'(a)@ — a). 


Putting y = 0 and solving for «(= a’) gives Newton’s formula for 
approximation 


f(a) 
K a =a-—-—: 
Having found a’ by (K), we may substitute a’ for a in the right- 
hand member, obtaining 
QU =o = f(a’ ) 
f(a’) 


as a second approximation. The process might be continued, giving 


a sequence of values tay 
, 


“0,0 ye 


approaching the exact root. 
Or the tangent may be drawn at Q (Fig. b). Then replacing a 
in (K) by 0, we obtain b’, and from b’ we obtain b” etc., giving values 


b’, oe piles Pet 
approaching the exact root. 


ILLUSTRATIVE EXAMPLE. Find the smallest root of 


cotz —x=0 
by Newton’s method. 


Solution. Here f(x) = cot x — x, 


f'(x) = — ese?x — 1 = — 2 — cot?z, 


PARAMETRIC AND POLAR EQUATIONS 133 


By the illustrative example of Art. 88, we take a= 0.855. Then, by the table in 
Art. 88, 


f(a) = 0.014. 
Also, f'(a) = — 2 — (0.869)? = — 2.76. 
A 0.014 
Hence, by (K), a’ = 0.855 + O16 7 0.860. Ans. 
If we used b = 0.878 in (K), then 
woe _ 0.034 _ 
b’ = 0.873 2704 = 0.861. 


By interpolation we found x = 0.860. The above results are valid to three 
places of decimals. 


From the figures on page 132 we observe that the graph crosses 
the z-axis between the tangent PT and the chord PQ. Hence the exact 
root lies between the value found by Newton’s method and that found by 
interpolation. This statement is, however, subject to the reservation 
that f’’(x) = 0 has no root between a and 8, that is, that there is no 
point of inflection on the arc PQ. 


PROBLEMS 


1. Determine graphically the number and approximate location of the 
real roots of each of the following equations. Calculate each root to two 
decimals. 


(a) x?79-—4x7—8=0. Ans. 2.65. 

(b) x? —9x—5=0. — 2.67, — 0.58, 3.25. 
(ec) #°+38x2—-—5=0. Wali: 

(d) x? -—-6x42—12=0. 3.13. 

(e) x? —627+327+5=0. —().67; 1.42, 5:25: 

(f) v2+927?+ 247+17=0. — 4.53, — 3.85, — 1.12. 


(g) w8—3827?-—227%4+5=0. 
(h) v2? +62?4+7xr4—-1=0. 


(i) 4 +102—100=0. — 3.40, 2.90. 
(j) #423 —42+412=0. 1.35, 4.06. 
(k) e#+924+32—4=0. — 1.58, 0.88. 


Ql) e#—427°+2?-—4=0. 


'2. Determine graphically the number of real roots of each of the fol- 
lowing equations. Calculate the smallest root (different from zero), using 
both interpolation and Newton’s formula. 


(a) cosx—x=0. Ans. One root; x= 0.789. 

(b) sn2x%—x2=0. Three roots; x= 0.947. 
(c) tanx—x=0. Infinite number of roots. 
(d) 2sinz—x=0. Three roots; x = 1.895. 
(e) sinz—2?=0. Two roots. 


(f) cosx— x? = 0. Two roots. 
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(g) tan x — 77= 0. Ans. Infinite number of roots. 
(h) cot x — a? = 0. Infinite number of roots. 
(i) 3 cos 2 — a= 0. 

(j) bsinzx—x#=0. 

(k) 3sinz—2cos4x=0. 

(l) e —tanx=0. Infinite number of roots; 

£= 41.30; 

(m) sin x — logiox= 0. 

(n) cos x — logiox = 0. 


(0) f#+2—2=0. One root; «= 0.444, 
(p) e —sinzx=0. Infinite number of roots; 
(= ESB. 
(q) tanxe+xex—1=0. Infinite number of roots; 
~—0r4805 
3. Show that the equation 2 sin x — (x —1)?=0 has two real roots, 
and calculate each root to two decimals. Ans. 0:2i arene 


4, The inner radius (r) and outer radius (R) in inches of the hollow 


steel driving shaft of a steamer transmitting H horse power at a speed 
3 HR 
atte 


Ni? 


of N revolutions per minute satisfy the relation R*—7r*= 
F200 0nNi==ol 50s a= opti Gales 

5. A cylindrical shell with a hemispherical end has a diameter d in., 
and contains V cu.in. The length of the cylindrical part is hin. Show 


that d°+3hd?=*2". Given h=24, V= 00, find'd. Ans. d= 5.86. 


6. The quantity of water Q cu. ft. per second flowing over a weir of 

width B ft. is given by Francis’s formula 
Q = 3.3(B — 0.2 H)H?, . 

where H is the height of the water (the head) above the crest of the weir. 
Given Q = 12.5, B= 8, find H. (Solve the formula for the factor H? and 
then plot.) Ans. Hines 

7. If V cu. ft. is the volume of 1 lb. of superheated steam at a tem- 
perature T° F. and pressure P lb. per square inch, 


V = 0.6490 2 — 2228. 


Given V =2.4, T = 400°, find P. ss 
8. The chord c of an are s in a circle of radius r is 
given approximately by the formula 
s3 
~ 24 2 
i 2 te A Oates ise ASS (Stal tite 
9. The area u of a circular segment whose arc s ‘ 
subtends the central angle x (in radians) is u = $ r2(x — sin x). Find 2 if 
r=2in. and w= 5sq.in. Ans. x = 2.818 radians. 


c=s 


ec’ Ti, 
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10. The volume V of a spherical segment GC 
of one base of height CD =his 


V = m(rh? — 3 hi). 
inindan st tr — 2 it., V = 20 eu. it. 
Aus, b= 2.258 ft. 


N 
) 
11. The volume V of a spherical shell of 
radius R and thickness ¢ is Sediacase 


es 


Bs V =4 mt(R? — Rt+ 3 ??). 


- Derive this result. If R= 3 ft.and V is one 
third the volume of a solid sphere of equal 


radius, find t. Ans. t = 0.378 ft. 


12. A solid wooden sphere of specific gravity S and diameter d sinks 
in water to a depth hk. Let x = and show that 223 —32?7+ S=0. 
“Gee Problem 10.) Find x for a maple ball for which S = 0.786. 

Ans. 0.702. 


ie18- A metal spherical shell of specific gravity S floats in water so that 
it is just covered. If x represents the ratio of its thickness to its radius, 


(a) Find x for an aluminum ball, given that 1 cu. ft. of water weighs 
62.5 lb. and 1.cu. ft. of aluminum weighs 162 lb. Ans. = 0150: 
) Find x for a ball of wrought iron, of which 1 cu. ft. weighs 490 lb. 

Ans. x = 0.045. 


CHAPTER IX 


DIFFERENTIALS 


90. Introduction. Thus far we have represented the derivative of 
y =f (x) by the notation 


dy 
pias (x). 


We have taken special pains to impress on the student that the 

symbol 

dy 

dx 
was to be considered not as an ordinary fraction with dy as numerator 
and dz as denominator, but as a single symbol denoting the limit of 
the quotient 

Ay 

Ax 
as Ax approaches zero as a limit. 

Problems occur where it is important to give meanings to dz 
and dy separately, and this is especially useful in applications of the 
integral calculus. How this may be done is explained in what follows. 

91. Definitions. If f’() is the derivative of f(x) for a particular 
value of x, and Az is an arbitrarily chosen increment of x, then the 
differential of f(x), denoted by the symbol df(x), is defined by the 
equation 


(A) dia) =f DAL= 2 An. 
If now f(x) = x, then f’(x) = 1, and (A) reduces to 
Cie =a: 


Thus, when «x is the independent variable, the differential of x(= dx) 
is identical with Av. Hence, if y = f(x), (A) may in general be written 
in the form 


d 
(B) dy =f (x)dx* — oY dx. 
dx 
* On account of the position which the derivative i) here occupies, it is sometimes 


called the differential coefficient. 
136 
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The differential of a function equals its derivative multiplied by the 
differential of the independent variable. 


Let us illustrate what this means geomet- 
rically. 

Draw the curve y = f(z). 

Let f’(x) be the value of the derivative at P. 

Take dx = PQ, then 

Gi (ode —tan fo = a cH Eda Be 

Therefore dy, or df(x), is the increment (= QT) of the ordinate of the 

tangent corresponding to dx. 


This gives the following interprétation of the derivative as a 
fraction. 


If an arbitrarily chosen increment of the independent variable x for 
a point P (x, y) on the curve y = f(x) be donated by dx, then in the 


derivative 

a = f’(%) =tanr, 
dy denotes the corresponding increment of the ordinate of the tangent 
line at P. 


The student should note especially that the differential (= dy) 
and the increment (= Ay) of the function corresponding to the same 
value of dx(= Az) are not in general equal. For, in the figure, 
nee), but Ay = QP’. 

92. Approximation of increments by means of differentials. From 
Art. 91 it is clear that Ay (= QP’ in the figure) and dy(= QT) are 
approximately equal when dx(= PQ) is small. When only an ap- 
proximate value of the increment of a function is desired, it is usually 
easier to calculate the value of the corresponding differential and use 
this value. 

ILLUSTRATIVE EXAMPLE 1. Find the volume approximately of a spherical shell 
of outside diameter 10 in. and thickness 4 in. 

Solution. The volume V of a sphere of diameter x is 

68) V =e x28. 
Obviously, the exact volume of the shell is the difference AV between the 


volumes of two solid spheres with diameters 10 in. and 94 in. respectively. Since 
only an approximate value of AV is required, we find dV. From (1) and (B), 


: 1 
dV =%3 rx?dz, since = 7x, 


7 
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Substituting x =10, dx =— 4, we obtain dV = 19.63 cu. in., approximately, 
neglecting the sign, which merely means that V decreases as x decreases. The 
exact value is AV= 19.4 cu. in. Note that the approximation is close, for dx is 
relatively small, that is, small as compared with x (= 10). The method would be 
worthless otherwise. 


ILLUSTRATIVE EXAMPLE 2. Calculate tan 46°, approximately, using differen- 
tials, given tan 45° = 1, sec 45° = V2, 1° = 0.01745 radians. 


Solution. Let y=tan zw. Then, by (B), 

(1) dy = sec? x dx. 

When «x changes to « + dx, y will change to y + dy, approximately. In (1), 
substitute x = } 7 (45°), dr = 0.0175. Then dy = 0.0850. Since y = tan 45° =1, 
y + dy = 1.0350 = tan 46°, approximately. Ans. 

(Four-place tables give tan 46° = 1.0355.) 

93. Small errors. A second application of differentials is afforded 
when small errors in calculation are to be determined. 

ILLUSTRATIVE EXAMPLE 1. The diameter of a circle is found by measurement 


to be 5.2 in., with a maximum error of 0.05in. Find the approximate maximum 
error in the area when calculated by the formula 


(1) A=a me. (x = diameter) 


Solution. Obviously, the exact maximum error in A will be the change (AA) 
in its value found by (1) when x changes from 5.2 in. to 5.25 in. The approximate 
error is the corresponding value of dA. Hence 


dA =$ wadx =} m7 X 5.2 x 0,05 = 0.41 sq. in. Ans. 


Relative and percentage errors. If dw is the error in u, then the ratio 


(2) ee = the relative error ; 
(8) 100 - = the percentage error. 


The relative error may be found directly by logarithmic differen- 
tiation (Art. 66). 
ILLUSTRATIVE EXAMPLE 2. Find the relative and percentage errors in the 
preceding example. 
Solution. Taking natural logarithms in (1), 
log A = log’ + r + 2 log x. 


: ee 1.dA_ 2 dA _2dz 
Differentiating, Vives: and Ae 
Substituting x = 5.2, dx = 0.05, we find 
Relative error in A = 0.0192; percentage error = 15%2,;%. Ans. : 


The errors in calculation considered here are due to small errors 
in the data upon which the calculation is based. The latter may 
arise from lack of precision in the measurements or from other causes. 
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PROBLEMS 


1. If A is the area of a square of side x, find dA. Draw a figure show- 
ing the square, dA, and AA. Ans sd Al 2h dt. 


2. Find an approximate formula for the area of a circular ring of 
radius r and width dr. What is the exact formula? 
Ans. dA=2 ardr; AA=7(2r-+ ArjAr. 


3. What is the approximate error in the volume and surface of a cube 
of edge 6 in. if an error of 0.02 in. is made in measuring the edge? 
Ans. Volume, + 2.16 cu. in.; surface, + 1.44 sq. in. 


4. The formulas for the surface and volume of a sphere are S = 4 rr? 
and V=; mr’. If the radius is found to be 3 in. by measuring, (a) what 
is the approximate maximum error in S and V if measurements are accu- 
rate to 0.01 in.? (b) what is the maximum percentage error in each case? 

Ans. (a) S, 0.24 7 sq.in.; V, 0.86 7 cu. in.; 
(DbSis Go VAL. 


5. Show by means of differentials that 


La Sele ds : 1 
A ee (approximately). 


6. Find an approximate formula for the volume of a thin cylindrical 
shell with open ends if the radius is r, the length h, and the thickness f¢. 
Ans. 2 arht. 
j 


se 7. A box is to be constructed in the form of a cube to hold 8 cu. ft. 


How accurately must the inner edge be made so that the volume will 
be correct to within 10 cu. in.? Ans. Error S 0.0058 in. 


eS. lf yy = x? and the possible error in measuring x is 0.2 when x = 16, 
what is the possible error in the value of y? Use this result to obtain 
approximate values of (16.2)? and (15.8). Anse lea Gongs 62.8: 


9. Use differentials to find an approximate value of each of the fol- 
lowing expressions: 


5 
(a) V102. (c) V990. Oe (g) V30. 
(b) V62. (d) V130. eos, (h) V85. 
V26 
10. If log 10 = 2.303, approximate log 10.2 by means of differentials. 
Ans. 2.328. 
11. If e2 = 7.39, approximate e2-1 by means of differentials. Ans. 8.13. 
12. Given sin 60° = 0.86603, cos 60° = 0.5, and 1° = 0.01745 radians, 
} use differentials to compute the values of each of the following functions 


- to four decimals: (a) sin 62°; (b) cos 61°; (¢) sin 59°; (d) cos 58°. 
Ans. (a) 0.8835; (b) 0.4849; (c) 0.8573; (d) 0.5802. 
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13. The time of one vibration of a pendulum is given by the formula 


2 
a ah. where t is measured in seconds, g = 82.2, and J, the length of the 


pendulum, is measured in feet. Find (a) the length of a pendulum vibrat- 
ing once a second; (b) the change in ¢ if the pendulum in (a) is lengthened 
0.01 ft.; (¢c) how much a clock with this error would lose or gain in a day. 

Ans. (a) 3.26 ft.; (b) 0.00153 sec.; (c) — 2 min. 12 sec. 

14. How exactly must the diameter of a circle be measured in order 
that the area shall be correct to within 1 percent? Ans. Error=4%. 

15. Show that the relative error in the volume of a sphere, due to an error 
in measuring the diameter, is three times the relative error in the radius. 

16. Show that the relative error in the nth power of a number is 
n times the relative error in the number. 

17. Show that the relative error in the nth root of a number is i times 
the relative error in the number. 

18. When a cubical block of metal is heated, each edge increases 
aan per cent per degree increase in temperature. Show that the surface 
increases <n per cent per degree, and that the volume increases 0 per cent 
per degree. 


94. Formulas for finding the differentials of functions. Since the 
differential of a function is its derivative multiplied by the differen- 
tial of the independent variable, it follows at once that the formulas 
for finding differentials are the same as those for finding derivatives 
given in Arts. 29 and 60, if we multiply each one by dz. 

This gives 


I acy = 0. 
II OG) = de. 
Il d(u+v—w) =du-+ dv — dw. 
IV d(cv) = cdv. 
V d(uwv) =udv+vdu. 
VI d(v") = nv” do. 
Via de) =a ae. 
wu) _vdu—udo. 
VI a(%)= ae 
uw) _ du 
Vila a(#)=% 
xX d(log. v) = fe 
XI day = - log. adv. 
Xla d(e”) =e’ dv. 
XII d(u”) = vu’—!du+ log u- u? do. 


CEL d(sin v) = cos vdv. 
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XIV d(cos v) = — sin vd». 
XV d(tan v) = sec? vdv. Ete. 
: dv 
xx d(are sin v) = ———. Ete. 
( ) eae 


The term ‘“‘differentiation”’ also includes the operation of finding 
differentials. 


In finding differentials the easiest way is to find the derivative as 
usual, and then multiply the result by dz. 


ILLUSTRATIVE EXAMPLE 1. Find the differential of 


_#£+3 
BE rene 
; _7f@+3\ _ (x? +3)d(@ +3) — @+3)d(x? + 3) 
Solution. dy = eae rr 3) = @? 43)? 
_ (uw? +3)du—(x+3)2edr_(8—62—27)dr_ Ver. 
Pe (x? + 3)2 * (0? + 3)? - 


ILLUSTRATIVE EXAMPLE 2. Find dy from 
6272 — ay? = a2b2, 
Solution. 2 b2xa dx — 2 a?y dy = 0. 


; _ We 
: TUR ace a Ans. 


ILLUSTRATIVE EXAMPLE 38. Find dp from 
p? = a? cos 2 0. 
Solution. 2 pdp=—a*sin2 0-2 d0. 


thee a d0. Ans. 


ILLUSTRATIVE EXAMPLE 4. Find d[arc sin (3 t — 4 é8)]. 


Rene diarcain 4 ype Ans 


V1i—83t—48)2? V1—# 


PROBLEMS 
Verify each of the following differentials : 
loy=ax?+ br+ec. dy = (2 ax + b)dz. 
ee 2 te poe 
aaa dy = (4 5) ae. 
a ie feeie adx 
fs Se = Vax + b. dy = ————.: 
: ! 2Vax + b 
4. y = Va? +22. ef 
Va? + x? 
nae ae’, ds = abe? dt. 
1 —2dzx 
eo a ef dy = e2r is 
dv 
7. u= log cv du = Fits 


a 
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8. p=sin 5 0. dp = 5 cos 5 6 dé. 
9. y = log cos x. dy = — tan x dx. 
10 Systane dy = 2 tan % sec? Zax. 
11. Find the differential of each of the following functions: 
— 9 
(@) y=Vie+,/?. (e) p= cos 2 0 
®)72=<". (f) s= ev! singe 
(ce) y= xVa? — x2. (g) p= cot (0 - 7) : 
_ fita. _ 1. 3/8 oes 
COWEN kero (h) y = log Vg 
12. If x? + y? = a2, show that dy = — oe 
13. Find dy in terms of x, y, and dx from each of the following equations : 
(a) 2+ 2ay+4y?=10. Ans. dy=— rs 


(b) a3 + 3 xy + y® = 6. 
(ec) 4u+ 2Vaey +y = 8. 
(d) a? + y? = a}, 

(e) x + yi =a’, 

(f) y= ert, 

(g) e—y=sin (x+y). 

14. The legs of a right triangle are found by measurement to be 
12.3 ft. and 18.2 ft. respectively. The maximum error in each measure- 
ment is + 0.1 ft. Find the maximum error in degrees in calculating the 
angle opposite the smaller side by using the formula for the tangent of 
that angle. 


95. Differential of the arc in rectangular codrdinates. Let s be 
the length of the are AP measured from a fixed point A on the 
curve. Denote the increment of s (= are PQ) by As. The following 
proof depends on the assumption that, as Q ap- 


aimee oor (chord FQ) 1 
arePQ/ ~~" 


From the figure, 
(1) (Chord PQ)? = (Ax)? + (Ay)?. 


Multiplying and dividing by (As)? in the left-hand member and 
dividing both members by (Ax)’, we get 


@ aha alee ok 
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Now let Q approach P as a limiting position; then Az — 0 and 
we have 


; dg \? dy \? 
(3) (= 77 Do 1+(4 Ly. 
Multiplying both members by dz”, we get the result 
(C) ds? = dx? + oe 


Or, if we extract the square root in (3) and multiply both members 
by dz, 


(D) ds =(1+ (tip 

From (C), we may readily show also that 
A 2\3 

(E) ds =(1 fo +(7) " dy. 

All these forms are useful. 

From (D), since 


1+(2) = 1+ tan?7 = sec”7, 


we obtain ds = sec r dz, choosing the positive sign of the square root. 
Hence we may easily prove 


(F) ap BT Sa 


For later reference, we add the formulas, setting y’ = “ 


(G) cos = ——— sin = —“—.. es 
(1 + y)? (1 + y')? 

An easy way to remember the relations (C)-(F) between the dif- 
ferentials dz, dy, ds is to note that they are correctly represented by 
a right triangle with hypotenuse ds, sides dz 
and dy, and angle opposite dy equal tor. For 
in this right triangle 
Z ds = Vdz? + dy’, 

that is, (C); and dividing by dz or dy gives “470, = 

(D) or (E) respectively. Also, from the figure, 


¥] as 


the same relations as (F). 
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96. Differential of the arc in polar codrdinates. From the relations 

(1) C= p).C08 0, Yip ee 
between the rectangular and polar codrdinates of a point, we obtain, 
by V, XIII, XIV, of Art. 94, 

(2) dx=cos@dp—psinédd, dy=sinédp+pcosédé. 

Substituting in (C), Art. 95, reducing, and extracting the square 
root, we obtain the result 

(H) ds = Vdp* + p?d6*. 

This may be written 

sf 
dey 
ds = | p? —) | dé. 

(1) s E = ( FT. 

The relations between p and the differentials ds, dp, and d@ are 
correctly represented by a right triangle whose hypotenuse is ds and 
whose sides are dp and pdé@. For in this 
right triangle 


ds = V (p d6)? + (dp), 
which is (H), and dividing by d@ gives (J). 


Denoting by yw the angle between dp xX 
and ds, we get at once 

sap Se 5, ( / <2) 

NT re p dé 


which is the same as (A), Art. 85. 

ILLUSTRATIVE EXAMPLE 1. Find the differential of the are of the circle 
x? + y2 = 1, 
dy_ _ =. 


Solution. Differentiating, ried by 


To find ds in terms of x we substitute in (D), giving 
2\5 24 y2\F 12\3 r dz 

ds = (1 ee de =(U5*) dx =(F) eae ee 

y? y? y? Vr2 — x? 
To find ds in terms of y we substitute in (£), giving 
1 1 1 

“8 y? a, (x24 ry" = (S). :2 r dy . 

as = (1+ 4 )'ay =( x? ia x? SL ray, 


ILLUSTRATIVE EXAMPLE 2. Find the differential of the are of the cycloid 
x =a(@—sin 0), y=a(1 —cos 8), in terms of 6 and d@. (See Illustrative Ex- 
ample 2, Art. 81.) 


Solution. Differentiating, 
dx =a(1—cos #)d0#, dy=asin 6 dé. 


ie 
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Substituting in (C), 
ds? — a?(1 — cos 9)? d#* + a* sin* § df? = 2 a?(1 — ens 6) dF. 
From (5), Art. 2, 1 — cos §=2 sin? 56. Hence ds =2asini 6d. Ams. 


IiLUsTRaATIve Exawrrz 3. Find the differential of the are of the cerdicid 
p = a(i — cos §) in terms of 8. 


Solution. Differentiating, = ey 


Substituting in (J) gives ; 
=[e*(1 — cos 9)? + a* sin? 9] d§=a(2 — 2 cos gtd —a(4 sin?” \*29 —2 axin 4 ap. 
PROBLEMS 
1. For each of the following curves find ds in terms of x and dr: 
(a) y= 22. Ans. ds= V1 +422 dz. 
(b) y? = 4 az. 
(ce) yar? +bric. 
) 6 zy = 7 +3. neds 
Et 

(e) y = log sec z. dz = sec x dr. 


@) y= =z? —8z. 
2 ———— 
(h) 2 zy — x? -3=0. 
@) z?+2zy—Ay=0. 
G) 9? = x? — 8x. 


(k) y=sin z. 
. 9%. For each of the following curves find ds in terms of y and dy: 
dy 
aa — 4 ax. Ans. ds = ———=_—_- 
@)s 2aWV4a?+ yx? 
is) 9? = 2°. ds=3V4+9 ydy. 
“a 2 2 2 3h 
“(e) z+ —F ie ds = dy. 
(c) ¥y=a Ne” 


(d) 2? + 2 = a. 
(e) y? —4z2-—4y=0. 
(f) 9? +3 zy =8. 
3. For each of the following curves find ds, sin 7, and cos7 in terms 
of ¢ and di: 
(a)z=t+1, y=. Ans. ds=V1+4? &, 
2 2 1 
a —__ > on 
V1+47 V1+47 


——— 


146 DIFFERENTIAL CALCULUS 
(ob) r=@, y=8. Ans. ds=tV449# dt, 
; 3t 2 
sn 7 => ——S|: 63 *——aaae 
" VE49R V4492 


(c) r=acost, y=asini. 
(d) x=2sint, y=4 cost. 


4. For each of the following curves find ds in terms of @ and d@: 


(a) p=asin 6. Ans. ds=ado. 
(b) p=4sin +3 cos 6. ds = 5 dé. 
(ec) p=1+ cos 8. ds = V2 +2 cos 6 dé. 


(d) p=5cos 9—12sin @. 
(e) p=1-—sin@. 


: — 24. i — *. 
eg ae ) oe 

(g) p=4sin*®s () )=5 ae 
Lc ee (k) p=1—2 cos 8. 

1) PF ae 0) p=2—3eme. 


97. Velocity as the time-rate of change of arc. In the discussion of 
curvilinear motion in Art. 83, the velocity, or, more correctly, the a 
speed v was given by (£), 


(1) v? = 0,7 + 0,7. 
dt, , Wy. 
By (C) and (D) in Art. 83, ae "yi 
Substituting in (1), using differentials and (©), Art. 95, the resu 
dz? +d ds? 
2) ae 
Extracting the square root, taking the positive sign, we have 
ree ds 
dt 


Hence, in curvilinear motion the speed of the moving point ts ihe 
time-rate of change of the length of arc of the path. ; 

This statement should be compared with the definition of veloci 
in rectilinear motion as the time-rate of change of distance ( Ar 

98. Differentials as infinitesimals. In applied mathematic 
entials are often treated as infinitesimals (Art. 20), that is, as vz 
ables approaching zero as a limit. Conversely, relations betw 
infinitesimals are frequently established in which these are repl: 
by differentials. The ‘‘principle of replacement’ involved he 
very useful. 


aa 


If z is the independent variable, we have seen that Az = dz, and 
thus Az may be replaced by dz in any equation. If Ax — 0, so will 
also dx — 0. On the other hand, Ay and dy are not in general equal. 
But, when z has a fixed value and Az (= dz) is an infinitesimal, so 
also is Ay, and, from (B), Art. 91, dy as well. Furthermore, the 
relation 
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z " Ay 7) 
@ a dy : 
is easily proved. 
: 4 Ay Sib ag 
Proof. Since im he f'(z), 
: we may write = =f(z)t+e 


where ¢ is an infinitesimal which approaches zero when Az — 0. 
Clearing of fractions, and using (B), 


E Ay = dy+ e«- Az. 
Dividing both members by Ay, and transposing, the result is 
dy_1,_,.42 
Ay Ay 
Hence lim % —1, oralso lim 44%=1. Q.E.D. 
ar>o Ay az—o dy 


; _ The principle of replacement is stated in the 


_ Replacement Theorem. In problems involving only the ratios of in- 
finitesimals which simultaneously approach zero, an infinitesimal may 


e proof will be omitted. 

From the above theorem, Ay may be replaced by dy, and, in 
eneral, any increment by the corresponding differential. 

an equation which is homogeneous in infinitesimals the above 
n is simple in application. 

STRATIVE EXAMPLE. In (1), Art. 95, all quantities are infinitesimals ulti- 


Az — 0. The equation is homogeneous, each term being of the second 
the theorem, we may replace the infinitesimals as follows: 
Chord PQ by are PQ = As, and As by ds; Ay by dy; and Az by dz. 


“> 


Then (1) becomes ds? = dr? + dy?, that is, (©). 
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PROBLEMS 


1. If a is an infinitesimal, show that sin a may be replaced by a, and 
1 — cos a by 4 a? in applying the Replacement Theorem. 

2. Derive (H), Art. 85, from (8) in that article, using the Replacement 
Theorem and the results of Problem 1. 


99. Successive differentials. As the differential of a function is in gen- 


eral also a function of the independent variable, we may deal with its 
differential. Consider the function 
y =f(@). 

d(dy) is called the second differential of y (or of the function) and is 
denoted by the symbol dy. 

Similarly, the third differential of y, d[{d(dy)], is written 

d’y, 
and so on, to the nth differential of y, 
d”y. 

Since dz, the differential of the independent variable, is independent 
of x, it may be treated as a constant when differentiating with respect 
to x. Bearing this in mind, we get very simple relations between successive 
differentials and successive derivatives. For 


dy = f'(x)dz, 


and d?y = f’’(x)(dzx)?, 
since dz is regarded as a constant. 

Also, dsy = f(x) (dz), 
and, in general, —d"y = f™(x) (dx). 


Dividing both sides of each expression by the power of dx occurring 
on the right, we get our ordinary derivative notation 
a BY oon ay __ rn) 
dx2 = f' (2), dx3 =f (x), i] dix” =f (2). 

Powers of an infinitesimal are called infinitesimals of a higher order. 
More generally, if for the infinitesimals a and 8, which approach zero 
simultaneously, 8 


lim 5 = 9, 


then @ is said to be an infinitesimal of a higher order than a. 


CHAPTER X 


CURVATURE. RADIUS AND CIRCLE OF CURVATURE 


100. Curvature. In Art. 55 the direction of bending of a curve 
was discussed. The shape of a curve at a point (its flatness or sharp- 
ness) depends upon the rate of change of direction. This rate is called 
the curvature at the point and is denoted by K. Let us find the 
mathematical expression for K. 

In the figure, P’ is a second point:on 
a curve near P. When the point of con- 
tact of the tangent line describes the 
arc PP’(= As), the tangent line turns 
through the angle Ar. That is, A7v is 
the change in the inclination of the tan- 
gent line. We now set down the follow- 
ing definitions: ie 

As = merage curvature of the are PP’. 


iA 


The curvature at P (= K) is the limiting value of the average curvature 
when P' approaches P as a limiting position, that is 
Ar 


(A) K= lim re - = curvature at P. 
Aso 


In formal terms the curvature is the rate of change of the inclination 
with respect to the arc (compare Art. 50). 

Since the angle Av is measured in radians and the length of are As 
in units of length, it follows that the wnit of curvature at a point is one 
radian per unit of length. 

101. Curvature of a circle 

Theorem. The curvature of a circle at any point equals the reciprocal 
of the radius, and is therefore the same at 
all points. 

Proof. In the figure the angle Av be- 
tween the tangent lines at P and P’ equals 
the central angle PCP’ between the radii 
CP and CP’. Hence a 


Ar. _ angle BGPle. It at 
As As As R 
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since the angle PCP’ is measured in radians. That is, the average 
curvature of the arc PP’ is equal to a constant. Letting As — 0, we 
have the result stated in the theorem. 

From the standpoint of curvature, the circle is the simplest curve, 
since a circle bends at a uniform rate. Obviously, the curvature of a 
straight line is everywhere zero. 


102. Formulas for curvature; rectangular codrdinates 
Theorem. When the equation of a curve is given in rectangular co- 
ordinates, then 7 


(B) a ee 


3 
(Lee yey 
where y’ and y" are, respectively, the first and second derivatives of y 
with respect to x. 


Proof. Since 7 Sare any, (y = “t) 


differentiating, we have 


dt a By XXII, Art. 60 
(1) dx 1+y’ 
But 
(2) Baty) By (8), Art. 95 
Dividing (1) by (2) gives (B). Q.E.D. 
EXERCISE. If y is the independent variable, show that 
(C) a 

(er 


where x’ and x” are, respectively, the first and second derivatives 
of x with respect to y. 

Formula (C) can be used as an alternative formula in cases where 
differentiation with respect to y is simpler. Also, (B) fails when y’ be- 
comes infinite, that is, when the tangent at P is vertical. Then in (C) 

2 =U. and 2 eee 

Sign of K. Choosing the positive sign in the denominator of (B), 
we see that K and y” have like signs. That is, K is positive or nega- 
tive according as the curve is concave upward or concave downward. 


ILLUSTRATIVE EXAMPLE 1. Find the curvature of the parabola y2=42 
(a) at the point (1, 2); (b) at the vertex. 


; a d (2 2 y’ 

Solution. "=F, yt — () pe 
uy Y aely y? 

(a) When x=1 and y=2, then y’=1, y”=—3. Substituting in (B), 

K=- iVv2 =-— 0.177. Hence at (1, 2) the curve is concave downward and the 
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inclination of the tangent is changing at the rate 0.177 radian per unit arc. Since 
0.177 radian = 10° 7’, the angle between the tangent lines at P(1, 2) and at a point 


Q such that are PQ = 1 unit is approximately 10°. 
(b) At the vertex (0, 0), y’ becomes infinite. Hence use (C). 


Pe eet es hide i K = —> Ans. 


ILLUSTRATIVE EXAMPLE 2. Find K for the cycloid (see Art. 81) 
x=a(@—sin 8), y=a(1—cos @). 

Solution. In Illustrative Example 2, Art. 81, we found 

poate 0s 


Ue enae 
Hence 1 en eae ae 
1 — cos 8 


Also, in the Illustrative Example, Art. 82, it was shown that 
1 


y" <i Se Dee | 
Substituting in (B), a(1 — cos 6)? 
(ke ey Po i, 
2aV2 —2 cos 8 4asin% 0 


103. Special formula for parametric equations. From equation (A), 
_ Art. 81, we have, by differentiation, 
dad*y dyd?x 


(1) dy’ _ didi? _dtdi? 
ay ea 
dt 


Whence, using (B), Art. 82,and substituting in (B), Art. 102, and 
reducing, we obtain 


(D) 


peed hase Ee 
(x? +y)! 
where the accents indicate derivatives with respect to ¢t; that is, 
LL LEE ane an ea 
. Yat 
Formula (D) is convenient, but it is often better to proceed as in 
Illustrative Example 2, Art. 102, finding y’ as in Art. 81, y’’ as in 
Art. 82, and substituting directly in (B). 
104. Formula for curvature; polar codrdinates 
Theorem. When the equation of a curve is given in polar coordinates, 


peas Pm PPS. 


(£) K 
(p? + p’?): 


% 


oe 
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where p’ and p” are, respectively, the first and second derivatives of p 
with respect to @. 


Proof. By (J), Art. 85, 7=6+y. 


Hence 
(1) ; wa1+S a 
Also, by (H), Art. 85, y=arc tan = 
dy _ p'?— pp” 
Hence sic yee 
Then, by (1), 
(2) dr _ p? +2 p?— pp". 
dé p” a p’? 
From (J), Art. 96, 
St a 12)% 
2 dg Pek Oe . 
Dividing (2) by (8) gives (£). Q.E.D. 


ILLUSTRATIVE EXAMPLE. Find the curvature of the logarithmic spiral p = e® 
at any point. ; 
dp d? 3 ‘ 


Solution. 6 = p'=ne" = ap; pe P= are = a2. + 
eet 1 
Substituting in (£), if =o 
py sera 


105. Radius of curvature. The radius of curvature R at a point 
on a curve equals the reciprocal of the curvature at that point. Hence, 
from (B), 


L1G $y?) 
(F) sents y” 


ILLUSTRATIVE EXAMPLE. Find the radius’ of curvature at any point of th e 


: te a2 
catenary y = a( és + ¢ :) (figure in Chapter XXVI). 


(3 3) 1 fe a - 
. Pee = — a}. ay aj/—+7, 
Solution. yW=5 e—e ay oF ate 2 
eee z _z\2 
1eyta1stle—e a aHe4e | ae R=. 


106. Railroad or transition curves. In laying out the curves on < 
railroad it will not do, on account of the high speed of trains, tc 
abruptly from a straight stretch of track to a circular curve 
order to make the change of curvature gradual, engineers make 1 
of transition curves to connect the straight part of a track wit 
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circular track. This curve should have zero curvature at its point 
of junction with the straight track and the curvature of the circular 
track where it joins the latter. Arcs of cubical parabolas are generally 
employed as transition curves. 


ILLUSTRATIVE EXAMPLE. The transition curve on a railway track has the shape 
of an arc of the cubical parabola y= 4x. At what rate is a car on this track 
changing its direction (1 mi. = unit of length) when it is passing through (a) the 
point (8, 9)? (b) the point (2, $)? (c) the point (1, 4)? 


: No pe 
Solution. rae xs FS 2x. 
cas em =, Bae 
Substituting in (B), K= = 
(Gla Peea le} 


(a) At (8, 9), K= radian per mile = 28” per mile. Ans. 


9\2- 
2 


3 
2 


(oyPAt (2, &), Kos 4 radian per mile = 3° 16’ per mile. Ans. 
el 


PA, +), K =. = <5 radian per mile = 40° 30’ per mile. Ans. 


(2)2 2 


107. Circle of curvature. Consider any point P on the curve C. 
The tangent line drawn to the curve at P has the same slope as the 
curve itself at P (Art. 42). In an analogous 
manner we may construct for each point of the 
curve a tangent circle whose curvature is the ; 
same as the curvature of the curve itself at that | 
point. To do this, proceed as follows: Draw 
the normal to the curve at P on the concave 
side of the curve. Lay off on this normal the dis- 
tance Pc= radius of curvature (= R) at P. With casa center draw 
the circle passing through P. The curvature of this circle is then 


1 
ik = R’ 
which also equals the curvature of the curve itself at P. The circle 
so constructed is called the circle of curvature for the point P on 
the curve. 

In general, the circle of curvature of a curve at a point will cross 
the curve at that point. This is illustrated in the above figure. 
(Compare with the tangent line at a point of inflection (Art. 57).) 

Just as the tangent at P shows the direction of the curve at P, so 
the circle of curvature at P aids us very materially in forming a geo- 
metric concept of the curvature of the curve at P, the rate of change 
of direction of the curve and of the circle being the same at P. 
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In a subsequent section (Art. 114) the circle of curvature will 
be defined as the limiting position of a secant circle, a definition 
analogous to that of the tangent 
given in Art. 28. 


ILLUSTRATIVE EXAMPLE. Find the ra- 
dius of curvature at the point (8, 4) on the 
equilateral hyperbola xy = 12, and draw the 
corresponding circle of curvature. 


Solution. dy See d2y 22 


dx “2 dx? 9 a? 

cS Seg i 

ret Oi dee eB dato 
RSS Sige y ecu 
ee 8 24 o4 


The circle of curvature crosses the curve at two points. 


PROBLEMS 


1. Find the radius of curvature for each of the following curves at the 
point indicated; draw the curve and the corresponding circle of curvature. 


(a) y= 2?; (0, 0). Ans. R=}. 

(b) y= 23; (1, 1). R= §VvI10.. 

(Cyt aia? 1458) = 1(40)3, 

(d) Uae (g, 3). R= 748, 

)y=55 4). R=2V2. 

(f) 6y= 22 —12%—2; (2, —8). = 4, . 

(g) x? —4 y?=12; (4, 1). R= $v3, 

(h) y2=10 x —6; (1, 2). p= 2, 

(i) y2=8—42; (1, 2). . R=4v2. 

(j) b2x? + a2y? = a2b2; (a, 0). =". 

(k) 62x? — ay? = a2; (a, 0). =". 7 
z\ta fu Nal _ 2?) 

a) (2)'+ (4)'=1; ©, d). k=& 

(m) y=sin a; (Z, 1). (p) 22+ 4 y?—102=0; (2, 2). 

(n) y= 2cosx; (7, V2). (q) w?7-—4y2?+62=0; (2, 2). 


(0) y=logz; (e, 1). (x) y? = 2 + 8; (— 2, 0). 
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/ 9, Calculate the radius of curvature at any point (z,, y,) on each of 
the following curves: ; 
AYA 
cag — 2°. Ans. R=& ate = 
A 
(b) 9? =2 ps. 
at 
(e) b2x? — a?y? = a*b?. pa ar t+ oy’), 
‘ at 
(d) 672? + a*y? = ab?. 
a 
(f) t+ yf? = ag’. R= 3(any1)7 
—(g) z= are vers = — V2 ry — y’. R=2V2 ryx. 
(h) y = log sec z. R= sec x. 


3. lf the point of contact of the tangent line at (1, 4) to the parabola 
y’? = 16 s moves along the curve a distance Az = 0.1, through what angle, 
approximately, will the tangent line turn? (Use differentials.) 

4. The inclination of the curve 2 y= x? at the point A(1, 4) is 45°. 
Use differentials to find approximately the inclination of the curve at the 
point B on the curve such that the distance along the curve » from Ato B 
is As = 0.2 units. 


Cl 5. Calculate the radius of curvature at any point (p:, 4.) on each of 
the following curves: 


(a) The circle p = asin 6. Ans. B=5- 

(b) The spiral of Archimedes p = af. pater +o), 
pir +2 a? 

(c) The cardioid p = a(1 — cos 9). R=ZV2 ap; 

(d) The lemniseate p? = a? cos 2 9. jae 
« 1 

(€) The parabola p = a see? 8. R= 2a sec Ht. 

(f) The curve p = asin? 8. R= tasin? 4. 

- 2 F a _ a(5 — 4 cos §;)? 
(g) The trisectrix p = 2 a cos § — a. nc 9— 60s 8, 


(h) The equilateral hyperbola p? cos 2 9 = a. p=. 


paw )(1— 200s 6; 4 62)2 
—ecos6 * (1 —ecos §,)? 


ih —e)} 
(i) The conic p= PF iaieeue 


6. Find the radius of curvature for each of the following curves at the 
_point indicated ; draw the e curve and the corresponding circle of curvature. 


(@) F=34,y= 221; 1t=1L Ans. R=123, 


7 < _ ~ | 
no i i = ~~ a oe + 
ny - + 
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b) o=4t,y=2; t= 1. Ans. R= 3V65. 
(ec) c=322, y=3t—f; t=1. R=6. 
(daria 4 Ritint yf =a COS 0 saa, R= 32 


(ee 4 0° A te 
G2) SS SRS eS Ae 
CG) PSA O75 NS" 3 Ub 

(hing==2 4 cost, y— sits 2 
(ie = sin t= cos.2 65 t=e 


7. Find the radius of curvature at any point (¢ = ¢,) on the hypocy- 
cloid «=a cos? t, y = @ sin® f. Ans. R=38asint; cosh. 
8. Find the radius of curvature at any point (¢ = ¢,) on the involute 


of the circle x= a(cost+tsin t), 


y = a(sin t — ¢ cost). Ans) Bae 

9. Find the radii of curvature for a*y? = a?x* — x® at the points where 

x= 0 and «=a. Ans. 2; a. 
2 

10. Find the point on the curve y=e* where the curvature is a 

maximum. Ans. x= — 0.347. 


11. Show that the radius of curvature is a minimum at the vertex 
of the parabola y = ax? + bu +c. 


12. Find the points on the curve 3 y = x3 — 2 x where the curvature 
is a maximum. Ans. x=+ 0.981. 


13. Show that the radius of curvature becomes infinite at a point of 
inflection. 


14. Given the curve y = 3 x — x3. 

(a) Find the radius of curvature at the maximum point of the curve 
and draw the corresponding circle of curvature. 

(b) Prove that the maximum point of the curve is not the point of 
maximum curvature. 

(c) Find to the nearest hundredth of a unit the abscissa of the point 
of maximum curvature. Ans. = akuie 


15. Find the radius of curvature at each maximum and minimum 
point on the curve y = x* — 2 x”. Draw the curve and the circles of cur- 
vature. Find the points on the curve where the radius of curvature is a 
minimum. 


16. Show that at a point of minimum radius of curvature on the 
curve y = f(x) we have 


3(ie) (Gat) = aa t+ Cae) | 
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108. Center of curvature. The tangent line at P(x, y) has the 
property that x, y, and y’ have the same values at P for the tangent 
line and the curve. The circle of curvature at P has a similar prop- 
erty; namely, x, y, y’, and y’’ have the same values at P for the 
circle of curvature and the curve. 


DEFINITION. The center of curvature (a, 8) for a point P(x, y) on 
a curve is the center of the circle of curvature. 


Theorem. The codrdinates (a, B) of the center of curvature for 
P(x, y) are 


, 1D) 72 
(G) Aysspp ot BU ial, Gey kus), 
y y 
Proof. The equation of the circle of curvature is 
(1) (t — a)? + (y— B)? = RF, 
where R is given by (F). Differentiating (1), 
— R2 
2 , ee xv ae Ww a ‘ 
- LS en tO 


From the second of these equations, after substituting the value 
of R from (F), we obtain 


wel Narada ge he eg ne i lh 
(3) (y—6)?=- y!3 ome y B y 


From the first of equations (2), we get, using (3), 


avy), 
yl" 


(4) ie MER StU) Bo 


Solving in (8) for 8, in (4) for a, we 
have (G). Q.E.D. 

EXERCISE 1. Work out (G) di- 
rectly from the accompanying figure, 
using (G), Art. 95. (a=x—Rsinr, 
B=y+Rcosr, etc.) 

EXERCISE 2. If x’ and x’ are, re- 
spectively, the first and second deriv- 
atives of x with respect to y, derive 
(G) in the form 

1+x* 


(7) RSS Ss Serer oi 


x’(1 + x’) 
y x” 
Formulas (H) may be used when y’ becomes infinite, or if dif- 
ferentiation with respect to y is simpler. 
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ILLUSTRATIVE EXAMPLE. Find the codrdinates of the center of curvature of 
the parabola y? = 4 px corresponding (a) to any point on the curve; (b) to the 
vertex. 


jie Dee aa 
Solution. Use (H). Then x = oh x a 
Hence ey es eee 
2p 
ar VICES We IRS 
et 4 p? Ap? 


3 
Therefore (a) (sc +2p, =a) is the center of 


curvature corresponding to any point on the curve. 
(b) (2 p, 0) is the center of curvature corresponding 
to the vertex (0, 0). 


From Art. 57 we know that at a point of inflection (as Q in the 
next figure) 
dy _ 
da? 


Therefore, by (B), Art. 102, the curvature K = 0; and from (F), 
Art. 105, and (G), Art. 108, we see that in general a, 8, and R in- 
crease without limit as the second derivative approaches zero, unless 
the tangent line is vertical. That is, if we sup- 
pose P withits tangent to move along the curve 
to P’, at the point of inflection Q the curvature 
is zero, the rotation of the tangent is momen- 
tarily arrested, and as the direction of rotation 
changes, the center of curvature moves out in- 
definitely and the radius of curvature becomes 
infinite. 

109. Evolutes. The locus of the centers of 
curvature of a given curve is called the evolute 
of that curve. Consider the circle of curva- 
ture at a point P on a curve. If P moves along the curve, we may 
suppose the corresponding circle of curvature to roll along the curve 
with it, its radius varying so as to be always equal to the radius of 
curvature of the curve at the point P. The curve CC; described by 
the center of the circle is the evolute of PP7. 

Formulas (G) and (H), Art. 108, give the codrdinates of any point 
(a, 8) on the evolute expressed in terms of the codrdinates of the 
corresponding point (x, y) of the given curve. But y is a function 
of x; therefore these formulas give us at once the parametric equations 
of the evolute in terms of the parameter x. 


0. 


RADIUS AND CIRCLE OF CURVATURE 159 


To find the ordinary rectangular equation of the evolute we elimi- 
nate z and y between the two expressions and the equation of the 
given curve. No general process of elimination can be given that 


will apply in all cases, the method to be adopted depending on the 
form of the given equation. In a large number of cases, however, 
the student can find the rectangular equation of the evolute by taking 
_the following steps: 


General directions for finding the equation of the evolute in rec- 
tangular codrdinates. 


First STEP. Find a and 8 from (G) or (H), Art. 108. _ 
SECOND STEP. Solve the two resulting equations for x and y in terms 
of aand 8. 

iy THIRD STEP. Substitute these values of x and y in the given equation 
and reduce. This gives a relation between the variables a and 8 which 
equation of the erolute. 


USTRATIVE EXAMPLE 1. Find the equation of the evolute of the parabola 


. PA is Mey ad 
zy ds ¥ 


Pirst Step.  @=32r+2p, (= 


=F 
sseeteless 


4p? 
Second Step. z=SP, s=— 4p°B)*. 
ae. = 2" 
ird Step. (4 p°B) = 4 p(“=*?), 
p= (a—2p). 
ring that a denotes the abscissa and § the 
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ILLUSTRATIVE EXAMPLE 2. Find the equation of the evolute of the clipse 
b2x2 + a?y? = = a2b?. 


dy__ be dy__ < 
Solution. dy eg ae ee 
2 2\y3 
First Step. i ot > a ss , 
fs (a? = b?2)y8 a 
B i bt ; 4 
Second Step. x= eae 2 


Third Step. (ac)? + (8)? = (a2 — b?)3, the 
equation of the evolute EHE’H’ of the ellipse 
ABA'B’. E, E’, H', H are the centers of curvature corresponding to the points — 
A, A’, B, B’, on the curve, and C, C’, C” correspond to the points P, P’, P”. — 


ILLUSTRATIVE EXAMPLE 3. The parametric equations of a curve are 


hin es y 
(1) t= 4 - doer } 


Find the equation of the evolute in parametric form, plot the curve and the 


Solution. 


Substituting in (G) and reducing gives 
1-Pf- 2 tt 
4 


a= 
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the parametric equations of the evolute. Assuming values of the parameter t, we 
calculate x, y from (1) and a, 6 from 
(2), and tabulate the results. 


: Now plot the curve and its evolute. es f 
The point (4, 0) is common to the 5 me 
given curve and its evolute. The given 5 =e" 
curve (semicubical parabola) lies en- 3 43 =e 
tirely to the right and the evolute 1 2 ae 
} entirely to the left of z= }. 0 1 0 
The circle of curvature at A(4, }), 1 1 | 
where {=1, will have its center at 3 13 * 
A’(—4, %) on the evolute and ra- 2 5 4 
dius = AA’. To verify our work find 3 5 A 
: the radius of curvature at A. From 
(F), Art. 105, we get 
. 2 
oe, pater. 2 whent=1. 


_ This should EStal the distance 
A’ = \/(4 +4)? + ( -$)? = V2. By (1), Art. 3 


ILLUSTRATIVE EXAMPLE 4. Find the parametric equations of the evolute of the 
cycloid 
(3) 


{2=a(t —sin ft), 
y = a(1— cost). 


Solution. As in the Illustrative Example of Art. 82, we get 


dy___sint ay if : 
dz 1—cost’ dz? a(1—cost)? 


Substituting these results in formulas (G), Art. 108, we get 


fa=a(t+sint), 
(4) B=—a(1—cost). Ans. 


Nore. If we eliminate t between equations (4), there results the rectangular 
equation of the evolute O0O’Q’ referred to the axes O’a and O’8. The codrdinates 
of of O with respect to these axes are (— 7a, — 2a). Let us transform equations (4) to 
‘the e new set of axes OX and OY. Then 

a=x2—na, P=y—2a. 

Also, let t=t' —7. E 
_ Substituting in (4) and reducing, the, 
equations of the evolute become 
2 =a(t' —sint’), 

y =a(1 — cost’). 

ce (5) and (3) are identical in 4 
we have: 

ve evolute of a cycloid is itself a cycloid whose generating circle equals that of the 


OU 
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110. Properties of the evolute. The evolute has two interesting 
properties. 

Theorem 1. The normal at P(x, y) to the given curve is tangent to 
the evolute at the center of curvature C(a, B) for P. (See figures in the 
preceding article.) 

Proof. From the figure, 

(1) a=x—Rsinrz, 

B=y+Recosr. 
The line PC lies along the normal at 
P, and the 


= inet ‘of normal at P. 


We show now that the slope of the evolute equals the slope of PC. 


Note that dp 
Slope of evolute = —-, 


da 
since a and §# are the rectangular codrdinates of any point on the 
evolute. 
Let us choose as independent variable the length of are on the 
given curve; then z, y, R, 7, a, 8 are functions of s. Differentiating - 
(1) with respect to s gives 


da dz dr dR 


(3) Far ges reer ds 

(4) 1B w_ Rs sin 2 4 cos 7 Ze. 

But © = cos 7, ue = sin 7, from Art. 95; and @ =<. 
Substituting in (3) and (4), and reducing, we obtain 
(5) ae ~sinr &, a cos 7 SE. 


Dividing the second equation in (5) by the first gives 


dB _ eee ta 
(6) a col 7 = Ere slope of PC. Q.E.D. 
Theorem 2. The length of an arc of the evolute is equal to the dif- 
ference between the radii of curvature of the given curve which are tangent 
to this arc at its extremities, provided that along the arc of the given curve — 
R increases or decreases. 


. 
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Proof. Squaring equations (5) and adding, we get 


da\? dR 
@) (2)'+(2)-(2) 
But if s’ = length of arc of the ue! 
ds’? = da? + df2, 
by (C), Art. 95, if s=s’, =a, y=. Hence ee asserts that 
ds’ dR de... 
(8) (7%) = =(@)” “oie ig a 


Confining ourselves to an arc on the given curve for which the 
right-hand member does not change sign, we may write 


(9) ew as ee o = 


That is, the rate of change of the orc of the evolute with respect to R 
is+1or—1. Hence, by Art. 50, corresponding increments of s and 
R are numerically equal. That is, 


(10) s — 89 =+(R— Ro), 
or (first figure, p.159) Are CC; = + (PiC; — PC). 
Thus the theorem is proved. 


; In Illustrative Example 4, Art.109, we observe that at O’, R=0; 
at PY, R=4a. Hence are 0’QQ"=4a. 


The length of one arch of the cycloid (as OO'Q”) is eight times the 
length of the radius of the generating circle. 
111. Involutes and their mechanical construction. Let a flexible 

:. uler be bent in the form of the curve C;Cs, the evolute of the curve 
P,P, and suppose a string of length 
‘A ee with one end fastened at Cy, to 
e stretched along the ruler (or 
ve). It is clear from the results 
t the last article that when the 
ing is unwound and kept taut, the 
end will describe the curve P; Ps. 
nee the name evolute. 

e curve P,P, is said to be 
in: 2 of CiCy. Obviously any 

on the string will describe an 


] 


The involutes Pi Po, Pi Po’, Pi!’ Po” are called parallel cwrves since 
the distance between any two of them measured along their common 
normals is constant. 

The student should observe how the parabola and the ellipse on 
pages 159, 160 may be constructed in this way from their evolutes. 
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PROBLEMS 


JY 1. Find the radius and center of curvature for each of the following 
curves at the given point. Check your results by proving (a) that the 
center of curvature lies on the normal to the curve at the given point, 
and (b) that the distance from the given point to the center of curvature 
is equal to the radius of curvature. 


(a) 4y=2?—4; (0, —1). Ans. (OF 
(b) y= 22? — 62+ 10; (8, 1).. (8, $). 
>(e) 8y=23 —8 22-9 2; (8, — 9). (3, — 83). 
(d) xy = 30; (8, 10). (214, 155%), 
(e) y=e*; (0, 1). (— 2, 8). 
 (f) y =sin x3 (3 1): ( 0): ; 
se) y==+4 5 2, 4). 2, 5). 
(h) x8 + xy? — 6 y? = 0; (3, 8). (— 7, 8). 


besibiliy dopa bei cae De 
(j) 4 y = at — 8 x; (2, — 4). on 
0) y= +8; (2, 8), 

Q) y2-—«2#—2y=0; (0, 2). 

\ jititlal de® £2 (0,1), 


of ean of the he curves : 


> (a) y= 23, Ans. a=—428, B=}+ 
yew | qa tee, B=— 


(c) b2x? — a®y? = a®b?. 
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3. Find the radii and centers of curvature for the curve zy = 6 at the 
points where z=1andz2=2. Draw the arc of the evolute between these 
centers. What is its length? 


(37) i 1 1 
An. Atz=1, k= 2 ,a=191, B=9;5; 
at += 2, k= C3)", a = 5h, B= 54; 
Se A Re 


4, Find the parametric equations of the evolute of each of the follow- 
ing curves in terms of the parameter t. 


12 


and draw at least one circle of curvature. 


TA (a) e=2t4,y=20?-1. 
{4 
(b) s=2t,y=7%° 


3 (€) t=3-2t4,y= —3. 


w&S 


i 


3 
(@)c=2t+1,y=5- 


_» (e) 2=4t,y=2. 
ave ait, f=. 


(g)2=13sint, y= 5 cost. 


(h) «= 2 cost + cos 2t, 
y=2sint+sin2t. 
(i) s =a cos*t, 
y = asin’ t. 
(j) x= a(cost + tsin t), 
y = a(sin t — t cost). 
(k) s=2t,y=4-4??. 
Ozez=—F —-2Rg=F. 


(m) + =3#—1,y=1-—2t. 


in) a= 4t+%, y= 2 #. 
(0) <=3 eset, y=4 cott. 
(p) z=acost,y=bsint. 


Ans. a=—8t?, B=6 ??. 


=F of 2 
ame hey Sn erin 
eS cite 
a=3 ae 

aed 2430 
Sete ks 
et oe 
a= =e 

52 bt 
peas 6 

12ZA#+1 #+3 
oP enn eye o p=* i 
a=-—2costcott, 
8=t+cost-+ cost. 
— 144 sin*t 

= f.18 
B= 144 cost 


—5 
a = 4(2 cost — cos 2 1), 
B=4(2 sin t — sin 2 t). 


a=acos?t+3acost sin? t, 
8 =3.acos?tsint+asin?t. 


a=acost, 8=asint. 


Draw the curve and its evolute, 
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5. Show that in the parabola x? + y? =a? we have the relation 


a+BPp=38(+y). 
6. Given the equation of the equilateral hyperbola 2 xy = a?, show 


3 dak 3 
a+ p= Ute, a— p= W—2". 


From this derive the equation of the evolute 
(w + 8) — (a— B)* = 2a. 


that 


112. Transformation of derivatives. Some of the formulas derived 
above independently can be deduced from others by formulas which 
establish relations between derivatives. Two cases will be presented 


here. 
Interchange of dependent and independent variables. 


dy yn dy’ _ Py 
dx’ © ~ de = dx?’ Ans 


Notation. Let y’ = 
/ 2 
ee a etc, 


hes dar yl! oe 
dy dy dy? 
By IX, Art. 29, 
eee : 
(1) y Fad x’ ( 
dy’ : 

dy’ _ dy 

” ah B Bed 

Now y ee 
. d / = al! 
Using (J), we get Tye ae 
aes ae 
(J) Wi Ys = 

dy" 
: dy!’ dy 
A ; til ee Mest HE 
gain y In = 
: dy!’ ela! — 3 oll2 
Using (J), eNom: aA 
. ee xx?!” Boh) x/’2 
yo == 78 . 


(K) 
And so on for higher derivatives. By these formulas equations in 


y',y”, y’”, etc. can be transformed into equations in 2’, «’’, «’”’, ete 
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ILLUSTRATIVE EXAMPLE. Transform (B), Art. 102, into (C) in that article. 
Solution. Using (J) and (J) above, 


x 


” 
2 y"’ ge/3 ag" 
K = ——_ = ——_ = —- ——_: Ans. 


(+y)t at (x/2 + 1)2 
(1 +z) 


Transformation from rectangular to polar codrdinates. Given the 
relations 


(1) t—p.C0s Uy — psity. 0 


between the rectangular and polar codrdinates of a point. If the 
polar equation of a curve is p=/f(@), then equations (1) are para- 
metric equations for that curve, @ being the parameter. 

NOTATION. The independent variable is 6, and x’, x’’, y’, y’’, p’, p”’ 
denote successive derivatives of these variables with respect to 6. 

Differentiating (1), 

(2) x’ =— psin 6+ p’ cos 8, y’=pcos6+ p’sin 6; 

(8) 2’ =—2p’sin0+(p”—p)cosé, y’’=2 p’cosd+ (p’— p)sin 8. 
By formulas (1), (2), (8), equations in 2, y, x’, y’, x’, y’’ may be 
transformed into equations in p, 0, p’, p’’. 

ILLUSTRATIVE EXAMPLE. Derive (£), Art. 104, directly from (D), Art. 103. 


Solution. Taking numerator and denominator in (D) separately, substituting 
from (2), (8), and reducing, we obtain the results 


aly" a y's! — p? ae 2 p”? Fe pp”; gp!2 ae y!? = p? He p’?. 
Putting these values in (D) gives (E). 


PROBLEMS 


In Problems 1—5 interchange the dependent and independent variables. 


1. TU py Hao, Ans. Peet) 0. 

a. 4 (QU) + wy —2) TU =0. 1 +(2) —@—2) F3=0. 
3. (y— 4)(4U)’ + WU FU — 0, Fae te 

cy Bf d) = 


8 (ies) (ase) = * (Ge) 
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dy 
L ae SY 
6. Transform ——————— by assuming x = p cos 0, y= psin#@. 
1 dy \? p? 
ale) Ans, ——— 


4)". 
i Es 
7. Let f(x, y) = 0 be the equation of a curve. Find an expression for 


its slope (2) i in terms of polar codrdinates. 
p cos 8+ sin 9 de 7 


Ans. dy = i 
2 can 
8. Transform the equation et a A 5= 0 by assuming 
a Cea 2 da — x 
= cost. d2y is 
Ans. qe? +y= 


9. Transform the equation of u +22 uy s + y = 0 by assuming =F . 


2 
Ans. + aty= 0, 


f'(z) is continuous. The 


CHAPTER XI 
THEOREM OF MEAN VALUE AND ITS APPLICATIONS 


113. Rolle’s Theorem. A theorem which lies at the foundation of 
the theoretical development of the calculus will now be explained. 
Let y=f(x) be a con- 
tinuous single-valued func- 
tion of x, vanishing for z=a 
and x=b, and suppose that 


y| 
| baer 


4 , O (a, 0) (5, 0) 
function will then be rep- 


resented graphically by a 

continuous curve as in the 

figure. Geometric intuition 

shows us at once that for at least one value of x between a and b the 
tangent is parallel to the z-axis (as at P); that is, the slope is zero. 
This illustrates 


Roile’s Theorem. If f(z) vanishes when tc=a and s=b, and 
f(x) and f’(x) are continuous for all values of « from x=atoz=b, 
then f'(x) will be zero for at least one value of x between a and b. 


The truth of the theorem is obvious, because as x increases from 


ato b, f(x) cannot always increase or always decrease as x increases, 


since f(a) = 0 and f(b) = 0. Hence for at least one value of z between 
a and 5, f(x) must cease to increase and begin to decrease, or else 
cease to decrease and begin to increase: and for that particular value 
of x the first derivative must be zero (Art. 46). 

That Rolle’s Theorem does not apply when f(x) or f’(z) is discontinuous is 
illustrated as follows: 
_ Fig. a shows the graph of a function which is discontinuous (= ~) for s=e, 
a value lying between a and b. Fig. 6 shows a continuous function whose first de- 


hoe Y 


ae ee 


Le 
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rivative is discontinuous (= ~) for such an intermediate value «=c. In either 
case it is seen that at no point on the graph between z = a and z = b does the tan- 
gent (or curve) become parallel to OX. 


We give first two applications of Rolle’s Theorem to geometry. 

114. Osculating circle. If a circle be 
drawn through three neighboring points 
Po, Pi, Pe on a curve, and if P; and 
Pz be made to approach Po along the 
curve as a limiting position, then this 
circle will in general approach in mag- 
nitude and position a limiting circle 
called the osculating circle of the curve 
at the point Po. Pty) 


Theorem. The osculating circle is identical with the circle of curvature. 


fy 
(Ho, Yy)) 


F,, (@2/Ya) 


Proof. Let the equation of the curve be 


(1) y=f(2); 
and let xo, 21, x2 be the abscissas of the points Po, P1, P2 respectively, 
(a’, B’) the coérdinates of the center, and R’ the radius of the circle 
passing through the three points. Then the equation of the circle is 

(x — a’)? + (y— p/P? = R®; : 
and since the coérdinates of the points Po, Pi, P2 must satisfy this 
equation, we have 

(tg — a)? + (yo = B= Bee, 
(2) (ay — a')? + G1 8)? = RA = 0, 
(t2 — a’)? + (y2 — 6’)? — R27 =0. 
Now consider the function of x defined by 
F(x) = (a — a)? + (y= Be 4 
in which y is defined by (1). 
Then from equations (2) we get 
F (x0) =U, F (21) = 0, F (x2) == 1); 

Hence, by Rolle’s Theorem (Art. 113), F’(z) must vanish for at 
least two values of x, one lying between zo and 2, say x’, and the 
other lying between x; and “2, say x’’; that is, 

Be se OF Ra ee 

Again, for the same reason, F’’(#) must vanish for some yalue of 

x between x’ and x’, say 73; hence . 


FF” (eg) = 0), . 
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Therefore the elements a’, 3’, R’ of the circle passing through the 
points Po, P:, Ps must satisfy the three equations 
Pia) =e, Fe y= 0,’ a) =O, 
Now let the points P; and P2 approach Pp» as a limiting position ; 
then x1, x2, x’, x’, x3 will all approach zo as a limit, and the elements 
a, 8, R of the osculating circle are therefore determined by the three 


equations FG) =0, Firs) =0, F''(x0) =0; 

or, dropping the subscripts, by 
(3) (x — a)? + (y — 8)? = R?, 
(4) (c—a)+ (y— B)y’ = 0, differentiating (3). 
(5) 1+ y+ (y— By” =), differentiating (4). 
Solving (4) and (5) for x —a and y — 8, we get (y’’ #0), 
@  z-a- "OTH, y_p=-2tP. 


Solving (6) for a and £, the result is identical with (G), Art. 108. 
Substituting from (6) in (3), and solving for R, the result is (F), 
Art. 105. Hence the osculating circle is identical with the circle of 
curvature. 

In Art. 28 the tangent line at P was defined as the limiting posi- 
tion of a secant line drawn through P and a neighboring point Q 
on the curve. We now see that the circle of curvature at P may be 
defined as the limiting position of a circle drawn through P and two 
other points Q, R on the curve. 

115. Limiting point of intersection of consecutive normals 


Theorem. The center of curvature C for a point P on a curve is the 
limiting position of the intersection of ihe normal to the curve at P with 
a neighboring normal. C(a,p) 

Proof. Let the equation of a curve be 

(1) y = f(z). 


The equations of the normals to the 
curve at two neighboring points Po and 


aa are (xo — 2) + (yo — y)f' (ao) = 0, 
Gy — 2) + ai—y)f' Gi) = 0. 
If the normals intersect at C’(a’, 8’), the codrdinates of this point 
must satisfy both equations, giving 
(2) (Xo a a’) “-- (Yo a B')f' (xo) = 0, 
(a1 — a’) + (yi: — B’)f' (a1) = 0. 


By (%y,Y)) 
Fy (x osYo) 
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Now consider the fwnetion of « defined by 
$(n) = @—a’) + (y— By’, 
in which y is defined by (1). 
Then equations (2) show that 
(xo) = 0, (x1) =e U, 

But then, by Rolle’s Theorem (Art. 118), ¢’(2) must vanish for 
some value of a between 2 and 21, say x’. Therefore a’ and £’ are 
determined by the two equations 

P(x) = 0, op’ (x’) ='(); 

If now P; approaches Pp as a limiting position, then x’ approaches 

Xo, giving 
o(%o) = 0; ..b' (eo) =. 03 

and C’(a’, 8’) will approach as a limiting position a point C(a, B) 
on the normal at Po. Dropping the subscripts and accents, the last 
two equations are 

(x —a) + (y— By’ =9, 

1+ y'? + (y— B)y” = 0. 
Solving for a and 8, the results are identical with (G), Art. 108. Q.E.D. 

116. Theorems of Mean Value (Laws of the Mean). For later appli- 
cations we need the 


Theorem. Jf f(x) and F(x) and their first derivatives are continuous 
throughout the interval [a, b], and tf, moreover, F’(x) does not vanish 
within the interval, then for some value x = x, between a and b, 

(4) f(b) — f(a) _ fa). 

F(b) — F(a) F’(x1) 


Proof. Form the function 


Q) o@) = fp =I r@) — F@1-L@) - fa. 


Evidently ¢(a) = $(b) = 0, and Rolle’s Theorem, Art. 118, may 
be applied. Differentiating, 


(a<x1<b) 


/ = f b) = a / ee 
@) '(e) = FREE P(e) — f'C). 
This must vanish for a value x = x between a and b. 
(3) . £(b) — fla F' (a1) — f'(a1) = 0. 


"" F(b) — F(a) 
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Dividing through by F’(x;) (remembering that F’(z,) does not 


vanish), and transposing, the result is (A). Q.E.D. 
If F(z) = z, (A) becomes 


In this form the theorem Se a nee 4 
geometric interpretation. In the figure 
the curve is the graph of f(x). Also, 

G00, CA =f(a), 
OD=b, DB=f(b). 

Hence 

ae = slope of chord AB. 

Now f'(z:) in (B) is the slope of the curve at a point on the arc 
AB, and (B) states that the slope at this point equals the slope of 


- AB. Hence there is at least one point on the arc AB at which the tan- 


gent line is parallel to the chord AB. 

The student should draw curves (as the first curve in Art. 113) 
to show that there may be more than one such point in the interval, 
and curves to illustrate, on the other hand, that the theorem may 
not be true if f(x) becomes discontinuous for any value of x between 
a and 6 (Fig. a, Art. 113), or if f’(z) becomes discontinuous (Fig. b, 
Art. 113). 

Clearing (B) of fractions, we may also write the theorem in the form 


(C) f(b) =f(@ + (b — a)f’(x1). 


Let b=a-- Aa; then b — a = Aa, and since x; is a number lying 


between a and b, we may write 


%=a+96-Aa, 


where @ is a positive proper fraction. Substituting in (C), we get 
another form of the Theorem of Mean Value, 


(D) f(a + Aa) — f(a) = Aaf’(a + 8: da). (0<6<1) 


PROBLEMS 
1. Verify Rolle’s Theorem by finding the values of « for which f(z) 


and f’(z) vanish in each of the following cases: 


(a) f(x) =z? —3 zc. (e) f(x) = sin rx — cos rz. 
(b) f(z) = 6 7? — x3. @) f@) = tan x — x. 
‘(e) f(z) = a+ bz + cz?. (g) f(x) = x log x. 


(d) f(z) = (h) f(z) = 


—. oP a re a ~~ s 
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2. Given f(x) =tanz. Then f(0)=0 and f(7)=0. Does Rolle’s 
Theorem justify the conclusion that f’(x) vanishes for some value of x 
between 0 and 7? Explain your answer. 

3. Given (y+1)?=2?. Then y=0 when x=—1 and y=0 when 
x=+1. Does Rolle’s Theorem justify the conclusion that y’ vanishes 
for some value of x between — 1 and +1? Explain your answer. 


4. In each of the following cases find x; such that 


f(b) = f(a) + (6 — a)f’(a1). 


CE) CA a ev a A ae ANS Bis Oe 
(b) f(z) = Vz, a=1,b=4. ay = 2.25, 
Coy il ed eninge (aati v = log (e— 1) = 0.54. 


(iG) =i g—=1,b—2, 
©) i@) = ls @ SOs) OS ila 
(f) f(x) = sin a=0,b=1. 


5. Given f(x) = i. a=-—1,b=1. For what value of x, if any, will 


f(b) =f@ + 6 —a)f'(x1)? 
6. Given f(x) = x3, a=—1, b=1. For what value of a, if any, will 


f(b) = f(a) + (0 — a)f’(a1)? 


117. Indeterminate forms. When, for a particular value of the 
independent variable, a function takes on one of the forms 


Omen os 
0’ 00” 0X0, cw— co, 0% col 1%) 

it is said to be indeterminate, and the function is not defined for that 
value of the independent variable by the given analytical expression. 


For example, suppose we have 


where for some value of the variable, as x = a, 
f(a) =9, F(a) =090 

For this value of x our function is not defined and we may there- 
fore assign to it any value we please. It is evident from what has 
gone before (Case II, Art. 17) that it is desirable to assign to the 
function a value that will make it continuous when x = a whenever 
it is possible to do so. 

118. Evaluation of a function taking on an indeterminate form. If 
the function f(#) assumes an indeterminate form when x = a, then if 


lim f(x) 


wa 
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exists and is finite, we assign this value to the function for z =a, 
which now becomes continuous for « = a (Art. 17). ; 

The limiting value can sometimes be found after simple transfor- 
mations, as the following examples show: 


Comma 
ILLUSTRATIVE EXAMPLE 1. Given f(z) == 


fh Prove lim f(z) = 4. 
= +2 
Solution. f(2) is indeterminate. But, dividing numerator by denominator, 
f(x) =x+2. Then lim (& + 2) =4. 
z72 


ILLUSTRATIVE EXAMPLE 2. Given f(r) =secz —tanz. Prove lim f(z) =0. 


tor 


Solution. f(x) is indeterminate (o —«). Transform as follows: 


1—sinzg 1-—sinzg 1+4sinz ha A 
sec x — tan x = ————_ = ———__ +sinzg  cosz 


Hence the limit is 0. 


See also Art. 18. General methods for evaluating the indeter- 
minate forms of Art. 117 depend upon the calculus. 


119. Evaluation of the indeterminate form > Given a function of 
the form L(z) such that f(a) =0 and F(a)=0. The function is 


F(z) 
indeterminate when x=a. It is then required to find 
S(t) 
ee F(z) 
We shall prove the equation 
() tim LY = tim LO 


x a F(x) rs; x a F’(x) 

Proof. Referring to (A), Art. 116, and setting b = x, remembering 

that f(a) = F(a) = 0, we have 
f(t) _ f'(&1) f 

(1) F(a) > Fu)" (0 << tt <2) 

If z — a, so also x1 — a. Hence, if the right-hand member of (1) 
approaches a limit when z; — a, then the left-hand member will ap- 
proach the same limit. Thus (£) is proved. 

From (£), if f(a) and F’(a) are not both zero, we shall have 


_ f(t) _ f(a) , 
@) lim (2) ~ F(a) 


Rule for evaluating the indeterminate form . Differentiate the nu- 


merator for a new numerator and the denominator for a new denominator. 
The value of this new fraction for the assigned value of the variable will 
be the limiting value of the original fraction. 
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In case it happens that f’(a) = 0 and F’(a) = 0, that is, the first 
derivatives also vanish for s = a, then (£) can be applied to the ratio 
f@, 
F’(z)’ 


; f(z) _ f’@. 
and the rule will give us lim F(a) F” (a) 


It may be necessary to repeat the process several times. 


The student is warned against the very careless but common mistake 
of differentiating the whole pes roi as a fraction by VIL. 


If a=, the substitution «== * reduces the problem to the evaluation 
of the limit for z= 0. 


(ee 
f(x) _}; Z/Z" _y, f(z) = 
anes lime Reno p(t ==0 p(2) ie Ge" 


Therefore the rule holds in this case also. 


ILLUSTRATIVE Exahers 1. Evaluate a = a wea | 
Solution. == —e Tee} indeterminate, 
: ars » 
PQ) 75a" -Ze 1 =) Fae nap ~ indeterminate. 
PG) ts thes 6-2 2 4 


-—6—2 aa 
ILLUSTRATIVE EXAMPLE 2. Evaluate lim 


Gm ~—2e, Ss 


See (= fer 1-1-0 20» j2440 
F(0) x—sinz |r-o oy. Oye ; 


FO) ete Se) ee 
F’'(0)”  1—cosz |e=0 1-1 


f'0) __@- | r-1—1_9. . indeterminate. 
2 = 


F’®) sin z fi) 0 0 
PROBLEMS 4 
Evaluate each of the following indeterminate forms by differentiat 
ee . 
- bs 2a z = 6 


3 fig 
za zm" —a"* 


* After differentiating, the student should in every case reduce the resulting express 
to its simplest possible form before substituting the value of the variable. 
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Ans. — 1, 
n 


ee x?—Tx+6 
ap nee 
* pu Ry 


: xrer* — x 
eet cos 2a 
nl ea aa des 
“z>0cos2x—1 
Bye) cin 7 — 
Gem 2: za) SUNY 22 cos x. 
x30 wv gi 2 
1 iy 8 
“223822—8V19—52 69 
be lim W182 = — 24, (F296. 
‘e392 9 NO a CV 


12. lim —— 


DO1G2 Beg OC? IH 


0 
| 


Coir fi] ee 


aad 


13. lim 


14. lim 
. er —e-*—22sinx 
15. im Te 


16 lim = o08 # = @ sin x, 
*-202—2coszx—sin?x 
, ‘ 
17. 1i ot —esine . 
7 pee ge 
18 lim 08 & = sin (Saale NE 


Saal (7 —1)? 
. sind gp 60 79 — 2.2? — 2. el" 
BS a+ 12 93 


20. Given a circle with center at O, radius 1, 
and a tangent line AT. In the figure, AM equals 
arc AP, and B is the intersection of the line 
through M and P and the line through A and O. 
Find the limiting position of B as P approaches 
A as a limiting position. Ans. OB=2 tf: 
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120. Evaluation of the indeterminate form =. In order to find 


when both f(x) and F(x) become infinite when x — a, we follow the 
same rule as that given in Art. 119 for evaluating the indeterminate 
form 2. Hence 

Rule for evaluating the indeterminate form =. Differentiate the 
numerator for a new numerator and the denominator for a new denomi- 
nator. The value of this new fraction for the assigned value of the vari- 
able will be the limiting value of the original fraction. 


A rigorous proof of this rule is beyond the scope of this book. 


log x 
ILLUSTRATIVE EXAMPLE. Evaluate on : force Oy 


Solution. £0). — 108 4 =—. |+, indeterminate. 

F(0) CSC VjJr=0 foe) 
1 

£0) x | 0 , : 
TTEG) an cn | Se eee te. 
F’(0) —csewcotalz-0  xeostlemo 0 “me 
£’@) __ _2singzeose] __0_ 
F’(0)—s cosa@ — x sin lh = — 0. Ans. 


121. Evaluation of the indeterminate form 0-0. If a function 
f(x) - d(x) takes on the indeterminate form 0 - co for x = a, we write 


the given function 
f(a) - $a) =4 au = 2) 
(a) f(@) 


so as to cause it to take on one of the forms or = 2% thus bringing it 
under Art. 119 or Art. 120. 


ILLUSTRATIVE EXAMPLE. Evaluate sec 3 x cos 5x for x= og 


Solution. sec 3% cos5x],_1=0-0. .*. indeterminate. 
2 
Substituting l for see 3 x, the function becomes cos 5 it — PAC 
cos 3 & cos38xa F(x) 


(5) = ee 2.0% 
z=t aaa 


= ae =+ .*, indeterminate. 
FG) 
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122. Evaluation of the indeterminate form » — ». It is possible in 
general to transform the expression into a fraction which will assume 


either the form ; or &. 


ILLUSTRATIVE EXAMPLE. Evaluate sec x — tan x for x = rt 
Solution. secz —tanz],_1»=%»—. .’. indeterminate. 
2 


1 _ sing _1—sinz _ L(x) 


By trigonometry, sec x — tanz = 
cosz cossz cos £ F(z) 


WT 
IA ae eine OP, ; 
= yeaa PE de OAT as indeterminate. 
F(F) cos & 2 
ns 
ee 
7 ee i, oder — 
F(5) 
PROBLEMS 
Evaluate each of the following indeterminate forms: 
i bs lim a. ANS. 25k 13. lim (1 — Ly tan a Ans. 2 
Bim xe 0. 14. lim (1—sinz)tanzs. 0. 
ce ie 
tan £ A 1 1 1 
: SS < 15. li ——— a 
pee tan} 2 ~ eeosin?z 2? 3 
im (22. 1, 16. lim ¢ log(1 + t). 1 
z20 cotz 2 > 6 
us 3 17. lim | sees +]. 1 
a 7 ie Sagat 1—sinz 
x of es 0 TL % 
, t ; 18. lim log tan x 
VJ ae z log tan2 2. 
6. lim —2—- 0." 
6 fp cot 2 19. Paces 
? lim 2+ lez, 0. ede COL TL 
Sa20 Llog x B0: tid ae 
log (x — 1) + tan 2 2>}tan3 er 
8. lim —————_~.-2, 9. jim 108 (a + 2), 
9. lim z log sin z. 0. a 
z~0 See sec =~ 
10. iim sin x (log z). 0. 22. lim __. 
11. lim z ese 2 zx. Z, *~ "log see > 
270 
: WL 4 ‘ 2 
: _ Le 23. 1 Jz 1. 
12 tims (2 z) tan Z - mn Ste, 
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24. lim |. -— = : | 27. lim ~ = tan 2%. 
pH Lol logis se >. By aE 4 
; 1 ie 4 1 1 
25. lim [4 — | |-+— - “|: 
eroLe? xtanz 28. Tiny log 1 +z) 2 
26. lim E tan «© — 3 sec x|- 29. lim |= 1 -4}. 
vis z»olsines 23 


123. Evaluation of the indeterminate forms 0°, 1%, 0°. Given a func- 
tion of the form 
f(a), 


In order that the function shall take on one of the above three 
forms, we must have, for a certain value of z, 


f(z) =0, (x) =0, giving 0°; 


or fz@)=1, o@%) =, giving 1”; 
or f(z) —= 0, p(x) = 0, giving o0?, 
Let eC 2 ia 


Taking the logarithm of both sides, 
log y = (a) log f(z). 
In any of the above cases the logarithm of y (the function) will 
take on the indeterminate form 
0-a, 
Evaluating this by the process illustrated in Art. 121 gives the 
limit of the logarithm of the function. This being equal to the 


logarithm of the limit of the function, the limit of the function is 
known. For if limit log. y =a, then y = e?. 


ILLUSTRATIVE EXAMPLE 1. Evaluate 2? when « = 0. 


Solution. This function assumes the indeterminate form 0° for z= 0. 


Let (if 3e ogdle 
then logy=zlogz=0-—o, when z= 0, 
By Art. 121, log y= a ==, when ¢ = 0. 
ay, 
1 
By Art. 120, log y= =-2=0, when « = 0. iy 
ai, "] 


Since y = 2’, this gives log,x* = 0; that is, 77 =1. Ans. 


hi 
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1 
ILLUSTRATIVE EXAMPLE 2. Evaluate (1 +-=x)2 when z= 0. 


Solution. This function assumes the indeterminate form 1” for z = 0. 
1 


Let y=(1+2)7; 
then log y =*log (1+ 2) =~ 0, when x= 0. 
By Art. 121, log y = 9 a =3, when += 0. 
1 
By Art. 119, log y= ae oh J when «= 0. 


—rateee 
1 1 1 
Since y = (1 + z)z, this gives log. (1+ 2)“ =1; thatis, (l1+<2z)t=e. Ans. 


ILLUSTRATIVE EXAMPLE 3. Evaluate (cot x)sin= for c = 0. 
Solution. This function assumes the indeterminate form ~° for r= 0. 


Let y = (cot x)sinz; 
then log y =sin z log cotr =0-~m, when x = 0. 
_ log cots _w« a 
By Art. 121, log y= Sapa wed when z= 0. 
— esc? zx 
By Art. 120, ce ns when z= 0. 


—csexcotz cos*z 
Since y = (cot z)sin z, this gives log, (cot x)sinz = 0; that is, (cot x)simz=1. Ans. 


PROBLEMS | 
Evaluate each of the following indeterminate forms: : 
L lim (sin x)sece, Ans. 1. 10. lim (log z)!-loez, = Ans. . 
z-5 zoe 
— @. lim (sin z)*n2, vi 11. lim ()**. 
2% 230 \L 
ry. 2 . 2\z 
= 5 lim (1 +22). e?, 12. Tim (cos 2) : 
zo 
s 1 oath d Q\z2" 
am tim (7 : 18. lim (cos 3)" 
5. lim (1 — z)tan=z, ; 
ee i 14. lim (cos zy". 
, e = tan 3 2 of xz 
eee 2) 2 ; 15. lim (x + 1), 
tan =A 1 a. 1-22 
z-0\ £ ; 16. lim (1 + 3 2) Bist e@ 
a => 
kL « g\tan mz 
- 17. lim (1-2)"™. 


—. 18. lim (1 + z)leez, 
z70 
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124. The Extended Theorem of Mean Value. Let the constant R 
be defined by the equation 

(1) f(b) — f(a) — (6— a) f(a) — F(b —a)?R=0. 


Let F(a) be a function formed by replacing b by x in the left-hand 
member of (1); that is, 


(2) F(x) = f(x) — f(a) — (« — a)f'(a) — $(@ — a)? R. 

From (1), F(b) = 0; and from (2), F(a) = 0; therefore, by Rolle’s 
Theorem (Art. 113), at least one value of « between a and 8, say 21, 
will cause F’(x) to vanish. Hence, since 


F'(x) = f'(x) — f’(a) — («@— a)R, 
we get F’ (a1) = f’(a1) — f’(a) — (1 —a)R=0. 
Since F’(a,) = Oand F’(a) = 0, it is evident that F’(x) also satisfies 
the conditions of Rolle’s Theorem, so that zts derivative, namely F’’(x), 


must vanish for at least one value of x between a and 2, say 22, and 
therefore x2 also lies between a and b. But 


F’'(«) =f" (x) — R; therefore F’’ (x2) = f’’ (x2) — R= 0, 
and Res j (es). 
Substituting this result in (1), we get 


®) fe) =f@+b-af'@+ z (b—a)?f"(e2). (a< a2 <b) 
By continuing this process we get the general result, : 


() (0) =H) +O FOr @ + ioe 


4 (b a 5a) ae +0 an) i = za 
as OT Fe) ema < a1 < 6) 


Equation (G) is called the Extended Theorem of Mean Value, or the 
Extended Law of the Mean. 

125. Maxima and minima treated analytically. By making use of 
Art. 116 and the results of the last section we can now give a general 
discussion of maxima and minima of functions of a single independent 
variable. 3 

Given the function f(x). Let h be a positive number as small as 
we please; then the definitions given in Art. 46 may be stated as 
follows: 
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If, for all values of x different from a in the interval [a — h, a + h], 
(1) f(x) — f(a) =a negative number, 


then f(a) is said to be a maximum when x =a. 
If, on the other hand, 


(2) f(x) — f(a) =a positive number, 
then f(x) is said to be a minimum when x = a. 
Consider the following cases : 
Palet f(a) ~ 0. 
From (C), Art. 116, replacing 6 by x and transposing f(a), 
(3) F(x) — f(@) = @ — a)f' (x1). (@<21< 2) 


Since f’(a) ~ 0, and f’(x) is assumed as continuous, h may be 

. chosen so small that f’(x) will have the same sign as f’(a) for all 

values of x in the interval [a—h, a+h]. Therefore f’(x:) has the 

same sign as f’(a). But x —a changes sign according as z is less or 
greater than a. Therefore, from (3), the difference 


F(x) — f(a) 
will also change sign, and, by (1) and (2), f(a) will be neither a 
maximum nor a minimum. This result agrees with the discussion in 
Art. 46, where it was shown that for all values of x for which f(x) ts a 
maximum or a minimum, the first dervvative f'(x) must vanish. 
mete. y (a) = 0, and f(a) + 0. 
From (F), Art. 124, replacing b by x and transposing f(a), 


(4) f(a) — f(a) = aban f(a). Core 


Since f’’(a) + 0, and f’’ (x) is assumed as continuous, we may choose 
our interval [a — h, a+ h] so small that f’’(x) will have the same sign 
as f’’(a). Also, (x — a)? does not change sign. Therefore the second 
member of (4) will not change sign, and the difference 


f(x) — f(a) 


will have the same sign for all values of x in the interval [a—h, a +h], 
and, moreover, this sign will be the same as the sign of f(a). It there- 
fore follows from our definitions (1) and (2) that 


(5) f(a) is a maximum if f’(a) = 0 and f’’ (a) = a negative number ; 
(6) f(a) 7s a minimum af f'(a) = 0 and f’’(a) = a positive number. 


These conditions are the same as those in Art. 56. 


py 


‘ 
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III. Let f’(a) =f’ (a) = 0, and f’’"(a) ¥ 0. 
From (G), Art. 124, putting n = 3, replacing b by 2, and trans- 
posing f(a), 
1 Sfelir 
(7) f(a) — f(a) = [3 (a — a)8fl"" (we). (a < x3 < 2) 


As before, f’’’(x) will have the same sign as f’’’(a). But (« — a) 
changes its sign from — to + as & increases through a. Therefore 
the difference fa) — fa) 


must change sign, and f(a) is neither a maximum nor a minimum. 

IV. Let f(a) =f" (a) =-+--=f"-Y@)=0, and f(@) #0 

By continuing the process as illustrated in I, II, and ITI, it is seen 
that if the first derivative of f(a) which does not tanita for 7 = @ 18 
of even order (=n), then 

(H) f(a) is a maximum if f(a) = a negative number; 

(1) f(a) is a minimum if f(a) = a positive number.* 

If the first derivative of f(a) which does not vanish for x = a is of 
odd order, then f(a) will be neither a maximum nor a minimum. 


ILLUSTRATIVE EXAMPLE 1. Examine x3 — 9 x? + 24%”—7 for maximum and 
minimum values. 


Solution. f(w) =x —9 a? + 244-7. 
f'(e) =38 2? —18 4 + 24. 
Solving, 8u?—18%+24=0 


gives the critical values x = 2 andw=4. .'.f’(2) =0, and f’(4) =0. 


Differentiating again, t"'(@) =6 2 — 18, 
Since f’’(2) = — 6, we know, from (H), that f(2) = 18 is a maximum. 
Since f’’(4) = + 6, we know, from (J), that {(4) = 9 is a minimum. 
ILLUSTRATIVE EXAMPLE 2. Examine e* + 2 cos x + e~* for maximum and mini- 
mum values. 
Solution. f(w) = e® + 2 cos x + e-, 
f(a) =e? — 2'sin eo — e-* = 0, fora = 0,7 

S'' (x) =e? — 2 cos % + e-* = 0, for z =0, 

f'"(w) =e7 +2 sinz —e-7=0, forza =0, 

fiv(x) =e? +2 cosx +e-* =4, forz =0. 
Hence, from (J), f(0) =4 is a minimum. 
* As in Art. 46, a critical value « = a is found by placing the first derivative equal to 


zero and solving the resulting equation for real roots. 
} x = 0 is the only root of the equation e” — 2 sin x — e~* = 0. 
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PROBLEMS 


Examine each of the following functions for maximum and minimum 
values, using the method of the last section: 


t1.0°-—42° +5. Ans. x= 0, gives neither, 
Ap) rary AWM ES) 10000 —t 9 PH 
2.0°+32774+3 2. x = — 1, gives neither. 
Pea vo(r — 2)”, xz = 0, gives neither, 


x = $, gives max. = 1.11. 
ea cles mins — 0. 
4, x(x — 1)?(xa + 1)3. 
» 5. Investigate 4 7° —152*+4+ 20 734+102? atx=1. 
6. Show that if the first derivative of f(x) which does not vanish for 
xz = ais of odd order (= n), then f(x) is an increasing or decreasing function 
when z =a, according as f(a) is positive or negative. 


oat 
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CHAPTER XII 


INTEGRATION; RULES FOR INTEGRATING STANDARD 
ELEMENTARY FORMS 


126. Integration. The student is already familiar with the mutu- 
ally inverse operations of addition and subtraction, multiplication 
4 and division, raising to a power and extracting roots. In the ex- 
amples which follow, the second members of one column are, respec- 
P tively, the inverse of the second members of the other column: 


y=2x? +1, x=+Vy—1; 
. y=, a= log. ¥> 
| ¥= sin 4; x= are sin y. 


From the differential calculus we have learned how to calculate 
7 _ the derivative f’(x) of a given function f(x), an operation indicated by 


# fx) =f'@), 
or, if we are using differentials, by 
re df(x) = f'(@)de. 
The problems of the integral calculus depend on the inverse 
yperation, namely : 
To find a function f(x) whose derivative 
= f'@) = o@) 


BIER ie 19 clistomary.to use differentials-in the integral cal- 
IS, We may write 

= df (x) =f (w)dx = o(x)dx 
ate the problem as follows: 
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The function f(z) thus found is called an integral of the given 
differential expression, the process of finding it is called integration, 


and the operation is indicated by writing the integral sign * uf in front 
of the given differential expression; thus 


(3) ip fi(a)de = f(2), 


read the integral of f’(x)dx equals f(x). The differential dx indicates 
that x is the variable of integration. For example, 


(a) If f(x) = x3, then f’ (x)dx = 3 x? dz, and 


fs 72702 —=2°. 


(b) If f(z) = sin z, then f’(x)dx = cos x dx, and 
feos 700 — sit 2. 


(ec) If f(@) = are tan z, then f’(@)dz = » and 


dx 
14+ 27? 


i dx = ARON ar 
1+ x? i 


Let us now emphasize what is apparent from the preceding ex- 
planations, namely, that 


Differentiation and integration are inverse operations. 
Differentiating (8) gives 


(4) d He Pie tide 
Substituting the value of f’(x)dx [= df(x)] from (2) in (8), we get 
(5) faite) =f). 


Therefore, considered as symbols of operation, “ and af --- dx are 


inverse to each other; or, if we are using differentials, d and f are 
inverse to each other. 

When d is followed by aft they annul each other, as in (4), but 
when J is followed by d, as in (5), that will not in general be the 


case. The reason for this will appear at once from the definition of . 
the constant of integration given in the next section. 


* Historically this sign is a distorted S, the initial letter of the word sum. See Art. 155. 
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127. Constant of integration. Indefinite integral. From the preced- 
ing section it follows that 


since d(x?) =3x22dx, we have fe C2 dn = 7 > 
since d(x? + 2) =3x?dxz, we have fe e?dx = 273 +2; 


since d(x? — 7) = 3 x?dxz, we have fe edge == a? — 7, 


In fact, since d(x? + C) =8 x7dz, 
where C is any arbitrary constant, we have 


‘[8atde =a ¢. 


A constant C arising in this way is called a constant of integration, a 
number independent of the variable of integration. Since we can give 
C as many values as we please, it follows that if a given differential 
expression has one integral, it has infinitely many differing only by 


constants. Hence 
ff @)de =f) + ¢; 


and since C is unknown and indefinite, the expression 


f@)+C 
is called the indefinite integral of f’(x)dx. 

It is evident that if ¢(x) is a function the derivative of which is 
f(x), then $(x) + C, where C is any constant whatever, is likewise 
a function the derivative of which is f(z). Hence the 

Theorem. Jf two functions differ by a constant, they have the same 
derivative. 

It is, however, not obvious that if (x) is a function the derivative 
of which is f(x), then all functions having the same derivative f(x) 
are of the form (a) + C, 


where C is any constant. In other words, there remains to be 
proved the 


Converse theorem. Jf two functions have the same derivative, their 
difference is a constant. 


Proof. Let ¢(x) and (x) be two functions having the same deriva- 
tive f(x). Place 
F(x) = $(x) — W(x); then, by hypothesis, 


Q  P@)=£[6@) -¥@l1=f@) -f@) =0. 
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But from the Theorem of Mean Value (D), Art. 116, we have 
F(x + Ax) — F(a) = Ax F(a +6-Az). (0< 0< 1) 
“. Fae + Az) — F(a) = 0; 
[Since by (1) the derivative of F(x) is zero for all values of z.] 
and F(a + Ax) = F(x). 
This means that the function 
F(x) = $(z) — ¥@) 


does not change in value at all when x takes on the increment Az, 
that is, d(x) and W(x) differ only by a constant. 

In any given case the value of C can be found when we know the 
value of the integral for some value of the variable, and this will be 
illustrated by numerous examples in the next chapter. For the pres- 
ent we shall content ourselves with first learning how to find the 
indefinite integrals of given differential expressions. In what fol- 
lows we shall assume that every continuous function has an indefinite 
integral, a statement the rigorous proof of which is beyond the scope 
of this book. For all elementary functions, however, the truth of 
the statement will appear in the chapters which follow. 

In all cases of indefinite integration the test to be applied in veri- 
fying the results is that the differential of the integral must be equal 
to the given differential expression. 

128. Rules for integrating standard elementary forms. The differen- 
tial calculus furnished us with a General Rule for differentiation 
(Art. 27). The integral calculus gives us no corresponding general 
rule that can be readily applied in practice for performing the inverse 
operation of integration.* Each case requires special treatment, and 
we arrive at the integral of a given differential expression through 
our previous knowledge of the known results of differentiation. That 
is, we must be able to answer the question, What function, when dif- 
ferentiated, will yield the given differential expression ? 

Integration, then, is essentially a tentative process, and to expedite 
the work, tables of known integrals are formed called standard forms. 
To effect any integration we compare the given differential expression 
with these forms, and if it is found to be identical with one of them, 
the integral is known. If it is not identical with one of them, we 
strive to reduce it to one of the standard forms by various methods, 
many of which employ artifices which can be suggested by practice 


* Even though the integral of a given differential expression may be known to exist, yet 
it may not be possible for us actually to find it in terms of known functions. 


INTEGRATION 191 


only. Accordingly a large portion of our text will be devoted to the 
explanation of methods for integrating those functions which fre- 
quently appear in the process of solving practical problems. 

From any result of differentiation may always be derived a formula 
for integration. 

The following two rules are useful in reducing differential expres- 
sions to standard forms: 

(a) The integral of any algebraic sum of differential expressions 
equals the same algebraic sum of the integrals of these expressions 
taken separately. 


Proof. Differentiating the expression 


few + fdr — f dw, 


u, v, w being functions of a single variable, we get 
du + dv — dw. By III, Art. 94 


(1) c.f du + dv — dw) = fau+ fdv— f dw. 


(b) A constant factor may be written either before or after the inte- 
gral sign. 
Proof. Differentiating the expression 


af av 


gives adv. By IV, Art. 94 


(2) vf adv = a { av. 


On account of their importance we shall write the above two rules 
as formulas at the head of the following list of ‘‘Standard Elementary 
Forms.”’ 


STANDARD ELEMENTARY FORMS 


(1) [(du+dv—du) =f au+ fav—f aw. 
(2) [adv =a f dv. 


(3) farax+e. 
(4) J v'dv = a +. (n ~—1) 


= 
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(5) 


(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
(18) 
(19) 
(19 a) 


(20) 


INTEGRAL CALCULUS 


[Pa loe.v+ C 
v 


= log,v + log.c = log, cv. 


[Placing C = log, c.] 


favdv = eee, 
log.a 
fea =e’+C. 


[sin vdv=— cos v + (be 


cos vdv = sin v + C. 
[sectvdy = tan v+ C. 
[ esc2v dv =— cot v + C. 
J secu tan vdv = see v + C. 
J esc v cot vdv=—esev+ C. 
tan v dv = — log, cosv = log, secu + C. 
[cot vdv = logesin v + C. 
[sec v dv = log, (sec v + tan v) + C. 
[ese v dv = log, (csc v — cot v) + C. 
dv 1 


Vv 


Nf dv ee ux 45 ¢ 
v?—a2 Qa eer i 
du 1 a+v 

——— = lope 

a?— v2 Qa Beas be 
{Soa wernt 

gigs. © Ks 
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GSN fs eee 
irae 
ee 2 
(22) [VERB av = 2 VPA + F are sin? + ©. 
2 Eaviee 
(23) | VFza av =3 VF E OLS tog. (0 + Voit a®) + C. 


129. Formulas (3), (4), (5). These are easily proved. 


Proof of (3). Since d(x+C) =dz, {]J, Art. 94 
we get fac=erte. 
Proof of (4). Since 
a(7— +c)=0ao VI, Art. 94 
n+1 = é Fe 
t i FC 
we ge i va = etal +C. 
This holds true for all values of n except n=—1. For when © 
n = — 1, (4) involves division by zero. 
The case when n = — 1 comes under (5). 
Proof of (5). Since Be 
d(log.v + C) wo ae Art. 94 
we get [Palos o+c. 


_ The results we get from (5) may be put in more compact form if 
denote the constant of integration by log.c. Thus 


ape = log.v + log.c = log.cv. 


Formula (5) states that if the expression under the integral sign is a 
fraction whose numerator is the differential of the denominator, then the 
integral is the natural logarithm of the denominator. 


ILLUSTRATIVE EXAMPLES * 
Work out the following integrations: 


6+ 
1. fax =F E -+c=2 +0, by (4), where v= x and n= 6. 


3 
2. ( Vidx = (atde == + Caixt+ C, by (4), wherev=xandn=3. 
Q " 


* When learning to integrate, the student should have oral drill in integrating simple 
functions. 


4 


rhe 


194 INTEGRAL CALCULUS 


s ee = fa de= Pe ee a: + C, by (4), where v= and 
x “ —2 2% 


n=—3. 
4, fax’ ds= a fe PS wn +C. By (2) and (4) 


« 


5. f 2a8— 522-324 4)dx 
auf dx — [5 x2dx— [3 xdx+f4dx by (1) 


=2fxedxe—5fx2dx—3fxdx+4 [de by (2) 
a os 2 = 
= ai ee ee +4x+C. 
Note. Although each separate integration requires an arbitrary constant, we 
write down only a single constant denoting their algebraic sum. 


6. ((=2— Gt 8eVat) ax 


= 2axFdx—fbr-2dx + [3 cxtde by (1) 

= Fafa Fdx —b fxm de + Be fabde by (2) 

=2av2 4-2 heck by (4) 
2 ag 3 


=4aVve+%4 +2exb +c. 
9 a MY) a8 
—= $s = a4 oa cerca eee 
7. f (a x*)3dx = ara + = asx Bae 3 + C. 


HIntT. First expand. ". 


a 22 (a? + b2x22)? 
2 2- a een eo 
8. { (a? + + b2x 2)3x dx = 3b + C. 

Solution. This may be brought into the form (4). For | Comparison with (4). 
insert the factor 2 b? after the integral sign before x dx, and | v=a?+b?x2, n= 3, | 
its reciprocal before the integral sign. Those operations | dv = 2 b2x dx. J 
balance each other by (2). : Fy 


vt 
f@+ + b222)t2dr = 5 spf@+ b2x2)2(2 ba aa)| = 55 Ye ae dv are +C, by «| 
i) (a? + b2x2)3 
- 3 6? 
Note. The student is warned against transferring any function of the variable | 


from one side of the integral sign to the other, since that would change the value 
of the integral. 


+C. 


Saxdxr _ 24 p2y2 
8 carer oe 3 log (b + c?x?) + C. 
‘ 3 ax dx = 
Solution. {pean ee 


INTEGRATION 195 


This resembles (5). If we insert the factor 2 c? 
after the integral sign and its reciprocal before it, 
the value of the expression will not be changed. 


gdt_ _3a2eeds[_3 dv _ vats 
Henee3 a [a= zed Be oe + xt See oS aoe 5 2 be P+ C , by (| 


Comparison with (5). 
o = b? + ¢*¢?, dv =2 cz de. 


= 36 24 ¢24727)1+(, 


10. 


edz | eer 

=r7-—-—_— ——lg (x 1 C 

ai 9 = 3 og (4 +1) + 

Solution. First divide the numerator by the denominator. Then 
a 1 

Pane pe a Slag ret 


Substituting in the integral, using (1), and integrating gives the answer. 


ee 2 2 C. 
1. (52 Fd g=2—log(2e24+3)74+ 


Solution. Dividing, $2 —= = er Peres Substitute and use (1) ete. 
PROBLEMS 
Verify the following integrations: 
Ba ty & —97 
1. fods=7+C. 6.(4idt=2P+C. 
dz__1 ay? dy _ x 
gig — {+ C. gy ae: 46. 
2 a2 ey owe 
8. [2V2de= "= + C. pints I, 
<4 3 
gt Ai V/ A 
4. Vidz = 32 + Cz 9. f dz =—2 ft ¢; 
OL a 
dz _3z oe 
ds nae 10. f Vi pa de =22N2 FE 4 
11. { @ — Ba? +42—T)de=% P4Lo2Py—1 s+. 


12. f42= 29 gy = 42 —AVG+C. 


13. {(£—=) 2=S+240 
14. f2(22—5)de=7F 22 4c 


—1074+5, 7 _5 
15. (YF te agate 10z—-+C. 


gt 
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16. ( VI+22dz= Bie J 


11, f it = VEE 
V5—42 Z 


eM Pa +\/2)dr = 2222 4 ova +. 
19. f $7 = See 


+C. 


+ C. 
—2x)? eget: 

20. (3 — 2 2)? dx = ae 
32 dz ft Hoke 

21. (tea) TER aes 
Nebr hy wat Ae Ne 

22. (aV2e+7 dea Ets ¢, 


2 Por | 4 
23. (9 22/2 $10 dea 2 FTO 


ee 4ndz = _ 38 28 0. 
ai 3 

sae ee hes 2 

28. [(1- a) de=a—3ttaatto. 

a7. ( Va(1 — 22)de = Pe tAso 

8 Saitna Apa ee 


30. (12(2 — 18)8dt=—@—PY so. 
12 
dz 1 
4 bd (ees eos oe 
Serta —ietia* 
82. (52V1— Bade = — 5-22)" 5 
3 5 
33. [2244 1iVedr=-2EtU*, og, 


34. —— (2+1)dr eset 
Ver +2e 


a ee 10 = Va 5 6, 


2 4 log 2\de _ (2 + log 2) 
vel L o 2 + C. 
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87. ['sin? x cos x dz = { (sin %)? cos x dx = one +C 


_— sin? z 
Bee 


HINT. Use (4), making » = sin xz, dv = cos x dz, n=2. 


5 = 1% 


hear 
88. fsin 2200s 2rde= S222 + 6 


“ey 
2 sin? = 


89. [ sin? 5 cos 5 dr = 5 oe (6 


2 
40. {tan az sec? ax dz = tan" az + C. 
2a 


a1, (ans ee sin 3 z dz — _ 2V5+cos3z 


5+cos3z 3 DE 
42. { (TF teas) © = Fiore a 
43. f =o =F log +22) +0. 
44. (2% =— flog (2-2) +0. 
45, (EFF Oe _ log (x? +52)+C. 
CO log (823 —7)+C. 
47. Sree ep (+b) +6. 
48, (OU = = — flog (4-3) +0. 


49, [5 S0S 2 de — 9 log (4 + sin 2) + C. 


50. (-Seczy dy _1 C. 
arene , log (a + b tan y) + 


61. (242 dr = 2 +3 log (z—1) + C. 


ee T —2+log Vet CG. 


x27 — 4 
== —3)+C. 
58. { ——> dr F +8245 log (c 3) + 


ad ee 
54. fi" log (@° +1) +. 


oe ee 2 log (ae? — b) — 0 +C. 


Aap” 
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Work out each of the following integrals and verify your results by 
differentiation : 


PAaohe 
Age — 5 x? 
Zede Ll Page ate 1a, — =. 2. (0 aw Mee 
Solution. Is a" pI (6 — 5x2) 4(— 10 xde) =— 5 (6-5 a)t +C, 
Verification. d{— 7% (6-5 a2) % 4 Cl=— 4% + 2(6 — 6 2?) +(- 10 x) dx 
z 2adx : 
V6—5x2 
P in 0d 
5 (8 y)*dy. 63, ( Swear 
Bz. fx° aa 60 J ( y)* dy SWS 
dx, Gg) cece _@ dx. 
68.73 STan 4. (= 
rT dx 2 dx 
3/9 2 62. {— ’ ; 
59. [V9 P dt. ioe Ua 65. ( 
, 2 Ao 
66. { tan? w sec? w dw. 74, (Cog w de, 
20 
67. [ aV4 — x? dx. 75. f sect p tan $ dd. 
68. {'( Vase) x, 76. (<=? ds. 
(3 —2 se m7, (£8? 0d0_. 
69. { : 2cot0+3 
@r—Syte 78. Aa ae 
10] cence ibs 
cos af dé 79. % x dx 
“Re ene a — sin ad S@a—p: —1)? 
3 + xy 
72. fer(e* + 2)? dx. 80. tes ore 9 
2 \" e” + sin ty 
78. f(y y we Ss jesueal 


130. Proofs of (6) and (7). These follow at once from the corre- 
sponding formulas for differentiation, XI and Xla, Art. 94. 
bat” 
2 log a pa 
Solution. we ba? da =b if a2* de. By (2) 


This resembles (6). Let »=2a; then dv =2 dx. If we then insert the factor 
2 before dx and the factor 4 before the integral sign, we have 


x aU x oe) 22 v sg GR bate ar* 
b fa dx =5 fa? 2de=s fa aa) |= bf dy = iwa|=2 ford +C. By (6) 


ILLUSTRATIVE EXAMPLE. Prove ue ba2*dz = 
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PROBLEMS 
Verify the following integrations: 
1. (4 2 de = 207 +4 C. 4. 10 de = BE Top 
2. (2 pidr= 6 ¢ + C. 5. fa dy = — Se 
3. f@=-L+e. 6 foe ave +o, 


9. f xe de= Fe" +C. 
10. f ees sin x dx = — ers7 + C. 
Hines cos 2 6d0 = 4 esin20 +4 C, 


12. ( Vel dt = 2Ve' + C. 


op | 
13. { are*dx ay Pi 


Tas eer ge ane ae 2" +0, 


15. [ 


Work out each of the following integrals and verify your results by 


= 1 

1 1 
dt ow + C. 
a2 


differentiation : 
ee Ae. 22. ((“t2)as. a7. { ein=t cos mt dl 
x 
17. {4 ia 23, (Le. 28. {xe bi 
18. me? de. 24. [2 ctn?sec? 9d0. 29. fe—eoear 
19. {6° de. - 
20. { (e + x)de. 26. f opie dx. 30. { (4 ¢)*dz. 


a1. (&. 26. [‘(e2*)8 dx. 31. (2%. 
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181. Proofs of (8)-(17). Formulas (8)—(18) follow at once from the 
corresponding formulas for differentiation, XIII, ete., Art. 94. 


Proof of (14). fran vdv ips ude 
COS V 


— sin vdv 
COs v 


- (aes v) 
se COS V 

— log, cosv+ C by (5): 
= log, secv+C. 


[ Since — log cos v = — log nes = — log 1+ log sec v = log sec v.| 
sec 0 ; 
cos v dv d(sin » 
Proof of (15). cot vdv = | ——— =/ a 
sin v sin v 


= log. sin v + C. By (5) ; 


: a sec v + tan v 

Proof of (16). Since SEC 0 Ae0 © poeta 

_ Sec v tan v+ sec?y 
sec v-+ tan v 


sec v tan _v + sec? v 
Be le eee ee sec v + tan v do 


ee ree 
sec v + tan v 
= log. (see v + tan ») + C. By (5) 


Proof of (17). Since esc v=csev ese» — cot 0 
esc v — cot v 


_ — csc v cot v-+ csc?y is 


ese v — cot v 


2 
fesevd = — ese v cot v + ese = esc v cot + esc?v 4, 
csc v — cot v 


Seow v — cot v) 
esc v — cot v 
= log, (ese v — cot v) + C. 


ILLUSTRATIVE EXAMPLE 1. Prove the following integration: 


. — __ cos 2 ax 
(fein 2 ax de = 79 ar =~+C. 
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Solution. This resembles (8). For let »=2 ax; then dv=2adz. If we now 


insert the factor 2 a before dx and the factor 7 before the integral sign, we get 
; au aye : ay oy Peas Ee 
Jsin 2 ax dx = = [sin 2 ax 2ade| = [sin odo = 74 008? + C, by @)| 
ee ee ee 


740) 2a 
ILLUSTRATIVE EXAMPLE 2. Prove the following integration: 


J (tan 2s —1)ds =} tan 2s + log cos2s+C. 


Solution. (tan2s—1)2=tan?2s—2tan2s+1. 
tan? 2 s=sec?2s—1. By (2), Art. Z 
Hence, substituting, 


f (tan2s—1)?ds= { (sec?2 s—2 tan 2 s)ds = ['sec?2sds—2 f tan 2 sds. 
Now letv =2s. Then dv = 2 ds. Using (10) and (14), the steps are as follows: 
fsec?2sds=3 ['sec?2sd(2s) [=3 fsectodo=3 tan] =3 tan 2s. 


jfitan2sds=} [tan2sd(2s) | =3,f tan » do = — 3 log cos o| =—4 log cos2s. 


PROBLEMS 
Verify the following integrations: 


fig nae x 
1. f sin 5 dx = 2 cos5 + C. 
2. {cos 3 0d0 = 3 sin3 6+ C. 
a 
8. { tan no dd = 7, 08 sec nd + C. 
Py ane ee 
4. (cot 5 dé = 2 log sin 5 + C. 
5. {sec 4 x dx = ¢ log (sec 4.x + tan 4 x) + C. 
ole = ie x 
6. {ese Phd = a log (ese 2 cot 2) + C, 
7. { sec? (1 — x)dx = — tan (1 — 2) + C. 
2-2 2-2 
2 = 
8. fese?( 3 )dz =2 cot ( 3 )+e. 
9. {sec 3 tan 3 040 = } sec3 0 + C. 


y Dar ahs y 
10. fese 4 cot 7 dy 4 csc 7 + C, 


4 
Ti 
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ll ip 1 
E ~__ = cos ke Gs: 


2 S02 VE 9 wy Vi +. 


13. {x tan x? dx = } log sec 2? + C. 


14 i= —ecotz+eser+C. 


HINT. Multiply both numerator and denominator by 1 — coszx and reduce 
before integrating. 


ER 
Ba re =tanz—secr+C. 


re fs Sns& = = — log (1+ coss) + C. 
17. Jeane ane 22 —log (1 + tanz) + C. 
18. { e* cos & dx = sin & + C. 


eats 6 ey 
27 LAS [ee ed 
19. f'sin 3 C08 3 d# = sin gt C. 


20. { (2 — cos 2 x)dx = $(x? — sin2 z) +. 


21, (82S —evitsine tC. 


Vi-+sinz 
22. [ a 5 = log (ese $ — cot $) + ©. 
2sin § 


Work out each of the following integrals and verify your results by 
differentiation : 


23. sin 22 dr. 29. [ese (b — ax)dz. 

24 fet 30. ('see?= de. 

25. [a cos b0 d8. 81. esc? 4 y dy. 

26. f'tan © ap. 32. [see md tan md dé. 

97. freot Saat 33. i ese 7 x cot 7 xdz. 

28. ['sec (8 x — 2)dz. 2, fa . oy 
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tan 4 dx 43. { (tan x — sec x)?dzx. 
35. = ; 
cos 6 dé 
44. { sin? 0 


36. { (1 + 2 sec 6)2.d0. 
45. peeeneds xtanxdzx_ 


87. { (2 — ese Dane 2+3secx 
38. { (tan s — cot 8)? ds. ae 

39. limes Ba 47. ['x? sin x3 dx. 
40 0. ft aan 48. { (x? + 3 sin x)dz. 
41. (—e_. a9. { (2 = —+_ ) dz. 
42. (Mess = we 50. ( (1 + 2 cot S\'ds. 


182. Proofs of (18)-(21). Formulas (18) and (20) follow easily 
from the corresponding formulas for differentiation. 


Proof of (18). Since 
v 
1 a(*) dv 


zs =e by XXII, Art. 60 
“1+() 


a(= are tan n2+¢)=2 


dv il 
we get jee 7 are tan © er cs 
Proofs of (19) and (19 a). We prove ey first. By algebra, we have 
ie ee, 26 
v—a vt+a v?—a? 
=+5=5| dL poy dese cel |: 
ace Hoe  2ale—a 9-4 
LIS 4 Phe id RY RL 
— Seer v—a 2aJv+a pe) 
- “Ee log. (v—a) — slog. (v +a) by (5) 
1 i‘ 
5 gle ag t ©: By (2), Art. 1 


To prove (19a) by bits 
1 Ltt 2a. 
atv a—v a—v? 
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The rest of the proof proceeds as above. 
Norte. The integrals in (19) and (19a) satisfy the relation 


aie Boa dv 
eae ae a2 — v2 


Hence either formula can be applied in any given case. Later we shall see that 
one form must be chosen in many examples. 


Proof of (20). Since 
v 
a(*) dv 


d(are sin ~ + c)= zen Se gen by XX, Art. 94 
a 


dv Seat) 
we get SSS = ROT SCL 
: nme at 


Proof of (21). Assume v=a tanz, where z is a new variable; 
differentiating, dv = a sec?zdz. Hence, by substitution, 


if dv ={ asec?zdz sec?z dz 
= [ see zdz = log. (see z + tan 2) +¢ by (16) 
= log, (tanz+ Vtan?z+1)+c. By (2), Art. 2 


v 
But tan z= oa hence, 


v 2 
{Te a? is loee(E+ oe ‘ i) <u i 


= log. VETeV Os te c 


= log, (v + Vv? + a?) —log.a+e. 
Placing C = — log.a +c, we get 


dv 
| Fer et Vv? + a?) + C. 
In the same manner, by assuming v = a sec z, dv = a sec z tan zdz, 
we get 
dv __—s fasecztanzdz _ d 
lve=- Vat asts aa =f PP? : 
= log, (sec z+ tan z) +¢ by (16) 


= log, (sec z+ Vsec2z—1)+¢ by (2), Art. 2 
= log.(2 + —1)+¢=log. (0+ Vv? — a?) +6. 
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_ ILLUSTRATIVE EXAMPLE. Work out the following integration : 


da 1 
T+ = fare tan 2% + C, 
Solution. This resembles (18). For, let v?=4 a? and a?=9; then v=22, 
F dv =2 dx, anda=8. Hence if we multiply the numerator by 2 and divide in front 
of the integral sign by 2, we get 


dx i 2 dx 1 
4a?+9 2 EEE a aS wai 3g ore tan +. By (18) | 


fa 2a 
= @ arc tan 3 +C, 


PROBLEMS 
Verify the following integrations: 


1 
1 (= 5 are tan 5 + C. 


a d 1 3 
“ oe lon (Ea +e. 


ee ea iy! Wale 
V16 — y? 


= = log (gon/at — 4) +0, 


Ree | 
R gare 7 6lHlgsei) + ¢ 


iar 9p etch econ ees 


Geer de pine tan 2V2 + 6. 


2 dw a V3 + wV8 
log ——————= 
Res av‘ 6 3 —wV8 


8a 
Oe hearer sare sin 5 + ¢, 
' V4 = ae 
10. f= Flog (2 2+ V4 44?+8)+C. 
aVv7 
Nf gg ae Sp mresin 251 +. 
12. (Fes = Glow V8 + VET 2) +. 
13. is (= are tan e + C. 
costdt _1 2 + sin t\ 
eer sin? t = jloe(5 an) to 


16.) mec = 2arcsin x? + C. 
'V1—2t 4 
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16. (4 = * hog (ay + VI+ ay?) + G 
Vi+a2y2 @ 


17, f #4 = are sin (+) + C. 
Va? — (u+ 6)? a 

Work out each of the following integrals and verify your results by 
differentiation : 


dx a 4 t dt 
8. {5 a ioe a ep Sexe 5 
d ae sin 6 dé 
wi(tes “Ivers °c 
t dt 
25. 
DN iGonee rns 30. (ae 
a GR 
th ee 96: {ee — 
jae A ream 81.(7—oy= Ds 
6 dx 2 er dx 
Sane: oer 


The standard formulas (18)-(21) involve quadratic expressions 
(v2? + a?, a? — 0?) with two terms only. If an integral involves a 
quadratic expression containing three terms, the latter may be re- 
duced to one with two terms by completing the square, as shown in 
the following examples: 


ILLUSTRATIVE EXAMPLE 1. Verify the following: 


dx il z+1 
I eeceperery. © 2 eo ie: 
Solution. PEN EM Ge eh 5. 


Dede ee. 

"J oz +204+5 (% +1)? + 22° 
This is in the form (18). For letv=2x+1, anda=2. Then dv = de. 
Hence the above becomes 


f us Sl ct See 


(Peake (0 a 2 
DAOC - 22-1 ; 
ILLUSTRATIVE EXAMPLE 2. { ——=———— = 2 are gin GC 
ie 2+" —2? i sa 
Solution. This is in the form (20), since the coefficient of x? is negative. 
Now 2+” —227=2—(2?-2+})+}=2—-(e¢-})2. 
Let v=2x—4,a=%. Then dv= dz. 
ede Ae} 
je =r are sin-+C, by (20 
V24+2—0) “Teo (TS a y (20) 
= 2) are sin Bo a Lae G: 
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dx weal — 


ILLUSTRATIVE EXAMPLE 38. ii ae = 9 108 3 iG 


2+4¢—=7 1 7 : 
Solution. 32?+42—-—7=3(9?+4a4-—4)= Sat i a Bah 
=3[(x +3)? — 48]. 


dx - 
SiGe Pekan ol cllgeeer ery & =5 (wea 


by form ifv=x2+ : a = 8, since also dv = dx. Then we have 


; w= Pe are gt Oa agers tO ete. 
PROBLEMS 
Verify the following integrations: 

LSapasya= 2 (ea) t © 

2. (= =- Fare tan(2=+) + C. 

| are remarnae ea 7 = are tan ("= *) + Ce 

Cease ae) C. 

6 fry ae 3 elas) tC. 

6. (=, 5 = flog (— 2 \+e. 

(ar x =) + C. 

ON ge weer to fare tan (22 +4 *) + C. 


oe 
Sees me a eared eae 


8 dt oe ei 4t+1 
UL Eeeomne reise all EAE )+ 6. 
x dx u 2 
ll pea err et 5 are tan (x +1)+C. 
—1 
12: = are sin (# )+ CG: 
Sao 4 


dx 
13. { ——=___—. 
=== 


= log @-3+ V11—62+4 27) +. 


207 
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2 dr ri eee 
14. = — are sin -¢, 
Samaras V3 V19 
i a | 
15. [ [= = aresin (2 1) + C. 
ee (ery | [2 = +5 
=5 logiz+ ot+yfr?t+—jt+c. 
Sree ee 4 . 
- ({Tz£+A4 i 
1 — © axe sin( )+e. f 
SS Vi 


Work out each of the following integrals and verify your results byes 
differentiation : 


|e era 


dz 
19. [7 eos 


saat fo pe Feri 


dz 
320. | ——___.. 
SS 


20. [ — 31. [ SS 

an Pere ert 3. \ eae 

of ee at SS 

amend at ear see 

= ae 98. (Se : 

| 1. 

ed Pe 8 (SS 
4dz ' 


28. {=5— 1z—-6 


sO) irene 


reesou of the Bettie a a et vumerate 
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ILLUSTRATIVE EXAMPLE 1. Prove the following: 
[SS +9 — Flog.(2 2 + Via? +9) +C. 


V4z74+9 
Solution. Multiply through by dz and apply (1). 
32-1 Fad Sadr _ f dx : 
V427?4+9 V42274+9 J V40274+9 


Then by (4) and (21) we obtain the answer. 
ILLUSTRATIVE EXAMPLE 2. 
22—3 a! gn he Bhs «AS 32-3 
ae 7 = 3 (2 ea 3) 39 8 3547 
Solution. 3 z?+42—7=3[(x + 3)? — 2,5], by Illustrative Example 3, p. 207. 


Let o=2+2. Thenz =n — 3, and dt =do. Substituting, 


z—3 2(0—2 3) —-3, ge, 
See = Fever sag = ar 
2vdv -% dv 
aol 


+e 


— 28 2 — 25 
Using (5) and (19), and substituting back » = z + 3, we have the above result. 


PROBLEMS 
Verify the ee integrations: 
(22+3)dx _ f 
. ae 42241 Flog (4 tI) +5 3 are tan 22+ C. 
x 
(6x—1)dr_1, z—1\ 1 as 
| *S oz Lig 2 <1) — Fog @ 2-1) +6. 
— eee we — (aa- ae 
3. f ae 3 log Bz 2) log Syn lat 


| epee NAHI te oF —1)+C. 
= — V1—z?—aresinz+C. 


V1 — x2 


, r(6x+5) 2 5 
6. (Gx + 5)dx _ =z V92 +14 510 (82+ V92?+1)4+C. 
a 3 J ) 


1 
se 4a2 2 
ok: 


apeebee Mies 3. —*\+c. 


9. Se log (x2? +224+5)4+5 3 are tan(=¥*) +. 

ea See 62 — 2%) 
= toe (2+3= vil 

eS +34+V1 


aresin 22+ 5 LJ/i—ae+ ¢. 


+ C. 
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AL a) dr ee ee alta ea 
EN erremay wr er g log (44 4z—8) 


1 22-3 
age ae eat ae 
hed —2)dts ied ee OL 2 
a) late peeay een — Z log (1 6 2—9 2?) 
+ MP tog(22+1=™2) 4 0 
- 32+1+ V2 
CEO ha ul ere p p 
13. (ES = V7? 42254 2log (4 +14 V2? 4+22)46C. 
ap ace 
14, (Ete =~ Vig—# + 4aresin(2>*)+ 0. 
V4 2 — 2? : 
15. (24 = — V8 6a — + Baresin(*=4) +6, 
V27+62-—2? 6 


16. (Get ees =8Vi9— 5242 
I9—5ata 4 16g (c— $+ ViI9—5a4a*) +C. 


17, (Gees (3 x — 2)dx =2Vie—Te 45 
V4a7—427+4+5 
Gee aes 


ee (8 2 —3)dz ~/ig-AP—s 
Vi2e—4 9? — 9 (22-3 
ia 22) Gs 


Work out each of the following integrals and verify your results by 
differentiation : 


(z+ 1)dz (3 2 —5)dr 
OM hegre rs LEN few erage se 
(2 — 2)dx (52 —3)dzr 
20; (ey 28: (ae : 
(T—32z)dzr adr 
san 5-22? 20-| area ae 
22, (SZ De, 30. (2 _. 
V1—3 2? V324+9 2? 
9+ z)dz xdz 
23. ( 31. 
a ol aeecomal = 
(22+3)dr. es 5)dx =e 
24. f y2+3¢2 32. (SS a aay ere 
epee os, fs Be 
5a — 2 V64+2—22 
26. f (x—6)dr Se ge (8 x — 2)dx fy 
—427—5 V4e2?—4245 lic 


INTEGRATION PA 
133. Proofs of (22) and (23). To prove (22), substitute 


EUs. 
Then di Cos Zaz, 
and Va? — 0? = Va? — a? sin?z = @ COs Zz. 
Hence 
[ve- v2dv = a? { cos? c= gy} (cos22+ 1)dz by (5), Art. 2 
a sin 22+ 5 z+C. 
To obtain the result in terms of v, we have, from above, 


V a2 pan pe 


a) ; : v 
@=are sin |: and sin 2:z2=2sinzcos 7= 2 -— 
a a 


Substituting, we obtain (22). 


Proof of (23). By substituting » = a tan z, we show (see Art. 132) 
readily that 


(1) [VF eav= f aseez-ascc?zd:=a? { seczde. 
In a later section it is proved that 
(2) f sectzdz =} seez tan 2+} log(sec 2+ tan2) +6. 


Since tan z = - and sec z = MES, we derive, from (1) and (2), 


(3) [NOH do = 5 PFE +S low (0+ V0? + a?) + C’, 


where C’ = C—loga. Hence (23) is proved when the positive sign 
holds. 
By substituting v = a sec z, we obtain (see Art. 132) 


() [Vet =edo= fatanz-asecztanzdz=a® [tant secede 


=a? f sectzdz— a? f sec zdz. 


Comparing (4) with (2), we have 
(6) [ VP =a do = $ sec ztanz— © log (sec z+ tan z) + C. 


Vy2 — 
a 


2 . . 
But sec z= a and hence tan z= a. Substituting in (5), 


we obtain (23) for the negative sign before a?. 
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ILLUSTRATIVE EXAMPLE 1. Prove the following: 
| V4-9@ de =F VE=9 28 +2 aresin 524+, 
Solution. Compare with (22), and let a2 =4,7=34. Then dv=3 dz. Hence 
| VE-9e de =* [ VE~ 9a de =F [Var vd, 
Using (22), and setting » = 3 x, a? = 4, we have the answer. 
ILLUSTRATIVE EXAMPLE 2. 
{v3 2 +42— Td 
=}4(824+2)V322?+42—7-— 25 V3 tog (8242+ Vou? + l2z—Bl) +C d 
Solution. By Illustrative ees : yp. 207; a 
8a7+4¢—7=3[(«+4+ 3)? — 4°] =3(0? — a?) ‘ 
ifv=2+%,a= 8. Then dv=dz 
v [V8a? + 42—Tde = V3 [ V0? = a? do. 


Using (23), and setting » = x + 2, a= 3, we obtain the answer. 


PROBLEMS 
Verify the following integrations: 


1. f V1—4 dx = 5 Vi-42+: qaresin2x + C. 

2 VIET Ben! VIFTH + log G24 VIFIH) 46 
3. . 2 1 ae =2 VF = 4 — log (@ + VP 1) +0. 

4. [ VI5—9 wide = 2 V25— 9a +B aresin 2 4c, 
pace ee 


8. {V5 — 22+7dr=~ ee 22+ 2? 
# 20g (01 + VE= oats) 

9. [Via — wide = 24 Fe— a +5 aresin (x ~1) +c. 
10. VI0—42+4atdr= 22-1 Vig—aa tae 
+ flog (22-14 V10—4244@ 
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Work out each of the following integrals and verify your results by 
differentiation : 

11. [V16 — ade. 16. (V8 +20 — wide, 
12. {V9 + 16 de, 17. (Va? +40 +18 da. 
ee dit. 18. {V9 x — 12 «de. 
14. ( V25 — 36 «de, 19. [ V8+6a—9 wdm, 
15. {V5 — 4 w'de. 20. (V4@—1 = ade, 


134. Trigonometric differentials. We shall now consider some trigo- 

nometric differentials of frequent occurrence which may be readily 

_ integrated by transformation into standard forms by means of simple 

trigonometric reductions. 
/ 


Example 1. 1'o find f sin” wu cos"u du. 


When either m or ” is a positive odd integer, no matter what the 
other may be, this integration may be performed by means of simple 
transformations and formula (4), 


nd ia C 
fr peitreary + C. 


_ For example, if m is odd, we write 


sin” = sin”~!y sin uw. 


; Then, since m — 1 is even, the first term of the right-hand mem- 
ber will be a power of sin?w, and can be expressed in powers of cos? 


q b y substituting sin?y = 1 — cos? u. 
Then the integral takes the form 
(1) if (sum of terms involving cos uw) sin udu. 


_ Since sin udu = d(cos u), each term to be integrated is of the 
ody if v = cos u. 
Similarly, if is odd, write cos"w = cos"~!ucosu, and use the 
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ILLUSTRATIVE EXAMPLE 1. Find y) sin? a cos® x dx, 

Solution. it sin? x cos®x dx =f sin’ costa cos x dx 
=/ sin?x(1 — sin?x)* cos a dx by (2), Art. 2 
= / (sin?a — 2 sinta + sin®x) cos «dx 
= f (sin x)? cos x da — 2 f (sin av)! cos w dx +f (sina)® cos x dae 
_sin'x 2 sin?x | _ 

8 5 
Here v = sin x, dv = cos x dx, and n = 2, ‘ and 6 respectively. 


—— + C. By (4) 


ILLUSTRATIVE EXAMPLE 2. Prove f sin’ 4adx = 4 cos'}4x—2cos$a+C. 
Solution. Let $x =u. Then x =2 u, dv =2 du. Substituting, 
(3) fosin®} dx =2 fsintudu. 
Now Jsin’ udu = sin? u > sin wdu ={( — cos? u) sin udu 
= [isin udu — f cos? usin udu =— cos w+} cos*u + C. «f 


Using this result in the right-hand member of (3) and substituting back w= 4a, 
we have the answer. 


PROBLEMS 


Verify the following integrations: 


reheat Dawe eee 
1. fsin® 5 dr = cos* 3 cos + C. 


2. (sin 2 x cos 2 xdx = }sin?2 2+ C, 
(8. f'sin?3 x cos 8 xdx = } sin’ 3 x + C, 
ov aie ie 2 
4. f'sin § cos? > dar = ae 


22 Si. 22 
Say 5 pe 322 
5. feos? dz = = sin — 3 1 in 3 + C. 


aie Me 9 
CS bem ees = 7 sec 2x+C. 
2 


in8 % eog? © dx = 2 cosb X — 2 eogs 2 
7. fsin’ 5 cos? 5 dir 502 3 Cost + C. 


8. fesin® mxV eos mx de = . — cost Te — f cost Te + C. 


Fi We elie ec YR ee Oi nage 
9. f'sin 5 de = Fy cost 5 cos = cos’ = + C. 
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10. f OEE a9 06=—2Vcos 6+ C. 


tan’ t 2 
11, (Ba at = 5 cos t — log cost + C. 


sin® y dy _ a 2 5 1 
12. — 2V cos 1 (1 — 2 cos? 2 + = cos? ) Cc, 
Map y f 5) PA tte 8} BE 


Work out each of the following integrals and verify your results by 
differentiation : 


sy & 3% 4, 77 A, 
18. { sin 9 cos 9 ain lyf {cos Wautohy. 
1 cos 5 Ly had og dé. 
[eee 5 ae Ve Vsin 6 

y > 19. | sin® ¢ cos* d dd. 
15. { cos? : sin? "8 dz. uf Pee 

; 20. { sin® t cos? t dt. 

is 
aed 21. av sin® x cos? x dx. 

16. 


\ Tone” = 22. (sin! 6 cos? 6 dé. 


Example II. 7'o find if tan”u du or f col”u du. 


These forms can be readily integrated, when m is an integer, on 
somewhat the same plan as in the previous examples. 
The method consists in writing, as the first step, 


tan" u = tan"—?u tan?u = tan”— 2 u (sec?u — 1) ; 
or cot”u = cot”~2u cot?u = cot”~2u (ese?u —1). By (2), Art. 2 
The examples illustrate the subsequent steps. 
ILLUSTRATIVE EXAMPLE 1. Find ik tan‘ « dz. 
Solution. J tan’ a du = { tan*a(sec? —1)dz 
= [ tan?« sec? x dx — { tana de 


= { (tan x)? d(tan x) — { (sees —1)dz 


= (one _ tana be +C. By (4) and (10) 


t 


ILLUSTRATIVE EXAMPLE 2. Prove 

J cot? 22dx = — } cot? 2.2 —4 logsin 22 +C. 
Solution. Let 22=u. Then z=} u, de =} du. Substituting, 
(4) f cot? 22d = bf cot? udu. 


‘ 
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Now if cot? u du = ti cot u- cot? udu 
= [cot u(ese2u — l)du 
= | cot wesc? udu — focot udu 


= —} cot?u—logsinu+C. By (4) and (15) 


Using this result in the right-hand member of (4) and substituting back u=2 a, 
we have the answer. 


Example III. 7'o find cf sec"udu or if esc™u du. 


These can be easily integrated when x is a positive even integer. 
The first step is to write 
n—2 


sec"u = sec"~? uw sec?u = (tan?u-+1) 2 sec?w; 


n—2 
or esc"u = ese"—? u ese?2u = (cot?u +1) 2 ese?u. By (2), Art. 2 


The example shows the subsequent steps. 


ILLUSTRATIVE EXAMPLE 3. Prove if sect }xdx= tan’ }x+2tangx+C. 
Solution. Let }x =u. Then x=2u, dv =2 du. Substituting, 


(5) fisect 3 ody 2 [ sec! udu. 
Now J sect udu = [sec?u - sec? udu 
= [ (tan?w +1) see?udu by (2), Art. 2. 


= f tan? u sec? udu + fi sec? u du : 
=} tan’u+tanu+C. By (4) and (10) 


Substituting back in the right-hand member of (5) and putting v= 4 x gi es 
the answer. if 


EXERCISE. Set see?u = 1+ tan?w in the right-hand member of (5), square, 
and follow Illustrative Example 1 above. 


Example IV. To find Hf tan™u sec?u du or i cot™u esc’u du. 


When 7 is a positive even integer we proceed as in Example ITI 
ILLUSTRATIVE EXAMPLE 4. Find f tan®x sectx dx. ’ 


Solution. ap tan®x sectx dx = 4X tan®x(tan?a% + 1) sec?x dx by (2), Art, 2 


= f (tan 2)$ seo’x dx + f'tan®x sec?x dex 


9 7 
= Sey BEC. 


Here v = tan 2, de = aetna de: ete. 
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_. -When m is odd we may proceed as in the following example: 


7 ILLUSTRATIVE EXAMPLE 5. Find ‘hs tan" x sec’ x da. 

Solution. J tanta sec’ 2 dz = [tants sec’ 2 sec £ tan xdax 

‘J = [ (sec? — 1)*s0c*s secrtangdz by (2), Art.2 
‘ = [ (wecta — 2 sectz + secs) secztangdaz 

- = MEE _ Bere 4 OE +. By (4) 


Here » = sec z, dv = sec x tan zdz, ete. 


___ The methods used in the above examples are obviously limited in 
their application. For example, they fail in the following case: 


fsectudu= f sec u sec?w du 


= [ secu tan? du+log (sec u + tan wu). 


For we cannot proceed further by the elementary standard forms. 
Later other methods will be developed of more general use. 


: PROBLEMS 
Verify the following integrations : 
| 1. ftan* 3 2 dz =} tan?3 2 + 4 log cos 3 x + C. 
2. { cot? x da = — } cot? z — log sin + C, 
«8. f tan? 3 2 sce 3 x dz =}, sec? 31 — } sec 3 2+ C. 


Pies aot = 
a sec? s+ C. 


5. feot fdr = — 7 5 eotsZ at5 p cots + 5log sin 5 +C. 


aside tan’ 0+ C. 


zm tans — Ta feedlees Ce 


pion 1 
er cot 2 +2tan z+} 
oS ee 2 tan’ z an: 

| ( ta an? — OL = nae Te es ae Ee —— +. 


A. Stan 5 sec? 


tan* z+ C, 
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a 3 . PCE Al 
; 5 y sect y dy = 2 sect (4 2 sec? y 
10. f tan y sec? y dy sec? y | 7 +3 + C. 


iB. feeee = tana — 2 cota — ; cot? a+ C. 
12. {'(tan? z+ tant z)dz = 3 tan3z + C. 
13. { (tan t+ cot t)3dt = (tan? ¢ — cot? t) + 2 log tant + C. 


Work out each of the following integrals and verify your results by 
differentiation : 


14. feces aie, 21. [tan’ sect $ dg. 
i rpg 22. (costa) 

16. {cot 6 sec? 6 d0. 28. f'tan? 2 5 dé. 

17. f ese® 5 de. 24. (cot? ax dx. 

18. [ sec* tan? dx. 25. (32% nee 

19. {'sec? : tan* 4 dy. 26. [tant » 5 dt. 

20. (cot? 6 ese® 6 dé. 27. {cot y eset y dy. 


Example V. To find i sin™u cos"udu by means of multiple angles. 


When either m or v is a positive odd integer, the shortest method 
is that shown in Example I, p. 218. When m and vn are both positive 
even integers, the given differential expression may be transformed by 
suitable trigonometric substitutions into an expression involving sines 
and cosines of multiple angles, and then integrated. For this purpose © 
we employ the following formulas: 


sin u cos u = 4 sin 2 wu, by (5), Art. 2 
sin?u = 4 — 4 cos2u, by (5), Art. 2 
cos?u = 4 + 4 cos 2 u. By (5), Art. 2 


ILLUSTRATIVE EXAMPLE 1. Find ate cos? u du. 


Solution. if cos? udu = {i (5 +4 cos 2 u)du 


ai i —¥il 
=5 fduts fcos2udu=F+7sin2u+C. 
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ILLUSTRATIVE EXAMPLE 2. Find f sin? cos? x dz. 


Solution. J sin? cos?zdz=} sin? 2zdr by (5), Art. 2 
=1[(4—}cos4z)dz by (5), Art. 2 
=2—< sin4z+C 


InuusTRATIVE EXaMPLe 3. Find [ sin‘z cos?z dr. 
Solution. fsintz cos? de = { (sin z cos 2)? sin? de 
= [ isin? 224 —} cos 2z)dz 
=} [sin?22dz—} [sin?2xcos2zdz 
= [ (}—}e0s4z)de—} sin? 2.x cos2zde 


xz sin4z sin?2z 


~ 16 64 48 
Example VI. To find f sin mz cos nx dz, iP sin mz sin nxdz, or 


cos mz cos nz dz, when m ¥ n. 


+C. 


By (6), Art. 2, sin mz cos nz = 3 sin (m+ n)z +4 sin (m—n)z. 


c.f sin mz cos nz de=% f sin(m+ nz dr-+4 { sin(m—n)xdz 


_ cos(m+n)x_cos(m—n)z 
~ 29(m+-n) 2(m — n) 5 ag 


Similarly, we find 
; - de —___Sin(m+n)z , sin(m—n)x 
Ppp sn ee em Te 


_sin(m+n)z , sin(m—n)z 
feos mz cos ne dz = 2(m+n) Re 2(m—n) rhs 


PROBLEMS 
Verify the following integrations: 
oe _x sm2z 
1. fsin rdz=5 yeaa ae 
3x2 sin2z sn4zr4¢ 
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32 ,sin2z , sn4z 
oo 7 Te aig tte 
6 


8. { cost x dx = 


3 
4. (sin? cdr = (52—4sin224 S82 4S S852 


. i i 3 
9. fsin?Z cost de = %— S224 SZ sc. 


- atk _sin4dz 
10. f (1 + sin 2 2)*dx ==> cos 2z 3 ae f 
5 Tx 2cos*z , sn4z 
2 nN SA — ee Behe ay elias 
11. f (sin x + cos 2). = g 3 _ 39 + C. 


: _ _cosdzr cost 
12. [sin 3 cos 2 2dx= To | mere +C. 
13. fisin4 csin 6 rdr=— S002 , Sn? zy C. 


sin8z , sn2z 
16 4 


14. { cos 5 x cos 8 x dx = 


Work out each of the following integrals and verify your results by 


differentiation : 
: 15. feos? de. a1. {(1— cos) dr. 3 
16. [ sin? F cos? F dz. . 22. { (sin x + cos x) 7dr. 
17. { cost 4 dz. 28. f (sin 22+ sin 2)dz, 
18. cos? 2 6 sint2 6 d8. 24. { (cos x — sin 2 z)?dr, 


19. faint 2 cost 2 ag. 


wig OS ayia. 


ee 


a = 3, we have the answer. 
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135. Integration of expressions containing Va? — u? or Vu? + a? by 


trigonometric substitution. In many cases the shortest method of in- 
tegrating such expressions is to change the variable as follows: 


When Va? — u? occurs, let w= a sin z. 
When Va? + wu? occurs, let wu = a tan z. 
When Vu? — a? occurs, let w= a sec z. 


These substitutions were used in Arts. 132-133. By them the radi- 


cal sign is in each case eliminated. For 


(1) Va? — a? sin?z = aVl1 — sin?z=a cos Zz; 
(2) a? + a? tan?z =avV1- tan?z= asec z; 


(8) ae eas 


ILLUSTRATIVE EXAMPLE 1. Find af — 
(Ces ak 


Solution. Let wu =asin z; then du =a cos z dz, and, using (1), 


du a@coszdz ) 1 dz al 
a ————— == = sec? z dz 
a? cos’z  a2J cos?z a? 
(a2 — at 
- tan 2 U 
= = +C. g u 


a? Sy ae 


For, since sin z = : » draw a right triangle and mark the 


3 Vaz 2 
sides as in the figure. Then tan 2 =——“—. ea 
A/ a2 PS U2 
ILLUSTRATIVE EXAMPLE 2. Prove qf ane log IS EN Ay gb 
rV4e2+9 38 2a 


Solution. Here V422+9=Vwu?4+ a? ifu=22,a=8. 


Hence let 2x = u; thenx =} u, dx = } du. pa Se 


dx 2 du + 
(4) Ueerecran ee wirawe SS ee 
Let u =a tan z. Then du = a sec?z dz, and, using (2), 
1 = asectzdz  I1pseczdz 1 r_dz 
owas | ates asec? = a tanz ~ aJ sinz 


et =! - 
= 7 fescedz == log (ese z — cot z) + C. 
Since tan z = . draw aright triangle and mark the sides as in the figure. Then 


Vu? + a2 a 
ey ee CObe= =. 
u uU 


ah Mt 
Mo avare sy te 


Substituting back in (4), and setting, as above, u = 22, 
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PROBLEMS 
Verify the following integrations: 
dx Vx? — 3 
1. {—— = -.—+¢ 
aes 32 
— 72 
2. f ISB GS BIN DEAE 
rev 5 — 2? 5x 
dx a 
See ee 
if (22 +2) 2Vx?+2 


4, (SRE E = NE — are sin + C. 


. [SBE = Var = 16 — 4 are see t+ Gi 


Ke 1 ap 
6. —_——. = = lo (—+—)+ce 
ar 3 O\34 V9 — a? 


yee: oo 3 
7. (SES Hog (x + VP = 36) - Lara, 


Vx? —8 dx _ (x? — 8)3 
I eee pares icmp yoo 
9. _ Gat +8)Va7—8 | 
Swe fal oe 

2 _ 2)3 
Ae HAE 
i. (Ee = NE te 
ey? +1 3 
2 yore 

a —— -=G20eS! VeP—-1lig 


Work out each of the following integrals and verify your results by 
differentiation : 


dx V25 — x2dx VA + x? dx 
13. | ———__- EIR Se CEE )| a eee 
Ie — x)? 15. f x ~s if x8 
dx dx x? dx 
14. | —“—=.. 16. | ———... 18. | ————. 
JE v+9 ee ie 
MISCELLANEOUS PROBLEMS 
1. f ax dx. pg (eee b)dx . 
‘J Vp + cx? V x? — a? 
ax dx 4. f (Sx+2)dz_. | 
b+ cx?” ‘J4n2?+4e4+5 


bf (Sx+2)dx__. 


V40?2+424+5 
Bae’ + e-2°)2de. 
‘| aera % 


Al ap volBy 
eat 


4xdx 
9. 
|) oes 


10. f'(1 — 2 cot 5" d6. 


St: 
ieee 
11. f'sin qu. 


irda 
0 | seeeraer 


O(a 5)dz 
Vert 5a 


t 
(eels 
14. {cos 5 dt. 


2 sin ¢ dt 
Bs cost’ 


0 6 
Aa Pee 
16. {sin 4 008 400. 


et ial Gy : 
V3807+324+1 


18. feos? 3 26 dé. 


“| oerereegrar 


20. f=. 


at. “oe 


81 dx 
22 ‘ 
“eee — 9)% 
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25. i Seen 
1 + x 
fe ae 
n/a 
go, 0 see 8, 


dx 
Vara 


30. ip cos {V2 + 3 sin ¢ dt. 


31. [ (42+ 5)dx | 
N/G — Age = 2 


ag, (Ets ade, 
x 


Ste (go ee 


See ee 


SH if sin‘ ax cos ax dx. 


38. { sint ax cos? ax dx. 


(t + sin 3 t)dt 
39.(3—2c0s8t 


(x + 1)dx 
Same 8 
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136. Integration by parts. If uw and »v are functions of a single inde- 
pendent variable, we have, from the formula for the differentiation of 
a product (V), Art. 94, doy ou ane 


or, transposing, u dv = d(uv) — v du. 
Integrating this, we get the inverse formula, 


(A) fudwaw- | vdu, 


called the formula for integration by parts. This formula makes the 
integration of uw dv, which we may not be able to integrate directly, 
depend on the integration of dv and v du, which may be in such form 
as to be readily integrable. This method of integration by parts is one 
of the most useful in the integral calculus. 

To apply this formula in any given case the given differential must 
be separated into two factors, namely, wu and dv. No general direc- 
tions can be given for choosing these factors, except that 


(a) dx 1s always a part of dv; 

(b) it must be possible to integrate dv; and 

(c) when the expression to be integrated is the product of two func- 
tions, it is usually best to choose the most complicated-looking one that it 
as possible to integrate as part of dv. 


The following examples will show in detail how the formula is 
applied : 


ILLUSTRATIVE EXAMPLE 1. Find f: x cos x dx. 


Solution. Let u=x and dv=coszdz; 
then du—ar and 7? = [cos edz = sin x: 
Substituting in (A), 
u dv aa) vo du 


Bo eS a mas : 
{2 cos x de =asine— fsinedt=zsinz + cosx+C. 


ILLUSTRATIVE EXAMPLE 2. Find iF x log x dx. 


Solution. Let u=logx and dv=xdz; 
_ de a _v 
then Se and v= [ade=7 


Substituting in (A), 
= 2? _ px? dx 
flog x dx = log « 9 ike : 


_2 ee 
= log x zt: 
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ILLUSTRATIVE EXAMPLE 3. Find i xe dar. 
Solution. Let US eee and diate 
then du=e%-adx and v=[rde=Z. 
Substituting in (A), 
fret de =e = — fF erade 


_we* a 

B. ie ta 

___ But xe" dz is not as simple to integrate as xe%* dx, which fact indicates that we 
did not choose our factors suitably. Instead, let 


u—s and dee dz; 


then du=dx and a= { erdx =— 
a 


xe% dx. 


frerde =x a he 
a 
See IE ae 
a a a a 


_ It may be necessary to apply the formula for integration by parts 
more than once, as in the following example: 

ILLUSTRATIVE EXAMPLE 4. Find ue ae dr. 

Solution. Let uw=22 and do=e*dx; 


du=2xdx and a | eras — 2 


Substituting in (A), 
Nie aera “-fH. 2 xdx 


=P 2 fren dr. 
a a 


integral in the last term may be found by applying formuia (A) again, 


Rea a 5 (2-3) +¢ 


stituting this result in (1), we get 


2o2 eal =e =< (2-22 = 
ee ot = Te oe neo) eae ES er +C. 


R ATIVE EXAMPLE 5. Prove 
foscctzde =} seez tan z +} log (sec z + tan z) + C. 


i n. Let u = sec z and dv = sec?z dz; 
du=secztanzdz and v=tanz. 
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Substituting in (A), 
f sectz dz = sec z tan 2 — | sec 2 tan?z dz. 
In the new integral, substitute tan?z = sec?z — 1. Then we get 
J sectzde = sec 2 tan z — [sec’z dz + log (sec z + tan z) + C. 


Transposing the integral in the right-hand member and dividing by 2, we have the 
required result. 


ILLUSTRATIVE EXAMPLE 6. Prove 


fe sin na de = ¢ 2 Si Re — C08 RS) SS eee my) +C. 
a2 +n? 
Solution. Let uo oo and dv=sinnzxdz; 
then du=ae"dx and v=— ss 
Substituting in formula (A), the result is 
9 ian wie 6 COSNG Gi fn, : 
(2) fe sin nox dx ee +o fe cos nx dx 
Integrate the new integral by parts. 
Let Ube and dv=cos nxrdxz; 
then du=ae*dx and v= saree 
Hence, by (A), 
(8) 1x cos me dee = SAME _ & eee sin ma dae. 
n n 
Substituting in (2), we obtain 
; eo 4 a? 4 
(4) fers sin ne de =F (asin ne — n cos ne) — 5 fer sin ne dr, 
n2 n2 


The two integrals in (4) are the same. Transposing the one in the right-hand 
member and solving, the result is as above. 


Among the most important applications of the method of inte- 
gration by parts is the integration of 


(a) differentials involving products, 
(b) differentials involving logarithms, 
(c) differentials involving inverse circular functions. 


PROBLEMS 
Verify the following integrations: 


1. fw sin edz = sin x — xcosx+ C. 


2. {log xdx = x(logx—1)+C. 
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8. fasin22de=—}2cos2r+4sin2r+C. 
4. {xcos32de=}asin32+}cos32+C. 
; b. {zsec?2 xdx=}xtan22+ } log cos22+C. 
eG we Se ES Sale ny ae 
6. { x sin gie=7e 5 2 sin s 9 COS L + C. 
: 7. {asin 2xdx=—}z 2cos2z+$rsin22++4ceos2z24+C. 


8. {sin x cos 3 zdz = £(3 sin zsin 3x + cos xcos3 x) + C. 


9. fa log ih ems 


ai (oe — weit ¢ 

10. fare sin zdz =z aresins + VI= +0.” 

11. f are tan xdz = x arc tan x — } log 1+27)+C. 

12. [are cot y dy = y arc cot y + } log 1+y%)+C. 

18. fare tan 2dr = x are tan 2 — 3 log (77+9)+C. 

14. {28 are tan xdz = } (z+ — 1) are tanz+45(32—27)+C. 


arc tan cdr L are tan £ 
pe — toe( a) — ne so. 


16. flog (1 — Vz) dx = (x —1) log (1 — Vz) —3(c + 2Vz) +0. 


Pe t 
18. etsin tdt = 5 (sin t — cos t) + C. 


crac wo 


=Ta3 
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Work out each of the following integrals and verify your results by 
differentiation : 


Spee are tan Vidz 
25. [a ese? 3 x dx. 36..| Soo ee 
26. fx cos? 5 dr. 37. [236% de. 

ae ane AZ ZL )2 
27. [ a? cos 5 de. 38. Af (e* + x)2dx. 
28. {sin 8 x2 cos du. 39. { (2° + x?)?dx. 
29. {sin 6 sin 3 6dé. 40. [es cos 2 t dt. 

t 

30. { cos f cos 3 hdd. 41. [e sin 2 t dt. 

> * t 

‘ 1 n 4 2t pe 
31. f are sin 2 xdz. 42. [e COS 5 dt. 

, je 
32. are tan i dz. 43, [e-' cos 5 dt 


t 
33. fare sin Jz dx. 44. [e8 cos ¢ dt. 
34 AP: are sin «dx t. 
. ' 45. f e2 sin t dt. 


x are sin x dx. 
35. = ere 46. {'cse® 6dé. 


137. Comments. Integration is, on the whole, a more difficult op- 
eration than differentiation. In fact, so simple an integral (in 


appearance) as 
if Ve sin x dx 


cannot be worked out; that is, there is no elementary function whose 
derivative is Vxsinz. To assist in the technique of integration, 
elaborate tables of integrals have been prepared. A short table is 
given in Chapter X XVII in this book. The use of this table is ex- 
plained below in Art. 176. At this point let it suffice to remark that 
the methods thus far presented are adequate for many problems. 
Other methods will be developed in later chapters. 


> Wes 


CHAPTER XIII 
CONSTANT OF INTEGRATION 


138. Determination of the constant of integration by means of initial 
conditions. As was pointed out on page 190, the constant of integration 
may be found in any given case when we know the value of the 
integral for some value of the variable. In fact, it is necessary, in 
order to be able to determine the constant of integration, to have 
some data given in addition to the differential expression to be 
integrated. Let us illustrate this by means of an example. 

ILLUSTRATIVE EXAMPLE. Find a function whose first derivative is 3 x2 -—-22+5, 
and which shall have the value 12 when x = 1. 

Solution. (8 x? —22-+5)dx is the differential expression to be integrated. 

Thus f@x 2x04 5)de=x% 2 +5240, 
where C is the constant of integration. From the conditions of our problem this 
result must equal 12 when « = 1; that is, 

12=1-—-1+5+4+0C, or C=7%. 

Hence «3? — x2 + 52+ 7 is the required function. 

139. Geometrical signification of the constant of integration. We 
shall illustrate this by means of examples. 

ILLUSTRATIVE EXAMPLE 1. Determine the equation 


of the curve at every point of which the tangent line has 
the slope 2 x. 


Solution. Since the slope of the tangent to a curve at 
any point is dy we have, by hypothesis, 


dx : 
on SA 
or dy =2 xdx. 
Integrating, y=2 uf xdx, or 
(1) y=x?+C, 


4 where C is the constant of integration. Now if we give to 
CC aseries of values, say 6, 0, — 3, (1) yields the equations 
y=r?+6, y=r, y=x?—-3, 
whose loci are parabolas with axes coinciding with the y-axis and having 6, 0, —3 
respectively as intercepts on the y-axis. d 
All the parabolas (1) have the same value of = ; that is, they have the same 


direction (or slope) for the same value of x. It will also be noticed that the difference 
F 229 
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in the lengths of their ordinates remains the same for all values of «. Hence all the 
parabolas can be obtained by moving any one of them vertically up or down, the 
value of C in this case not affecting the slope of the curve. 

If in the above example we impose the additional condition that the curve shall 
pass through the point (1, 4), then the codrdinates of this point must satisfy (1), 


giving 4=14-1Cs “or 0.8. 
Hence the particular curve required is the parabola y = x? + 3. 
ILLUSTRATIVE EXAMPLE 2. Determine the equation of a curve such that the 


slope of the tangent line to the curve at any point is the 
ratio of the abscissa to the ordinate with sign changed. 


Solution. The condition of the problem is expressed 
by the equation dy_  « 


de y 
or, separating the variables, 
ydy =— «du. 
i | ig Ral gs 
Integrating, 9 5) ’ 
or 0242 = 2 Ce 


This, we see, represents a series of concentric circles with their centers at the origin. 
If, in addition, we impose the condition that the curve must pass through the 


point (8, 4), then Gia 


Hence the particular curve required is the circle x? + y? = 25. 


PROBLEMS 


1. The following expressions have been obtained by differentiating 
certain functions. Find the function in each case for the given values of 
the variable and the function: 


Derivative of Value of Corresponding 


function variable value of function Answer 

Case 1 5 w+ 2042. 
as 2. 

(b) 2 x2 2 5 22+ - 

(d) cos 2 6 a 6 Sin 20+ 6. 

—2x 

©). ns 6 8 V100 — 22. 

©) Tins 03 

(f) aoe 1 ue are sin x+ 7. 

(g) tan 0 0 3 log sec 6+ 3. 

(h) v7 -—-227+4+2 ak aD 

(i) V4a+5 1 4 

‘ x 
Vea | 
2 0 


pect ooe 
ira 
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2. Find the equation of the system of curves such that the slope of 


the tangent at any point is as follows: 


(a) m. 


((195)). re 


oetoal | 
(oP 


. Straight lines, y = mx + C. 


Parabolas, y = os + C. 


2 
Parabolas, es =a“+c. 


2 3 
Semicubical parabolas, eS = = + C. 

3 2 
Semicubical parabolas, a = - + C. 


Cubical parabolas, y = x? + C. 
Cubical parabolas, 7 =r+C. 
Equilateral hyperbolas, y? — «2? =C. 
Equilateral hyperbolas, xy = C. 
Hyperbolas, 67x? — a?y? = C. 


Ellipses, 62x? + a?y? = C. 


Circles, x? ++ y27+2x2—2y=C. 


8. In each of the following examples find the equation of the curve 


whose slope at any point is the given function of the codrdinates and 
which passes through the assigned particular point: 


7. 


fay 2.x0;. (0, 4). 
(b) 24; G, 1). 
fe) xy; (2, 1). 


ae Get. 


2-2, 
(e) y+3’ (5, 1): 


@ ©; a0. 
(g) aVy; (2, 4). 
vy, 

(h) iaaa' (0, 1). 


(i) x cos? y; (2, 0). 


Ans. y= ax? +4. 
2x=logy+1. 


= 1 
y 1—loga 
L64 ="(2? 4-4). 
v2—y?+1=0. 


2tan y= x? — 4, 
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2 —2 
(i) =; (2, 8). (n) aia Us (1, —4). 
y a 
r+ 
ee (| ; oO 3, 8 
(k) 5+ 0, 4) (0) ee ; (3, 8). 
() yVx; (4, 1). (p ) tte, (8, 3). 
Dass, 7,9). 
(m) HG; a, D. (q) y2sin x; (2) 

4. Given dy = (247+ 3)dz, y= 20 when x=8. Find the value of y 
when « = 6. Ans. 92. 
2 

5. Given dA=V2pxrdzx, A= when c= 5 Find the value of A 

= i OT 2 
When v= 2 0. Ane Sr. 
6. Given dy =a“V9+427 dz, y=0 when x=0. Find the value of 

y when « = 2. Ans. 4,2. 
7, Given ds =tV2t+1dt, s=0 whent=0. Find the value of s 
when P=, Ans. 298, 


8. Given dy =e*dz, y= 2 when x=0. Find the value of y when 
meee 1, 


9. Given ds = cos mt dt, s= 1 whent=0. Find the value of s when 

ie lly 
10. At every point of a certain curve y”’ = a Find the equation of 
the curve if it passes through (2, 1) and has the slope — 1 at that point. 
Ans. = Zz 
J 


11. At every point of a curve y’’ = 6 x, and at the point (0, — 2) the 
curve is tangent to the line whose equation is 2z2—-3y=6. Find its 
equation. Ans. 3y=323+227—-6. 

12. Find the equation of the curve at every point of which y’” = a3 
and which passes through the point (4, 0) with an inclination of 45°. 


13. Find the equation of the curve at every point of which y’’ = — 2 
and which passes through the point (1, 1) with an inclination of 135°. a? 

14. Find the equation of the curve whose subnormal is constant and 
equal to 2 a. Ans. y?=4axz+ C, a parabola. 


Hint. From (4), Art. 43, subnormal = y “ 


15. Find the curve whose subtangent is constant and equal to a 
(see (3), Art. 43). Ans. alogy=z+C. 

16. Find the curve whose subnormal equals the abscissa of the point 
of contact. Ans. y? — x? = 2 C, an equilateral hyperbola. — 
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17. Find the curve whose normal is constant (= R), assuming that 
y = RF when x = 0. Ans. x? + y?= R?, a circle. 


HINT. From Art. 43, length of normal = yy/1+ uae or 


da = + (R? —y?)~? ydy. 
18. Determine the curves in which the length of the subnormal is 
proportional to the square of the ordinate. AS na C=, 


19. Find the equation of the curve in which the angle between the 
radius vector and the tangent is one half the vectorial angle. 


Ans. p=c(1— cos @). 


20. Find the curves in which the angle between the radius vector and 
the tangent at any point is n times the vectorial angle. . Ans. p” =c sin né. 


140. Physical signification of the constant of integration. The fol- 
lowing examples will illustrate what is meant: 


ILLUSTRATIVE EXAMPLE 1. Find the laws governing the motion of a point 
which moves in a straight line with constant acceleration. 


Solution. Since the acceleration [= de from (A), Art. 59 is constant, say f, 


we have 4 dt 
aa! 
or dv=fdt. Integrating, 
(1) v=ft+C. 


To determine C, suppose that the initial velocity is v9; that is, let v = 7 when 
t=O. 


These values substituted in (1) give Initial Conditions 


%=0+C, or C=. 
Hence (1) becomes 


(2) v=ft +. 
Since » = 4 ((C), Art. 51), we get from (2) 


dS oe 
dt — ft — Vo, 
or ds = ftdt + vodt. Integrating, 
i (3) s= Ff? +t+C. 
To determine C, suppose that the initial distance is s9; that is, let s=sp when t=0. 


These values substituted in (3) give 


S=0+0+C, or C=8. 


Hence (3) becomes 


(4) 8 =F ft? + rot + 8. 


es 
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By substituting the values f = g, v = 0, so = 0, s =h, in (2) and (4), we get the 
laws of motion of a body falling from rest in a vacuum, namely, 


v=gt, and h=% gi?. 
Eliminating t between these equations gives v = V2 gh. 


ILLUSTRATIVE EXAMPLE 2. Discuss the motion of a projectile having an initial 
velocity vo inclined at an angle a with the horizontal, 
the resistance of the air being neglected. 


Solution. Assume the XOY-plane as the plane 
of motion, OX as horizontal, and OY as vertical, and 
let the projectile be thrown from the origin. 

Suppose the projectile to be acted upon by 6facosa 
gravity alone. Then the acceleration in the hori- 
zontal direction will be zero and in the vertical direction — g. Hence, from (F), 


Art, 84, dv, Geer dvy NSE 
dt dt 

Integrating, Vz =C, and v,=—gt+ Co. 

But Yo COS @ = initial velocity in the horizontal direction, 
and % sin & = initial velocity in the vertical direction. 

Hence Ci=% cosa and Cy.=wsina, giving 

(5) =v cosa and w=—gt+ sina. 

But from (C) and (D), Art. 83, v. = “ and vy, = ou; therefore (5) gives 

te = wy cos a and ot = — gt + w sina, 

or dx=v cosadt and dy=—gtdt+ sin adt, : . 


Integrating, we get 
(6) x=vcosa-t+C3 and y=—gi?+msina-t+C.. 
To determine C3 and C4 we observe that when t= 0, x = 0 and y=0. 


: 


Substituting these values in (6) gives 
Gz = 0 Vand C70; 


Hence 

(7) Xx = vp cos a: t, and 

(8) y=—3 gt? +nsina-t. 

Eliminating ¢ between (7) and (8), we obtain 
2 

(9) y=x tana — fi 


2 v02 cos?a@’ 
which is the equation of the trajectory and shows that the projectile will move in a 
parabola. 


PROBLEMS 


1. Assuming in a straight-line motion that s = 0 when t= 0, find 
relation between s and t, knowing that the velocity is as follows: 


(a) Constant (= 2). 4 Ans. 8 = ol. a 
(b) 80 — 82 t. :  s= 80t—1eé 
(ec) 7 cos Tt. " g== gin Zee 


——— alti 
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2. Assuming in a straight-line motion that v = m% (constant) when /=0, 
find the relation between v and t, knowing that the acceleration is as follows: 


(a) 0. Ans. V= 1. 
(b) Constant (= k). v= % + kt. 
2 
(c) a+ bt. V=% +at+ Les 
3. Assuming in a straight-line motion that s = 0, v= 10, when t= 0, 
find the relation between s and t, knowing that the acceleration is as follows: 
(a) — 82. Ans. 8=10t— 16 #2, 
{2 he 
b)1—t. s=10t+——--- 
(b) F POG 
(c) — 20 sin 2 ¢. 3= 5 sin 21. 


4. (a) With what velocity will a stone strike the ground if dropped 
from the top of a building 100 ft. high? (g = 32.) Ans. 80 ft. per second. 

(b) With what velocity will the stone of (a) strike the ground if thrown 
downward with a speed of 60 ft. per second? Ans. 100 ft. per second. 

(c) With what velocity will the stone of (a) strike the ground if 
thrown upward with a speed of 60 ft. per second? 


5. A stone dropped from a balloon which was rising at the rate of 
20 ft. per second reached the ground in 6 sec. (a) How high was the bal- 
loon when the stone was dropped’? (b) With what velocity did the stone 
strike the ground? Ans. (a) 456 ft.; (b) 172 ft. per second. 


6. In Problem 5, if the balloon had been falling at the rate of 20 ft. 
per second, how long would the stone have taken to reach the ground? 


7. A car makes a trip in 10 min., and its velocity is given by 

v = 5004 — 5 t*, where ¢t is measured in minutes and v in feet per minute. 

(a) How far does the car go? (b) What is its maximum speed? (c) How 
far has the car moved when its maximum speed is reached ? 

Ans, (a) 12,500 ft.; (b) 1924 ft. per minute; (c) 6944 ft. 


8. If the acceleration of a particle moving with a variable velocity v 
is — kv”, where k is a constant, and if %% is the velocity when t = 0, show 


that= == + ut. 
v Vo 


9. A particle sliding on a certain inclined plane is subject to an accel- 
eration downward of 8 ft. per second per second. If it is started upward 
from the bottom of the plane with a velocity of 12 ft. per second, find the 
distance moved after t sec. How far will it go before sliding backward? 

Ans. 9 ft. 


10. If the inclined plane in Problem 9 is 40 ft. long, find the neces- 
gary initial speed in order that the particle may just reach the top of 
the plane. 
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11. A projectile with an initial velocity of 160 ft. per second is fired at 
a vertical wall 480 ft. from the point of projection. 
(a) If a = 45°, find the height of the point struck on the wall. 
Ans. 192 ft. 
(b) Find a so that the projectile will strike the base of the wall. 
Ans, 18° or 72°. 
(ec) Find a so that the projectile will strike 80 ft. above the base. 
Ans. 29° or 70°. 
(d) Find @ for the maximum height on the wall and this height. 
Ans. 59°; 256 ft. 
12. The resistance of the air to an automobile, within certain limits 
of speed, is proportional to the speed. Hence if F is the net force gen- 
erated by the motor, we have M = F —ky. Express the velocity in 
terms of t, knowing that »v = 0 when t = 0. Ans. v= = _ ia 


CHAPTER XIV 
THE DEFINITE INTEGRAL 


141. Differential of the area under a curve. Consider the con- 
tinuous function ¢(z), and let 


y = O(Z) 


be the equation of the curve AB. Let CD be a fixed and MP a 
variable ordinate, and let u be the measure of the area CMPD. 
When <z takes on a small increment Az, uw takes on an increment 
Au (= area MN QP). Completing the rectangles MNRP and MNQS, 
we see that 


Area MNRP < areaMNQP < area MNQS, 
or MP.- Ax < Au< NQ- Az; 
and, dividing by Az, 


MP < 54 < NQ* 


- Now let Az approach zero as a limit; then since MP remains fixed 
and NQ approaches MP as a limit (since y is a continuous function 
of x), we get oe 


or, using differentials, du =y dz. 


_ Theorem. The differential of the area bounded by any curve, the 
g-axis, a fixed ordinate, and a variable ordinate ts equal to the product of 
the variable ordinate and the differential of the corresponding abscissa. 


_ 142. The definite integral. It follows from the theorem in the last 
article that if the curve AB is the locus of 
y= 92), 
du = y dz, or 
= ¢(z)dz, 
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where duis the differential of the area between the curve, the x-axis, 
and two ordinates. Integrating, we get 
\ 


u = [ e@az. C 
note x)dx by f(x DQ / 
ae iO 


We determine C by observing that w= 0 
when x =a. Substituting these values in (2), we get 


0=f(a)+C, 
and hence C=-— f(a). 
Then (2) becomes 
(3) u = f(x) — f(a). 


The required area CEFD is the value of u in (8) when r=). 
Hence we have 


(A) Area CEFD = f(b) — f(a). 
Theorem. The difference of the values of sf ydx forx=aandx=b 


gives the area bounded by the curve whose ordinate is y, the x-axis, and 
the ordinates corresponding tox =a and x= b. 


This difference is represented by the symbol* 


(4) if ire or if aaNet 


and is read ‘‘the integral from a to 6 of ydzx.’’ The operation is 
called integration between limits, a being the lower and b the upper 
limit. 

Since (8) always has a definite value, it is called a definite integral. 
For, if 
| o@de=fa) +e, 


b * 
es fe@e=|1@ + ¢]=10 + a-Y@) +0 
o ff peerae = fb) — fea, 


the constant of integration having disappeared. 


* This notation is due to Joseph Fourier (1768-1830). 
7 The word “‘limit”’ in this connection means merely the value of the variable at one end 
of its range (end value), and should not be confused with the meaning of the word in the 
Theory of Limits. 


. 
~ 
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We may accordingly define the symbol 


b b 
f e@de or f uae 


as the numerical measure of the area bounded by the curve y = o(z),* 
the z-azis, and the ordinates of the curve ot s=a and s=b. This 
definition presupposes that these lines bound an area; that is, the curve 
does not rise or fall to infinity, and both a and b are finite. 

143. Calculation of a definite integral. The process may be sum- 
marized as follows: 

First Step. Find the indefinite integral of the given differential ex- 
pression. 

. SECOND STEP. Substitute in this indefinite integral first the upper 
limit and then the lower limit for the variable, and subtract the last 
result from the first. 

It is not necessary to bring in the constant of integration, since 
it always disappears in subtracting. 


4 
ILLUSTRATIVE EXAMPLE 1. Find J, a? dz. 


: 4 z7|4 64 1 
Solution 2dr —— pa ne ge E Ans. 
J < A! 3 38 = 


ILLUSTRATIVE EXAMPLE 2. Find {sin sdz. 


eee 7 —[-=2),-[-¢ ‘= 1)|-[- 1]=2. Ans. 


ILLUSTRATIVE EXAMPLE 3. Find f° ts 
9 


Sta ([F are en] =*aretan 1-1 are tan 0 
ajo @ 


9 a*+2z7 a 
4S 
sor Pt oer - Ans. 
* ILLUSTRATIVE EXAMPLE 4. Papeete SIs gaits 
; Solution. Comparing with (19) or (19a), 7=22,a=3, do=2 dz. 
0 d& 1 22-3 
, 19 
@ 4 Bese 9 oo eee seal 
fede. ov penrdri £.. U8, 34-220 
@) eer ee | ferries ae ie vids et 


‘The result in equation (2) must be used, for in (1) the logarithms of negative 
numbers occur. Evaluating the right-hand member in (2) gives the answer. 

144. Change in limits corresponding to change in variable. When 
integrating by the substitution of a new variable it is sometimes 
i * $(z) is continuous and single-valued throughout the interval [a, b]. 
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rather troublesome to translate the result back into the original 
variable. When integrating between limits, however, we may avoid 
the process of restoring the original variable by changing the limits 
to correspond with the new variable. This process will now be 
illustrated by an example. - 


1 
16 gt 
ILLUSTRATIVE EXAMPLE. Calculate aE oa : 
: 0 1+27 
Solution. Assume x = z+. 


Then dx = 4 23 dz, et = 22,2 


SO CN) 
and when eile oe 
i i xtdx gees ee oe 27 | 
: 2—-1+ dz 
Jy 1+27 i) met 
2 dz 2 
=4f" 22 Sal fae ae as =|%3 -—42+4aretane|” P 


=§+4arctan2. Ans. 


The relation between the old and the new variable should be such that to each 
value of one within the limits of integration there is always one, and only one, finite 
value of the other. When one is given as a many-valued function of the other, care 
must be taken to choose the right values. 


PROBLEMS 
b a 
1. Prove that i f(z)dx = — i! f(x)dz. 
Verify the following integrations: 


: fa 1. 5a SST 6 

3. [°Vz—2dr= 1p 12. f'te'dt=1 | 
4. f °x x? +9 dx = 88. 13. {"e° sin 6.40 = 3(e" + 1). : 
5. f V25 — 3 ade = 132. 14. (a= gle 
a= 7 15. fBsec’ 6d0=1+ logs. 

7. f° (Va— Va)? dr=. 16. 26" #sin 2 6.d0 = 0.429. 

8. [-u°VI+ dy = 3p. aE oe a e. 


Pad: 
9. f “Vit +9 de= 10 + $log3. i : 
0 1 3 


, ye. ade 
PR A a 193 = 
0. f Via Bde =F +2 Cs fe 
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Find the value of each of the following definite integrals: 


20. {-" (V2a+ Va)dz. 26. { tan? 29. 
I 0 3 
21. J, Lt G+ Vy)dy, 26. { sin? 6 cos 6 dé. 
: 2 x dx : 
22. [ sin 76 dé. 27. {. aes 
Ber 2 dx 
23. sin? 5 d0. AM i eprerpmariy 
4 edz 5 dx : 
9, nl 
ioe ‘ (Sanaa 


145. Calculation of areas. On page 238 it was shown that the area 
between a curve, the x-axis, and the ordinates 
x=a and x= b is given by the formula 


b 
(B) Area = { y dx, 


where the value of y in terms of x is substituted 
from the equation of the given curve. 


ILLUSTRATIVE EXAMPLE 1. Find the area bounded by 
the parabola y=”, the x-axis, and the ordinates x =2 
and «=4. 

Solution. Substituting in the formula, 

4 3 4 
= 2 —|o 
Area ABDC if x? dx F] 


a4, 8 8G Qe: 
= §&4 —-$ — 58 =183. Ans. 


ILLUSTRATIVE EXAMPLE 2. Find the area bounded by the circle x? + y? = 25, 
the x-axis, and the ordinates + = — 3, 7 = 4. 


Solution. Solving, y = V25 — x2. Hence 
Area= {" V25 — x2 dx 
= 


= [5 V25 — 2? + 2 are sin a by (22) 
=e 


=6+ 4,2 aresin ¢+6—,° aresin (— 2) =31.6. Ans. 
The answer should be compared with the area of the semicircle, which is 
4(25 3) = 39.3. 
146. Area when the equations of the curve are given in parametric 
form.* Let the equations of the curve be given in the parametric form 
r=f(t), y=). 


* For a rigorous proof of this substitution the student is referred to more advanced 
treatises on the calculus. 
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We then have y = #(t), and dx = f’(t)dt. Hence 
b to 
(1) Area =| y dx =) p(ty)f’ (tdt, 
Jt ty 


where t=t, whenx=a, and t= whenzx=b. 


ILLUSTRATIVE EXAMPLE. Find the area of the ellipse whose parametric 
equations (Art. 81) are 


x<=acos¢d, y=bsin d. 


Solution. Here y= Obsin ¢, 


and dx = — asin’¢ dd. 
When SM, Gay Lae 
2 
and when CHC ere — AO 


Substituting these in (1), above, we get, for 
the first quadrant, 


v( ~() ’ 
Area = it "y dx = -{ “ab sin? dp = 22. (sin? $ = 3 — 3 cos2 ¢) 
J ( vn 


2 
ra 


Hence the entire area equals mab. Ans. 


PROBLEMS 


1. Find by integration the area of the triangle bounded by the line 
y = 2x, the x-axis, and the ordinate x = 4. Verify your result by finding 
the area as half the product of the base and altitude. 


2. Find by integration the area of the trapezoid bounded by the line 
x-+y=10, the x-axis, and the ordinates x =1 and x= 8. Verify your 
result by finding the area as half the product of the sum of the parallel 
sides and the altitude. 


3. Find the area bounded by the given curve, the x-axis, and the given 
ordinates : 


Cae epee oot, lesan Ans. 1s. 

(b) y=9xe—23; c=0,2=38. af. 

(c:) y2=4—a2; e=0,27=38. is, 

@)y=o+5; o=2,0=4, fh: 

(e) yar; “Thal bets Oy 23.03. 
Nf a ee es 

(f) y Lage? “= es. 8.36. 


(g) y=2sine; r=0,2=5- 3 2. 
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13 
Pee =. 2— 0, s— 2. Ans. 1.26. 
aK 2n, £—2,2— 8. 0) y=4sin2: r=0,r=7. 
aa — 2s + — 2, z—6. es. 
10 : z (m) y= cos >; heat | Ee eel 
== oe eee = 
% Vi+9 (ny — V4-7 ae se — 0.35 —4- 
—— 4. Find the area bounded by the given curve, the y-axis, and the given 
lines : 
a. *. w— i y—4. Ans. 23. 
— (b) YW =22; y=1, y=3. i. 
(ce) y=42; y=2, y=4. (e) y=sinz; y=4,y=1. 
—\(d) sy=12; y= 2, y=6. (f) y=logz; y=0, y=1. 
5. Find the area bounded by the following curves and the z-axis: 
(a) y=4-— 27. Ans. 32. 
(b) y =z — 2*. a 
(ec) y=8+22—- 27. (f) One arch of y=sin z+ cosz 
(d) y=ax log z. (g) y=2sinz—-z. 
~@ (e) One arch of y = 3 sin 2 z. (h) y= cos z — 2. 


: _6. Find the area bounded by the codrdinate axes and the parabola 
Va + Vy = Va. 


_—! 1. Prove that the area of any segment of a parabola cut off by a chord 
perpendicular to the axis of the parabola is two thirds of the cireumscrib- 

¢ ing rectangle. 
8. Find the area bounded by the parabola y? = 4 x and the straight 


line y=z. Ans. 3. 
oe 9. Find the area bounded by the two parabolas y? = 8 rand x? = 8 y. 
: Ans. 3. 
10. Find the area in the first quadrant bounded by the curve whose 
equation i is y = x? and the line whose equation is y = 2 x. Ans. 1. 


+ 11. Find the area of the segment of the parabola whose equation is 
 y=6+2— 2? cut off by the chord joining the points (— 1, 4) and (3, bes 
Ans. =3. 
12. Find the area bounded by one arch of the curve y = 2 sin zz and 

— 18. Find the area between the curve y = 


and the line 4 y = z. 
Ans. log 4 — 2. 
eee ares bounded ley the exrve 9 — ae 

line x= 1. ns. 2 log 2. 


oss. ids foie ath ha pen 2 — a(@ — sin 9), 
y=a(1 — cos 6), and the z-axis. Ans. 3 xa?. 


x 
+= 
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16. Find the area of the cardioid 
x= a(2 cos ¢— cos 24), 
y = a(2 sint—sin2#). Ans. $} ra. 
17. The locus in the figure is called the ““companion to the cycloid.” 
Its equations are 
x= a, 
y = a(l — cos @). 
Find the area of one arch. 
Ans. 2 wa’. 
18. Find the area of the hypocycloid 
x= a cos 0, 
y=asin* 0, 


2 
@ being the parameter. Ans. : = ; that is, three eighths of the area ; 

of the circumscribing circle. a 

_— ‘19. Find the area of the loop of the folium of Descartes, Yr 
x+y =83 ary. 


— 


tal oft ~— a. 

Hint. Let y=; then ak ae 

wel > os 28 
Tae and d= aR 8 ad. 


The limits for ¢ are 0 and «. 


20. Find by integration the areas bounded by the 
following loci: j 
(a) y—2z)? =x, y=0. Ans. 39° 
(b) (@ — y?)?#=¥, x= 0. a 
(ec) a?y = x(x? — a?), y= 0. 
= (2@) 20 ey) — 1, =— & 
_fe) y= x — 2), y=0. 
@r=yy—1),r7=0. 
(g) y2=24(2x2+1). Area of loop. = 
_.(h) y2 = 22(2 2+ 1). Area of loop. = T- 
6) 9—s+4,9—22+4,5—6. : 
GQ) y=2?+5,y=0,2=0,2r=3. 
(kK) y=2H,2=0, y=2,y=4. : 
Q) 2=y+9,y=0. 
(m) y27-—4+2r=0,r=0. 
Aq) zy=2z?—-1,y=0,r=3,r=1. 
(0) ry=4, y= a> 
—\(p) = 10, y= 5, y= 2. 


147. Geometrical representation of an integral. In the 
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physical interpretation of the result depends on the nature of the 
quantities represented by the abscissa and the ordinate. Thus, if x 
and y are considered as simply the codrdinates of a point, then the 
integral in (B), Art. 145, is indeed an area. But suppose the ordinate 
represents the speed of a moving point, and the corresponding ab- 
scissa the time at which the point has that speed; then the graph 
‘Is the speed curve of the motion, and the area under it and between 
any two ordinates will represent the distance passed through in the 
corresponding interval of time. That is, the nwmber which denotes 
the area equals the number which denotes the distance (or value of 
the integral). Similarly, a definite integral standing for volume, sur- 
face, mass, force, etc. may be represented geometrically by an area. 

148. Approximate integration. Trapezoidal rule. We now prove two 
rules for evaluating 


b 
(1) if fw)der, 


approximately. These rules are useful when the integration in (1) is 
difficult, or impossible in terms of elementary functions. 

The exact numerical value of (1) is the measure of the area bounded 
by the curve 


(2) y =f(x), 
the x-axis, and the ordinates 
=--G,2—0. This area may be 
evaluated approximately by add- 
ing together trapezoids, as follows. 

Divide the segment b — a on 
OX into n equal parts, each of 
length Az. Let the successive 
abscissas of the points of division 
be xo (= a), 21, 42, +++, %,(=b). At these points erect the correspond- 
ing ordinates of the curve (2). Let these be 


Yo=f(t0), yi=f(t1), yo=f(z2), +++) Yn=Sf(tn). 
Join the extremities of consecutive ordinates by straight lines 
(chords) forming trapezoids. Then, the area of a trapezoid being 


one half the product of the sum of the parallel sides multiplied by 
the altitude, we get 


(yo + y1)Az = area of first trapezoid, 
31 as waz = = area of second trapezoid, 


2 Lyn 1 a y)Az = = area of nth trapezoid, 
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Adding, we get the trapezoidal rule, 
(T) Area= (Gyotyityots++t+Yyn—-1+ 3 yn)Ax. 


It is clear that the greater the number of intervals (that is, the 
smaller Ax is), the closer will the sum of the areas of the trapezoids 
approach the area under the curve. 


12 
ILLUSTRATIVE EXAMPLE 1. Calculate x2 dx by the trapezoidal rule, dividing 
x = 1 to x = 12 into eleven intervals. 


Solution. Here u ms f= os =1=Az. The area in question is under the 
curve y = x2. Substituting the abscissas x = 1, 2, 3, ---, 12 in this equation, we 
get the ordinates y = 1, 4, 9,---, 144. Hence, from (7), 


Area = (2 +449+416+25+36 +49 + 64 +81 + 1004121 +4-144)-1=5774. 


‘ : x? ]12 2 - - : 
By integration ie ae OH o=|F | = 5753. Hence, in this example, the trape- 
1 


31 


zoidal rule is in error by less than one 
third of 1 per cent. 


ILLUSTRATIVE EXAMPLE 2. Find 
the approximate value of 


2 ee Sy 
if 
by (7), taking n = 4. 
Solution. Let 


y 
= VE 0 2.000 = yo 
0.5 2.081 = 


Now = Ax = 025: a 
Make a table of val- eee Bah 

16 2716 a3 
ues of x and y as 9 3.464 = y 
shown. Applying (7), , : 


= (1.000 + 2.031 + 2.236 + 2.716 
+ 1.732) x 0.5 = 4.858. Ans. 


If we take n = 10, we obtain J =4.826, 
a closer approximation. 


PROBLEMS 


1. Compute the approximate values of the following integrals by the 
trapezoidal rule, using the values of n indicated. Check your results by 
performing the integrations. 


10 dx \/10 
(a) f ee n= 9. of 100 — x?dr; n=8. 
(b) [*xV16— adr; n= 8. (@) ['VO+ dx; n=6 


THE DEFINITE INTEGRAL 247 


2. Compute the approximate values of the following integrals by the 
trapezoidal rule, using the values of indicated: 


Olas 10 + 22dr; n=3. Ans. 16.48. 

) 1.791. 
(b a eS + Ga 
© V10 — x8dx; n=4. 5.502. 
(a) [°V125 —x3du; n=5. 45.25. 
Olas 2? —16 dz; n=3. 17.08. 
(f) f° 25 + 0.01 xidx; n=5. 65.28. 

4 pee BP Ce 

eee 100 — a2 de; n= 4. 1) {| —=—=—=; n= 

ay aire 

23 
(n) f° Va + x2dz; W=)5D ay. Sasa = 3 
H 0 


149. Simpson’s rule (parabolic rule). Instead of connecting the 
extremities of successive ordinates by chords and forming trapezoids, 
we can get a still closer approxi- A 
mation to the area by joining ¥Y¥ 
them with ares of parabolas and 
summing up the areas under these 
arcs. A parabola with a vertical 
axis may be passed through any 

three points on a curve, and a 
series of such ares will fit the curve 
more closely than the broken line 
of chords. We now divide the ~0O| ™ mM uM, U Meee 
interval from x=a=OMo to 
x = b= OM, into an even number (= 7) of parts, each equal to Az. 
Through each successive set of three points Po, Pi, P2; P2, P3, P4; 
etc., are drawn arcs of parabolas with vertical axes. From the figure, 
Area of parabolic strip MoPoP1P2M2 

= area of trapezoid MoPoP2M>2-+ area of parabolic segment PoP: Pe. 


But Area of the trapezoid MoPoP2M2=4(yo+ y2)2 Ax 
= (yo t+ y2) Az, 


and 
Area of the parabolic segment PoP: P2 
= two thirds of the circumscribing parallelogram Po Po’ P2' Pz 
= 3 [yi — F(yot yo) 12 Ax = $(2 m1 — Yo — y2) Az. 
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Hence’ Area of first parabolic strip MoPoP1P2Me2 
eo + y2)Ax + 3 (2 y1 — yo — y2)Ax 
=z (yo + 4yi+ ie 


Similarly, amen (double) strip = — 3 (U2 +4y3+ y4), 


Third (double) strip = 2: = (y4 +4y5+ ys), 


Last (double) strip = = Yu-2+4Yn-1 + Yale 
Adding, we get Simpson’s rule (n being even), 
A 
(S) Area = (yot dy t+ 2yot Syst 2yat ++ st yn). 


As in the case of the trapezoidal rule, the greater the number of 
parts into which MoM, is divided, the closer will the result be to the 
area under the curve. 

ILLUSTRATIVE EXAMPLE 1. Calculate {i a de by Simpson’s rule, taking ten 
intervals. 0 
=1=Avz. The area in question is under the 


Solution. Here al ge a 0 


curve y = x3. Substituting the abscissas x = 0, 1, 2,---, 10 in y= x3, we get the 
ordinates y = 0, 1, 8, 27,---, 1000. Hence, from (S), 
Area =3(0 +4416 +108 + 128 + 500 + 482 + 1372 + 1024 + 2916 + 1000) =2500. 
By integration, ap 103 (0 Fake 2500, so that in this example Simpson’s rule 
0 0 
happens to give an exact result. 
ILLUSTRATIVE EXAMPLE 2. Find the approximate value of 
T= {Vita de 
by (S), taking n = 4. 0 


Solution. The table of values is given in Illustrative Example 2 of the preced- 
ing article. Hence 


T= (2.000 + 8.124 +4472 + 10.864 + 3.464) x 95 = 4.901, 


Compare this result with that given by (7) when n = 10, namely 4.826. 
In this case formula (S) gives a better approximation than (7) when n = 4. 


PROBLEMS 


1. Compute the approximate values of the following integrals by 
Simpson’s rule, using the values of » indicated. Check your results by 
performing the integrations. 


8 
@) f pain 2g) (©) f° V100 = 2 dz; nee 
(b) aV64 — wide; n=8. (4) f° VI6-+ 2? dz; n= 
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2. Compute the approximate values of the following integrals by 
Simpson’s rule, using the values of » indicated : 


(a) [ VI0F# de; poe Ans. 9.84, 
(b) f° Vi00 = dx: n=4. 36.39. 
(0) f -VO+ a dx: n=4, 6.89. 
(a) [Va =16 fick Sy 18.10. 
(©) [V8 + eae; Ae (g) [VP = 2a ar; he 
Of inns ofits ane 


3. Calculate the approximate values of the following integrals by both 
the trapezoidal and Simpson’s rules. If the indefinite integral can be 
found, calculate also the exact value of the integral. 


(a) f° V36 = 2 dz; Wie ) [Ve Te ae; (Dea rtes 
(b) [236 — a? de; ie: wf? 24+ sin?0d0; n=6. 
() f Se a (h) "eS log x de; i Sok 

@ fi a= 4. @f pS el 
Of ra” n= 6. G) f° |4 + cose aa n=A. 


150. Interchange of limits. Since 
[e@ax=50) - 10, 
and f $@de = f@ — 10) =- 10) -F@) 
we have if “One if “b(xde. 


Theorem. Interchanging the limits is equivalent to changing the sign 
of the definite integral. 
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151. Decomposition of the interval of integration of the definite 
integral. Since 


i " g(a)de = f(ex) —f(@), (a < 2 <b) 


b 
and f ¢@de =f) — fea), 
we get, by addition, 


21 b 
i blade + a b(a)de = f(b) — f(a). 


But f eis he: 


therefore, by comparing the last two expressions, we obtain 
b x4 b 
(C) if $(x)dx =/| }(x)dx +f (x)dx. 
a a x1 


Interpreting this theorem geometrically, as in Art. 142, we see 
that the integral on the left-hand side 
represents the whole area CHFD, the 
first integral on the right-hand side the 
area CMPD, and the second integral on 
the right-hand side the area MEFP. The 
truth of the theorem is therefore obvious. 

Evidently the definite integral may be 
decomposed into any number of separate definite integrals in this way. 

152. The definite integral a function of its limits 


b 
From if (x)dx = f(b) — f(a) 
we see that the definite integral is a function of its limits. Thus 


b b 
i o(z)dz has precisely the same value as ui b(x)dx. 


Theorem. A definite integral is a function of its limits. 


153. Infinite limits. So far the limits of the integral have been 
assumed as finite. Even in elementary work, however, it is some- 
times desirable to remove this restriction and to consider integrals 
with infinite limits. This is possible in certain cases by making use 
of the following definitions. 
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When the upper limit is infinite, 


[- e@ae = slim { o@rde, 


and when the lower limit is infinite, 


[sede tim [9 @er, 


provided the limits exist. 


+00 
ILLUSTRATIVE EXAMPLE 1. Find J a. 


5 dx < b dx ; 1]b : 1 
Solution. == ll Se il = |) il a = 
olution fa: a saune Sire oe | all Ree f pats 1 1. Ans. 


: + 3d 
ILLUSTRATIVE EXAMPLE 2. Find aft % 8 aide 
0 


ao? + 4 a? 
+0 8 atdx : b 8 ardx : x |? 
; OEE = ———— = ] 2 Bas 
Solution. [ pe tim gP HAG? Tbs w oe arc tan, 


= |hian [4 a? arc tan |= 4a?-—=2 7a?. Ans. 
2a 2 


b>+0 
Let us interpret this result geometri- 
cally. The graph of our function is the 
witch, the locus of 


eee ae 
YP 4 we 
b8 aidx $ b 
Area OPQb = ied gia a? are tan 5 


Now as the ordinate bQ moves indefinitely to the right, the area OPQb ap- 
proaches a finite limit 2 7a?. In such cases we call the result the area bounded by the 
curve, the ordinate OP, and OX, although, strictly speaking, this area is not com- 
pletely bounded. 


ILLUSTRATIVE EXAMPLE 3. Find if ve m 

z +0 dx : a 
Solution. —= lim —= fone log 6 
olution | i ee ae (log 6). 


The limit of log 6 as b increases without limit does not exist; hence the integral 
has in this case no meaning. 


154. When y = $(x) is discontinuous. Let us now consider cases 
when the function to be integrated is discontinuous for isolated 
values of the variable lying within the limits of integration. 

Consider first the case where the function to be integrated is con- 
tinuous for all values of x between the limits a and b except x = a. 

If a< band €¢ is positive, we use the definition 


(1) [eee = lim [. ewe. 
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Likewise, when $(x) is continuous except at x = b, we define 


b b-—e 
(2) uf o(x)dx = lim ff o(x)dx, 
a «70 a 
provided the limits exist. 
ILLUSTRATIVE EXAMPLE 1. Find J, = 


Solution. Here becomes infinite for «=a. Therefore, by (2), 


Va? — x? 
; a , a—e d. ~. wla-e 
i eS tim ee ea | | are sin A 
0 Va2 — x2 «> 0V0 Vq2 — x2 e> 0 ajo 


= ‘ihe [are sin (1 — ) | =aresinl ==. Ans. 
e> 0 a 2 
1 
ILLUSTRATIVE EXAMPLE 2. Find iS da 


Solution. Here 5 becomes infinite for x = 0. Therefore, by (1), 


[= inf? ct — tim m (= -1). 
Q 22 «> 0 x «> 0 


In this case there is no limit, and therefore the integral does not exist. 


If c lies between a and 6, and ¢(z) is continuous except at x =c, 
then, e and e’ being positive numbers, the integral between a and b 
is defined by 


it ‘(dz = lim [" “$(e)de + lim do (o)de, 


«3 0 

provided each separate limit exists. 
ILLUSTRATIVE EXAMPLE 3. Find ul $a 2ude_. 
0 72 — a2)3 


Solution. Here the function to be integrated becomes discontinuous for x = a, 
that is, for a value of x between the limits of integration 0 and 83 a. Hence the above 
definition (8) must be employed. Thus 
ies: PRaRGR: - = Pg Pee 2xdxr hie 8a 2Q2adz 

0 (@2—a2)s «7040 (g2—q2)t «7 O04ate’ (42 — g2)3 


im [ 8 Z art) + lim [se ue at] 
«> 0 0 0 a+e’ 


=lim [3V(a — 62? —a? +33] + lim [3V8 a? —-3V(a@+ e)? — a] 
€e- > 0 


=3a?+6a3=9a3. Ans. 


To interpret this geometrically, let us 
plot the graph, that is, the locus, of 


on 20 
JE spe are 
(a? — a?)3 
and note that « = a is an asymptote. 
Area OPE = ={~ ti ete 
= a2) 


3G 6)? — a2 +33. 
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Now as PE moves to the right toward the asymptote, that is, as « approaches 
zero, the area OPE approaches 3 a? asalimit. Asin Illustrative Example 2, Art. 153 
3 a? is called the area bounded by OP, the asymptote, and OX. Similarly, 

Area E’QRG ley See awe a 3V Ge we 
a+e’ (2 = a?)s 

approaches 6 a? as a limit as QE’ moves to the left toward the asymptote, that is, as e’ 
_ approaches zero. Hence 6 a? is called the area between QR, the asymptote, the 

ordinate x =3 a, and OX. Adding these results, we get 9 a3, which is then called 

the area to the right of OY between the curve, the ordinate x = 3 a, and OX 

ILLUSTRATIVE EXAMPLE 4. Find ef eae ee 
(@@— a)? 


Solution. This function also becomes infinite between the limits of integration 
Hence, by (8), 


8 

2a dx é a—e dz : 2a dx A 
——. = 1 ——. + 1 a t 

4F (x — a)? lim f, pa eee ae Y VY 


= lim | — ho lim i= J iF : 
e>0| w%—alo Pehl ap Uhl |e 
is lim (2 = HF lim (— 7 +5): 
e>0\€ a 30 a (g 
In this case the limits do not exist and the inte- 
gral has no meaning. DBMB$B Z| 
If we plot the graph of this function and note the 4) ee iS erence 
limits, the condition of things appears very much the 
same as in the last example. It turns out, however, that the shaded portion cannot 
properly be spoken of as an area, and the integral sign has no meaning in this case 


That it is important to note whether or not the given function becomes infinite 


within the limits of integration will appear at once if we apply our integration 
formula without any investigation. Thus 


Wee eieericiee 


~—aA\0 a 
a result which is absurd in view of the above discussion. 


PROBLEMS 
Verify each of the following integrations: 


“SJ iy dix ee LE t “tee — ax te 
Lf Aer ae 7./ etd = = 
‘i NET 8 (7° _ = v2. 
‘Jt Rs oes 1 (+2)? 
pes. [SE = 5 = 49. [0 e*dx = é. 
ee ANiged ee e. 
ay a? + bx? 2 ab ie a a 
+ 00 vax 
bs. ees AL fi aes ti 
ee I a asta fer _ BV2—-4)a 
i we Pint 12. f 2 i 
“Jo 2 0 (a2 22)8 


CHAPTER XV 
INTEGRATION A PROCESS OF SUMMATION 


155. Introduction. Thus far we have defined integration as the 
inverse of differentiation. In a great many of the applications of the 
integral calculus, however, it is preferable to define integration as 
a process of summation. In fact, the integral calculus was invented 
in the attempt to calculate the area bounded by curves, by supposing 
the given area to be divided into an “infinite number of infinitesimal 
parts called elements, the sum of all these elements being the area 
required.”’ Historically, the integral sign is merely the long S, used 
by early writers to indicate “sum.” | 

This new definition, as amplified in the next article, is of fun- 
damental importance, and it is essential that the student should 
thoroughly understand what is meant in order to be able to apply 
the integral calculus to practical problems. 

156. The Fundamental Theorem of integral calculus. If (x) is the 
derivative of f(x), then it has been shown in Art. 142 that the value 
of the definite integral 


a) f ‘o(a) dx = f(b) — f(a) 


gives the area bounded by the curve 
y = $(x), the x-axis, and the ordinates 
erected at x =aand«=b. 

Now let us make the following 
construction in connection with this 
area. Divide the interval fom «=a to x=} into any number 
nm of equal subintervals, erect ordinates at these points of divi- 
sion, and complete rectangles by drawing horizontal lines through 
the extremities of the ordinates, as in the figure. It is clear that 
the sum of the areas of these n rectangles (the shaded area) is an 
approximate value for the area in question. It is further evident 
that the limit of the sum of the areas of these rectangles when 
their number n is indefinitely increased will equal the area under 
the curve. 
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Let us now carry through the following more general construction. 
Divide the interval into subintervals, not necessarily equal, and 
erect ordinates at the points of division. Choose a point within each 
subdivision 2n any manner, erect ordi- 
nates at these points, and through their 
extremities draw horizontal lines to form 
rectangles, as in the figure. Then, as 
before, the sum of the areas of these 
nm rectangles (the shaded area) equals 
approximately the area under the curve; 
and the limit of this swm as n increases 
without limit, and each subinterval ap- 
proaches zero as a limit, is precisely the area under the curve. These 
considerations show that the definite integral (1) may be regarded 
as the limit of a swm. Let us now formulate this result. 


(a) Denote the lengths of the successive subintervals by 


ENG, | Nios fe, + us IN 
(b) Denote the abscissas of the points chosen in the subintervals 
by y+ 
U1, 2, XZ, +++, Un. 


Then the ordinates of the curve at 
these points are 


(x1), (x2), (xs), sia ee (Xn). 


(c) The areas of the successive rec- 
tangles are obviously 


(x1) Ax, (x2) Axe, (x3) Axsz, Pets b(n) ALn. 
(d) The area under the curve is therefore equal to 
lim [6 (21) Az + (a2) Axe + $(x3)Axs ++ +++ b(n) Ary]. 


n> oo 


b 
But from (1) the area under the curve = il o(x)dx. 
Therefore our discussion gives “s 


O 


(A) ff “b(x)dx = lim [6 (x1) Axi + 6 (x2) Axe + +++ + $ (Xn) Axa]. 


This equation has been derived by making use of the notion of area. 
Intuition has aided us in establishing the result. Let us now regard 
(A) simply as a theorem in analysis, which may then be stated as 
follows : 
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FUNDAMENTAL THEOREM OF THE INTEGRAL CALCULUS 


Let (x) be continuous for the interval x =a tox=b. Let this in- 
terval be divided into n subintervals whose lengths are Ax, Axe, ---, 
Az,, and points be chosen, one in each subinterval, their abscissas being 
X1, X2,-°**, Un respectively. Consider the sum 


(2) p(ar)Aar + $(a2)Am2 + +--+ 6@n) At, = o@i) Ary. 
i=1 


Then the limiting value of this sum when n increases without limit, 
and each subinterval approaches zero as a limit, equals the value of the 


definite integral : 
i o(x)dx. 


Equation (A) may be abbreviated as follows: 


b 

(3) i o(x)dx = lim Yow: JAX. 

The importance of this theorem results from the fact that we are 
able to calculate by integration a magnitude which is the limit of a sum 
of the form (2). 

It may be remarked that each term in the sum (2) is a differen- 
tial expression, since the lengths Axz,, Ave, ---, Av, approach zero as 
a limit. Each term is also called an element of the magnitude to be 
calculated. 

The following rule will be of service in applying this theorem to 
practical problems: 


FUNDAMENTAL THEOREM. RULE 


First STEP. Divide the required magnitude into similar parts such 
that it 1s clear that the desired result will be found by taking the limit of 
a sum of such parts. 

SECOND STEP. Find expressions for the magnitudes of these parts 
such that their sum will be of the form (2). 

THIRD STEP. Having chosen the proper limits x = a and x = b, we 
apply the Fundamental Theorem 


b 
lim Yo (aan, = o(x)dx 


n7>OF7= 


and integrate. 
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157. Analytical proof of the Fundamental Theorem. As in the last ar- 
ticle, divide the interval from «=a to x= b into any number 7 of sub- 
intervals, not necessarily equal, and denote h 
the abscissas of these points of division by | 
bi, be, +++, bx—1, and the lengths of the 
subintervals by Ax, Az2,---, Ax. Now, 

_ however, we let x’1, x’2, ++ -, x’, denote ab- 
scissas, one in each interval, determined by 
the Theorem of Mean Value (Art. 116), erect 
ordinates at these points, and through their 
extremities draw horizontal lines to form 0 
rectangles, asin the figure. Note that here 
(x) takes the place of f’(x). Applying (B), Art. 116 to the first interval 
(a=a, b=by, and x’; lies between a and b,), we have 
aby ye f(a). ’ 
> eae ne (xr), 
or, since b, —a= An, 
f(b1) — f@) = o(2'1) An. 
Also, f(b2) — f(b1) = $(x’2)Axe, for the second interval, 
f(b3) — f(b2) = }(x’3)Avxs, for the third interval, 


f(b) — f(bn—1) = O(x’,)Ax,, for the nth interval. 
Adding these, we get 
(1) f(b) — f(a) = $(x'1) Ax + (x'2)Are + +++ + h(a'n)Atn 
But ¢(x’,) - Ax; = area of the first rectangle, 
(x’2) + Ax = area of the second rectangle, ete. 
Hence the sum on the right-hand side of (1) equals the sum of the 
areas of the rectangles. But from (1), Art. 156, the left-hand side of (1) 


equals the area between the curve y = $(x), the x-axis, and the ordinates 
at »=aandx=b. Then the sum 


n 
(2) Dd o@')Az; 
i=1 
equals this area. And while the corresponding sum 
(8) > b(x;) Ax; (where x; is any abscissa of 
i=1 the subinterval Az;) 


(formed as in last article) does not also give the area, nevertheless we 
may show that the two sums (2) and (3) approach equality when m in- 
creases without limit and each subinterval approaches zero as a limit. 
For the difference ¢(x’;) — ¢(x;) does not exceed in numerical value the 
difference of the greatest and smallest ordinates in Ax;. And, furthermore, 
it is always possible* to make all these differences less in numerical 


* That such is the case is shown in advanced works on the calculus. 
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value than any assignable positive number e, however small, by continu- 
ing the process of subdivision far enough, that is, by choosing n sufficiently 
large. Hence for such a choice of n the difference of the sums (2) and (3) 
is less in numerical value than e(b — a), that is, less than any assignable 
positive quantity, however small. Accordingly, as n increases without 
limit, the sums (2) and (8) approach equality, and since (2) is always 
equal to the area, the fundamental result follows that 


rip n 
o(x)dx = lim §\ o(x;) Axi, 
in no Dy 


in which the interval [a, b] is subdivided in any manner whatever and x; 
is any abscissa in the corresponding subinterval. 


158. Areas of plane curves; rectangular codrdinates. As already 
explained, the area between a curve, the x-axis, and the ordinates 
x =a and x = bis given by the formula 


b 
(B) Area = jk y dx, 


the value of y in terms of x being substi- 
tuted from the equation of the curve. 

Equation (B) is readily memorized by 
observing that the element of the area is 
a rectangle (as CR) of base dx and altitude y. The required area 
ABQP is the limit of the sum of all such rectangles (strips) between 
the ordinates AP and BQ. 

Let us now apply the Fundamental 
Theorem (Art. 156) to the calculation of 9-d7777 
the area bounded by the curve x = ¢(y) DO 
(AB in figure), the y-axis, and the hori- Wy > 
zontal lines y= c and y= d. . 

FIRST STEP. Construct the n rectan- 


gles as in the figure. The required area 
is clearly the limit of the sum of the 
areas of these rectangles as their number 
increases without limit and the altitude of each one approaches 
zero as a limit. 

SECOND STEP. Denote the altitudes by Ay;, Ayz, etc. Take a 
point in each interval at the upper extremity and denote their 
ordinates by yi, yz, etc. Then the bases are (yi), o(y2), ete., and 
the sum of the areas of the rectangles is 


by) Am + P(Y2)AYys +--+ + PYn)AYn => Pyi)AY:. 
1=1 


AY 
Y=C 
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THIRD STEP. Applying the Fundamental Theorem gives 


n d 
lim Yo)Ay=f eudy. 
WO f= 1 e 
Hence the area between a curve, the y-axis, and the horizontal 
lines y= cc and y = dis given by the formula 


d 
(C) Area if x dy, 


the value of x in terms of y being substi- 
tuted from the equation of the curve. 
Formula (C) is remembered as indicating 
the limit of the sum of all horizontal strips 
(rectangles) within the required area, x and dy being, respectively, 
the base and altitude of any strip. The element of the area is one 
of these rectangles. 

Meaning of the negative sign before an area. In formula (B), a is 
less than b. Since we now interpret the right-hand member as the 
limit of the sum of n terms resulting from y; Ax; by letting 7 = 1, 2, 8, 
---+, n, then, if y is negative, each term of this sum will be negative, 
and (B) will give the area with a negative sign prefixed. This means 
that the area lies below the x-axis. 


ILLUSTRATIVE EXAMPLE 1. Find the area of 
one arch of the sine curve y=sin x. 


Solution. Placing y=0 and solving for x, we 
find 


Gi), 7 2) 15 CvG: 


Substituting in (B), 


b 7 
Area OAB = [ ude =f SINKE Gite 
a 


b 27 
Also, Area BCD =F y dx =e sin «dx = — 2. 
a 7 


* ILLUSTRATIVE EXAMPLE 2. Find the area bounded 
by the semicubical parabola ay? = x°, the y-axis, and y 
the lines y = a and y = 2 a. 


Solution. By (C) above, and the figure, the ele- 
ment of area = xdy = asy? dy, substituting the value ¢@y zzz (x,y) 
of x from the equation of the curve MN. Hence 


Area BMNC = { ae atyt dy 
a 


= $ a?(/32 — 1)=1.304 a2. Ans. 
Note that a? = area OLMB. 
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ILLUSTRATIVE EXAMPLE 3. Find the area included between the parabola x? =4ay 
and the witch 8 a 


~ 22 +4a2 
Solution. To determine the limits of inte- 
gration we solve the equations simultaneously 
to find where the curves intersect. The codér- 
dinates of A are found to be (— 2 a, a), and of 
C(2 a, a). 
It is seen from the figure that 
Area AOCB = area DECBA — area DECOA. 


But Area DECBA = 2 x area OECB =2 if . 
0 


and Area DECOA = 2 x area OEC =2 [°° ae =f. 


Hence Area AOCB = 2 ra? — ae =2 2 a? (a — =). Ans. 


Another method is to consider the strip PS as an element of the area. If y’ is 
the ordinate corresponding to the witch, and y’’ to the parabola, the differential 


expression for the area of the strip PS equals (y’ — y’’)dx. Substituting the values 
of y’ and y” in terms of x from the given equations, we get 


2 
Area AOCB = 2 X area OCB = 2 “(y! — y’’)dx 
9 fA @! < 98"\ 5 2.571 ee 
=2f Ss ia) oman = ; ; 
ILLUSTRATIVE EXAMPLE 4. Find the area of the ellipse © = +H ie il 
Solution. To find the area of the quadrant OAB, the limits are x =0, x =a; and 
Ais Va? — 22, 
/ a 
Hence, substituting in (B), Art. 158, 


ina OAB= 2 [@ Sysae 


—| 5% (42 _ x2), a =e lg ; 

=| (a2? —x?)?+ 5 are sin |" 

— mab 
4 


Therefore the entire area of the ellipse 
equals zab. 


PROBLEMS 

1. Find the area bounded by the hyperbola zy = 24, the y-axis, and 
the lines y = 4 and y = 8. Ans. 16.632. 
2. Find the area bounded by y = x3, y = 8, and the y-axis. Ans. 12. 

3. Find the entire area of the curve y? = 9 x? — xt. Ans. 36. 
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4. Find the area included between the two parabolas y? = 2 px and 


ae 2 
P= 2 py. Ans. _ . 
_ 65. Find the area included between the two parabolas y? = az and 
x? = by. 4A ab 

ns. a 


— 6. Find the areas bounded by the following curves. In each case 
draw the figure, showing the element of area. 

(ajz=4y-y, y=. Ans. 

(b) 4y=27,2-—2y+4=0. 

(ce) y=27,22—y+3=0. 

(d) y27=427,2=124+2y-y?. 

fen — 9 — 27, y = + + 7. 

fe — 241, 2y=—7+1. 

(g) y=4-—27,4y=4-2. 
~h) Vz4+ Vy=1,24+y=1. 
@) y=42-27,y=22-3. 
| @g=2r-22-3,y=—627-27-3. Hy=P-2z,y=27- 2’. 
_ 7. Find the area bounded by y= z?, y=z, andy=2z. Ans. 14. 

8. Find the entire area of the curve x? + y? = ai. Ans. 2 xa?. 
: 9. Find an expression for the area bounded by the equilateral hyper- 
bola x? — y? = a?, the z-axis, and a line drawn from the origin to any 
poir (z, y) on the curve. Pay _ log (72). 
10. A square is formed by the codrdinate axes and parallel lines 
through the point (1, 1). Calculate the ratio of the larger to the smaller 
' the two areas into which it is divided by each of the following curves:: 
-@y=2 Ans. 2. 


im bet CO phe 
Sama) 


(— a) 
egy CO|bO 


fer) 


DS wl) | <1 
» oe 


Col A RA be 
° 
wl * 


| ®)y=2. 3. 
 }y=e. 4. 
@ y=. a 


-@)2+y=1. — 


ae 
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11. For the following curves calculate the area in the first quadrant 
lying under the are which extends from the y-axis to the first intercept 
on the z-axis: 


(a)y?t+ty=2-xc. Ans. = 
(b) y= 2? —82724+15z. 153. 
(ec) x= (2—y)(y + 1)?. 6. 
(d) y? = (1 — z)?. = 
_ (e) y= cos3z. s(@ —1) 


(i)i7— e +cos2z. 
12. Calculate the area bounded by the z-axis, each of the following 
curves, and the given ordinates: 


(a) y=sin27z; caperaape Ans. 2. 

- (b) y=sin?z; r= 5? catt =. 

(ec) y=sin?zx+sinz; s=2,2=>%. ry 
2 2 

(d) y=2sinz+sin2z; c=— 222k. 8. 


159. Areas of plane curves; polar codrdinates. Let it be required 
to find the area bounded by a curve and two of its radii vectores.. : 
Assume the equation of the curve : 


to be p=f(9), 


and let OP; and OD be the two radii. 
Denote by a and § the angles which the 
radii make with the polar axis. Apply 
the Fundamental Theorem, Art. 156. 
First Step. The required area is 
clearly the limit of the sum of circular 
sectors constructed as in the figure. : 


Aé;, AG2, ete., and their radii pi, p2, etc. Then the sum of the a cae 
of the sectors is ‘ 
5 pi? Abi + 3 p2? Aba + - - -+3 p.2A0, =>5 p? A0;. 
i=1 
For the area of a circular sector = 4 radius x arc. Hence the area c 
the first sector = 4 p: - p: AO; = 3 pi? Ai, ete. 
THIRD STEP. Applying the Fundamental Theorem, 


3 
lim D3 0240=[ 4 pao. 


baci it 
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Hence the area swept over by the radius vector of the curve in mov- 
ing from the position OP, to the position OD is given by the formula 


B 
(D) Area = a p? dé, 


the value of p in terms of 6 being substituted from the equation of 
the curve. 

The element of area for (D) is a circular sector with radius p and 
central angle d@. Hence its area is 4 p? dé. 

ILLUSTRATIVE EXAMPLE. Find the entire area of the lemniscate p? = a? cos 2 6. 


Solution. Since the figure is symmetrical 
with respect to both OX and OY, the whole 
area = 4 times the area of OAB. 


Since p=0 when 0= a we see that if 0 


varies from 0 to 2 the radius vector OP sweeps 


over the areaOAB. Hence, substituting in (D), 
Entire area = 4 x areaOAB=4- 5 [92d0 =) a? { cos 260d0=a?; 
DED : 


that is, the area of both loops equals the area of a square constructed on OA as 


one side. 
PROBLEMS 
1. Find the area of the circle p=a sin 0. Ans. a 
2. Find the entire area of the curve p =a cos 2 0. Ans. a. 
8. Calculate the area inclosed by each of the following curves: 
(a) p?=4sin2 6. Ans. 4. (h) ane as ie 31, 
: T Zt 2 
(b) p=sin3 0. a ‘ 
(i) p=sin3 642. eas 
(c) p=1+ cos 0 hy, - 
a 7 be (j) p=3+ 0838 0. 
(d) p=3 —sin 0. LE Suk (k) p=2 + 2sin 0. 
2 (1) p=acos 0+ bsin 6. 
(e) p=2— cos 0. 3 (m) p = 2 cos? 5- 
ip = sin? S. 2. (n) p=acos né. 
; 1 ne (0) p=cos3 6 — cos 6. 
_ (g) p=5 + cos 2 0. ar (p) p=cos3 0 — 2 cos @. 


4. Find the area swept over in one revolution by the radius vector of 

4 the spiral of Archimedes, p = a0, starting with @=0. How much addi- 
tional area is swept over in the second revolution ? 5 Aviat 

ns. —=—}3 


342 
3 8 7a?, 
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5. Prove that the area generated by the radius vector of the spiral 
p = e® equals one fourth of the area of the square described on the radius 
vector. 

6. Find the area of that part of the parabola p = asec? f which is 


intercepted between the curve and the latus rectum. 5 ne 8 a?" 
3 


7. Show that the area bounded by any two radii vectors of the hyper- 
bolic spiral p§ = a is proportional to the difference between the lengths 
of these radii. 


2h2 
~, 8. Find the area of the ellipse p? = a Ans. tab. 


~ a2 sin20 + b2 cos?6 
9. Find the entire area of the curve p = a(sin 2 0+ cos 2 6). 
Ans. 7a’. 


10. Find the area of one loop of the curve p? cos @ = a? sin 8 0. 
3 07 pe 
Ans. i Oo log ae 


11. Find the area below OX within the curve p=a sin’ g 
2 
Ans. (10 7 + 27V8) 


12. Find the area bounded by p? = a? sin 4 @. Ans. a’. 


13. Find the area bounded by the following curves and the given 
radii vectores : 


(a) p= 'tan 0.0 0, g=7- (d) p=sec 6+ tan 6, 6=0, oi. 
Ue ya ee eae 8 a. 
(b) p=e Reo Vee (e) p= sin 5 + COs 5 »6=0, 655 
0 1 2 F 
= (Pee eo a ee eS = = 5 
(ec) p=a?sec 5 i] 3 i) 3 (f) p asin 6 +b cos 6, 0=0, 0=5 


14. Calculate the area which the curves in each of the following pairs 
have in common: 


’ 2 oa 

(a) p? ="cos:2. 0; p2'= sin? 0: Ans. . 
2V2 

(by ip = pre doce o: 27 _ 2, 

(ec) p=sin 0, p=1— cos 0. (Z -1). 
2 

(d) p = 3 cos 6,91 -F cos 0. 27 _ VBL 

(€)'p = ly-p* = 2) cos 2 8} 2+ 

(f) p = V6 cos 0, p2 = 9 cos 2 0. se 
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(g) p= V2 sin 0, p? = cos 2 0. Tine lg ON: 


(h) p= V2 cos 0, p? = V3 sin 2 6. 
(i) 3 p = V3 cos 0, p = cos 2 8. 
(j) 3 p= V6 sin 2 0, p2 = cos 2 0. 


160. Volumes of solids of revolution. Let V denote the volume of 
the solid generated by revolving the plane surface ABCD about the 
x-axis, the equation of the plane C 
curve DC being 


y =f(a). 

FIRST STEP. Construct rectan- 
gles within the plane area ABCD 
as in the figure. When this area 
is revolved about the x-axis, each 
rectangle generates a cylinder of 
revolution. The required volume 
is clearly equal to the limit of 
the sum of the volumes of these 
cylinders. 

SECOND STEP. Denote the 
bases of the rectangles by Ax, 
Axe, ete., and the corresponding altitudes by yi, yo, etc. Then the 
volume of the cylinder generated by the rectangle AEFD will be 
myi2 Ax;, and the sum of the volumes of all such cylinders is 


my? Ary + mye? Arve + +++ + TYn? An oy 1.9) Fay AN 
ew b 


THIRD Step. Applying the Fundamental Theorem (using limits 
OA =a and OB = 5), 


b 
lim > rye Ax; = my? dx. 


N7oO j=] 


_ Hence the volume generated by revolving about the x-axis the 
area bounded by the curve, the x-axis, and the ordinates x = a and 
x = b is given by the formula 


b 
(E) Ve, if y?dx, 


where the value of y in terms of x must be substituted from the 
equation of the given curve. 

This formula is easily remembered if we copsilee a thin slice or 
disk of the solid between two planes perpendicular to the axis of 
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revolution as an element of the volume, and regard it as, approxi- 
mately, a cylinder of altitude dx with a base of area zy? and hence 
of volume ry? dz. ' 

Similarly, when OY is the axis of revolution, we use the formula 


d 
(F) Vea) x°dy, 
c 


where the value of x in terms of y must be substituted from the 
equation of the given curve. 


ILLUSTRATIVE EXAMPLE 1. Find the volume generated by revolving the ellipse 


_ == = = 1 about the z-axis. 
a b? 

Solution. Since y? =* (a2 — x”), and the 
required volume is twice the volume gen- 
erated by OAB, we get, substituting in (£), 


anf vac=rf ~ (@ — 22)de 
__ 2 zab? 
a ane 
4 rab? 
S 
To verify this result, letb=a. Then V, = 


[i= 


4 7a 


is only a special case of the ellipsoid. When the ellipse is revolved about its major 
axis, the solid generated is called a prolate spheroid; when about its minor axis, an 
oblate spheroid. 


ILLUSTRATIVE EXAMPLE 2. The area bounded by the semicubical parabola 


(1) ay? = x, eg 
the y-axis, and the line AB (y =a) is revolved about AB. 
Find the volume of the solid of revolution generated. 

Solution. In the figure, OPAB is the area revolved. 
Divide the segment AB into n equal parts each of 
length Ax. In the figure, NM is one of these parts. The 
rectangle NMPQ when revolved about AB generates a 
cylinder of revolution, whose volume is an element of 
the required volume. Hence 

Element of volume = mr?h = x(a — y)? Az, 
since r=PM=RM —RP=a-y 
and h=NM = Az. 
Then, by the Fundamental Theorem, 


(2) Volume of solid = V = rf (a —y)?dr= a f(a —2 ay + y?) dz, 
0 0 


for the limits are x = 0 and x = AB =a. Substituting for y its value given by (1), 
the answer is V = 0.45 ra. Ans. 

This should be compared with the volume of the cone of revolution with 
altitude AB (= a) and base of radius OB (= a). Volume of cone = 3 za3. 


» the volume of a’sphere, which 


a 
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If the equations of the curve CD in the figure on page 265 are given 
in parametric form x=f(t), y=) 


then in (£) substitute y = $(t), dx = f’(t)dt, and change the limits 


to and to, if 
t=t, whenx=a, t=te whenx=b. 


PROBLEMS 


1. Find the volume of the sphere generated by revolving the circle 


- 22+ y2 =r? about a diameter. Ans. 3 7r. 


2. Find by integration the volume of the truncated cone generated by 
revolving the area bounded by y=6—2z, y=0, x=0, x= 4 about OX. 
_ Verify geometrically. 


8. Find the volume of the paraboloid of revolution whose surface is 
generated by revolving about its axis the arc of the parabola y? = 2 px 
between the origin and the point (x, 4). 


TY 724 5 
2 


Ans. 7px? = ; that is, one half of the volume 


of the circumscribing cylinder. 


4. Find the volume of the figure generated by revolving the arc in 
Problem 3 about OY. 


Ans. sae that is, one fifth of the cylinder of 


altitude y; and radius of base x. 


5. Find the volume generated by revolving about OX the areas bounded 
by the following loci. 


(2) FSR — a Ans. 

eo y= 0, «= 5. a 

(c) The parabola x? + y? = a?, x= 0, y= 0. ma 

(d) The hypocycloid x? + y* = a’. & at 

(e) One arch of y = sin x. z. 

(f) One arch of y = sin 2 x. x. 

(g)y=2?—42,y=0. wee 

(h) y=e*, y=0,2=0,2=b. eet 
387 


Pe 9, Y= & 0. 
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ae: 

() y=xe", y=0,e=1. Ans, =U oe. 
3 

(k) The witeh y= 5“, y =0. {ae 


(l) y26—2) =22,y=0,2=0,2=4. 
Gna 7) a, 0) eS. 
(nyo —2)* == La Ope oe 
(Og? =@+2)2,4=0,2=—he=0. 
6. Find the volume generated by revolving about OY the areas bounded 
by the following loci: 


(ee) 


(@) a SA = 2 OP, Se Ans. 3a 
(b) 4y—y2+42=0,2=0. “e. 


(ce) 242-4 = 0 a Ona 2. NER 


(dja? =? Ay, 4. 
G) y=, = 079 —.0, 2 x. 

3 
(Lag ay Oa sie 


(g) 4? =4—4,2= 0. 
(nq) a Sb oh e= OL 
(yi 49.972 = 36. 
7. The equation of the curve OA in the figure is y= x°. Find the 
volume generated when the area 
(a) OAB is revolved about OX. Ans. 64 7. 


(b) OAB is revolved about AB: ue. 4 
(4,8) 

(c) OAB is revolved about CA. a Li 

(d) OAB is revolved about OY. s. 

(e) OAC is revolved about OY. 384 7, 

if 

(f) OAC is revolved about CA. moe : 

(g) OAC is revolved about AB. use ue 

(h) OAC is revolved about OX. 192 x. 


8. Find the volume of the oblate spheroid generated by revolving 
the area bounded by the ellipse b2x? + a2y2 = a2b2 about the y-axis. 


Ans. $ 1ab. 
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9. The plane surface of a spherical segment of one base is a circle of 
radius 8 in., and the greatest thickness of the segment is 4in. Find the 
volume by integration. ANE a 1 


10. A segment of one base of thickness h is cut from a sphere of radius r. 
2 ce 
Show by integration that its volume is te “ hy 


cu. in. 


11. Calculate the volume of the solid generated by revolving about 
each of the following lines the area which it cuts from the corresponding 
curve: 


“Ss (aby=3; y=34+22— 2%. Ans. i. 
16 7 

— . — 2 Soetelereme ati 
(DIrg=— 35 2= 4 y — ¥2. 15 
_N (ce) x=38; y? -—2y+2r-—8=0. we. 
2048 3 
=4: y2= 73 Seas 

(ea —4 = 7 af 35 


(Ob 3 t- —7/* — 16. 2 1(57 — 80 log 2). 


Big 1s Pty. (QV8-270)2 7. 


3 
mow Cc = 72 T 2. 
(g) y x; Yy 4 rss 60 
(h) y=2; y=42—27. | 
efi) y=xt+7; y=9 — 22. wees 
j /£ 9a 
S j) 2y—2-1=0; Y=a+l. Z : 
Be 15V5 
SS (bk) ot y=1; +yF=1. ™~, 
57 — 80 log 2) 
Nety=5; w=4. (57 — 80 log 2). 
(1) y y “ 


12. The smaller segment of the circle whose equation is x? + y? = 25 
cut off by the line whose equation is x =3 is revolved about this line, 
generating a spindle-shaped solid. Find its volume. 


13. Find the volume generated by revolving one arch of the cycloid 


% = rare vers © — V2 ry — y? 
about OX, its base. 


i dy nes - 
Hint. Substitute dx = —“— ., and limits y = 0, y = 2r, in (B), Art. 160. 
V2ry—y? Ans. 5 1?r3. 
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x ete 
14. Find the volume generated by revolving the catenary y = a (e¢+e 2) 
: 2 
about the z-axis from x = 0tox=b. 


2b 2b 
TO?) , a 
Ans raul (e e 4)+4 9 
15. Find the volume of the solid generated by revolving the cissoid 
3 
i 5 = : about its asymptote «= 2a. Ans. 2 77a3, 


dy _ y 
dx </aaaa apr aie 
the volume of the solid generated by revolving it about OX. 
Ans. 2 7a’. 
17. Show that the volume of a conical cap of height a cut from the 
solid generated by revolving the rectangular hyperbola x2 — y? = a? about 
OX equals the volume of a sphere of radius a. 


16. Given the slope of the tangent to the tractrix 


18. Using the parametric equations of the hypocycloid 
=a cos? 6, 
i= sine oO; 
find the volume of the solid generated by revolving it about OX. 
Se 32 7a? 
" E105 
19. Find the volume generated by revolving one arch of the cycloid 
(x= a(@—sin 6), 
y = a(1 — cos 6) 
about its base OX. Ans. 5 72a3. 
Show that if the arch be revolved about OY, the volume generated 
is 6 72a3. 


20. In the following problems the area between the curve whose par- 
ametric equations are given and the z-axis is to be revolved about the 
y-axis. Calculate the volume. 


(a) e=2—t, y=? —4. ATe “ES. 
(ob) x=t+1ly=#2-4t. . 
(ce) t= 07, 7 42 i— ae, 
e 729 
d)x== =3t-—??. ——— a 
(d) 3° Y = 


__— 21. By revolving it about the axis indicated, find the volume generated 


by the finite area bounded by the following pairs of curves : 
A(a)sy=4,e0+y=5; y-axis. Ans. 97. 


34 1 


\ 2= 73, y27=2—x; y-axis. = 
Sob) y y y 15 


INTEGRATION A PROCESS OF SUMMATION 271 


(ce) y= 27 2,8 2=4y—y?; y-axis. ae a 
oO 
(d) ry¥=4+27,y=5; z-axis. 18 
Ae 


(e) y= 23, y? =x; y-axis. = 

oO 
22. Given the curve x = ??, y= 4¢t— 1%. Find (a) the area of the loop 
and (b) the volume generated by the area inside the loop when revolved 
about the z-axis. Ans. (a) 25,8; (b) 61.28. 


23. Revolve the area bounded by the two parabolas y2=4-2z and 

y? = 5 — x about each axis and calculate the respective volumes. 
Ans. OX: 10m; OY: i = 

24. Revolve about the polar axis the part of the cardioid p= 4+ 4 cos 0 
T 


2 


between the lines 6 = 0 and @ = = and compute the volume. 


Ans. 160 x. 


161. Length of a curve. By the length of a straight line we com- 
monly mean the number of times we can superpose upon it another 
straight line employed as a unit of length, 
as when the carpenter measures the length De 
of a board by making end-to-end applica- 
tions of his foot rule. 7 B 

Since it is impossible to make a straight 
line coincide with an are of a curve, we 
cannot measure curves in the same manner as we measure straight 
lines. We proceed, then, as follows: 

Divide the curve (as AB) into any number of parts in any manner 
whatever (as at C, D, FE) and connect the adjacent points of division, 
forming chords (as AC, CD, DE, EB). 


The length of the curve is defined as the limit of the sum of the chords 
as the number of points of division increases without limit in such a way 
that at the same time each chord separately approaches zero as a limit. 


E 


A 


Since this limit will also be the measure of the length of some 
straight line, the finding of the length of a curve is also called ‘“‘the 
rectification of the curve.” 

The student has already made use of this definition for the length 
of a curve in his geometry. Thus the circumference of a circle is 
defined as the limit of the perimeter of the inscribed (or circum- 
scribed) regular polygon when the number of sides increases without 


limit. pes cy 
J ) | (As AX) 
ds = Vine dy” = de Via’ = dy VE) 
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The method of the next article for finding the length of a plane 
curve is based on the above definition, and the student should note 
very carefully how it is applied. 

162. Lengths of plane curves; rectangular codrdinates. We shall now 
proceed to express, in analytical form, the definition of the last article, 
making use of the Fundamental Theorem. ‘; 

E — 

Given the curve ie :: a e 
and the points P’(a, c), Q(b, d) on it; to find PY 
the length of the are P’Q. = |Ps 

First Step. Take any number 7 of points ia | 
on the curve between P’ and Q and draw the 0 @-a@ a3 x” 
chords joining the adjacent points, as in the 
figure. The required length of arc P’Q is evidently the limit of the 
sum of the lengths of such chords. 

SECOND STEP. Consider any one of these chords, P’P’”’ for ex- 
ample, and let the codrdinates of P’ and P” be p" 


P'(z',y’) and P(x’ + Ax’, y’ + Ay’). 
Then, as in Art. 95, 
P'p" = \/(Ax'? + (Ay? 
or PP = E + (5) | Az 
Ax 
[Dividing inside the radical by (Az’)? and multiplying outside by Az’.] 
But from the Theorem of Mean Value (Art. 116) (if Ay’ is denoted 


by f(b) — f(a) and Az’ by b — a), we get 
aa = f(z), (2’< 21 < 2 ey 
x, being the abscissa of a point P; on the curve between P’ and P” at 
which the tangent is parallel to the chord. ° 
Substituting, P’P’” =[1+f’ (x)2]7Az’ = length of first chord. 


Similarly, P”P’” =[1+4 f’(x2)2]?Ax’ = length of second chord, 


Siaiaiatietieteeaen TI 


Fae 


! 
| 
I 
x’ Ly a'+Az! 


PQ =[1+f'(z,)2}}Ar™ = length of nth chord. 
The length of the inscribed broken line joining P’ and Q (sum of 
the chords) is then the sum of these expressions, namely, - 


[1+ f(r)? Ac! + [1 + f’(xe)2P Ar” + +--+ [14 f'(e,)2PAc@ 
=D + f'@)27Ac®. 
—- 
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THIRD STEP. Applying the Fundamental Theorem, 
ae 1 . b 1 
lim D+ fe) Pae® =f [1+ fey de, 
N70 7=] a 


Hence, denoting the length of are P’Q by s, we have the 
formula for the length of the arc 


sail TL EF @)1? dx, or 


(G) =|. “t+ yl ax, 


»_ dy 
ue a, 
given curve. 
Sometimes:it is more convenient to use y as the independent vari- 
able. To derive a formula to cover this case, we know from Art. 39 


that 


must be found in terms of x from the equation of the 


dy 1. oar 
ede hence dz = x’ dy. 
dy 


Substituting these values in (G), and noting that the correspond- 
ing y limits are c and d, we get the formula for the length of the arc, 


(H) SS ii "[e? + 1]?dy, 


where x’ = # must be found in terms of y from the equation of the 


given curve. 
Formula (G). may be derived in another way. In Art. 95, 
formula (D), 


(1) ds = (1+ y’2)? dx 


gives the differential of the arc of a curve. If we proceed from (1) 
as in Art. 142, we obtain (G). Also, (H) follows from (EZ) in Art. 95. 
Finally, if the curve is defined by parametric equations 


(2) c=f%), y=), 


it is convenient to use 


(3) Par f (dx? + dy?)* = i; “L2@ + $'>(t)]* dt, 


since, from (2), dx = f’(t)dt, dy = $’(t)dt. 


a 
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ILLUSTRATIVE EXAMPLE 1. Find the length of the ee of the circle 
2 + y? = fr, 


Solution. Differentiating, Le ee 
dx y 
Substituting in (G), 
z 
Are BA =f" pass a dit 
1 
Veet. ae On 3 ete ote 
=(["s")e-( [ata] & 
eae y? =r? — x? from the equation of ee 


circle in order to get everything in terms of «x. 


nO aa tele gute 
vareBA =r { a = |r are sin £] =—- 
0 Vr? — 2? r]o 2 


Hence the total length equals 2 mr. Ans. 

ILLUSTRATIVE EXAMPLE 2. Find the length of are of one arch of the cycloid 
x=a(@—sin@), y=a(1 — cos 6). 

See Illustrative Example 2, Art. 81. 


Solution. dx =a(1— cos @)d6, dy=asin 6dé. 
Then dx? + dy? =2 a2(1 — cos 6)d02 =4 a? sin? 4 6d62.__ By (5), Art. 2 
Using (3), s=f°"2asin} 0d0=8.a. Ans. 

0 


The limits are the values of 0 at 0 and D (see figure, Illustrative Example 2, 
Art. 81), that is, 9 =0 and 0=27. 

ILLUSTRATIVE EXAMPLE 3. Find the length of the are of the curve 25 y2 =x 
ELOM) = 10) tO — 20 


Solution. Differentiating, y’ = 42. Hence, by (G), 
(4) s=f- (1 +2 wyhde=3 f° (4 + 23)?dx. 


The integral in (4) was evaluated approximately in Illustrative Example 2, 
Art. 148, by the trapezoidal rule, and also in Illustrative Example 2, Art. 149, by 
Simpson’s rule. Taking the latter value, s = 4(4.821) = 2.41 linear units. Ans. 

163. Lengths of plane curves; polar coordinates. From (J), Art. 96, 
by proceeding as in Art. 142, we get the formula 
for the length of the arc, 


ef" 


where p and ue F in terms of 6 must be substi- 


tuted from the equation of the given curve. 
In case it is more convenient to use p as the independent variable, 
and the equation is in the form 


6= G(p), 


fen dds (pias a ae. 
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Substituting this in [p2dé2 + dp2]* 


ev te] te 


Hence if p; and pz are the corresponding limits of the independent 
variable p, we get the formula for the length of the arc, 


(J) s= ff ‘|a() =F i} dp, 


i 


where S in terms of p must be substituted from the equation of the 


given curve. 


ILLUSTRATIVE EXAMPLE. Find the perimeter of the cardioid p = a(1 + cos @). 


Solution. Here of = = — asin 6. P 


Tf we let 9 vary from 0 to 7, the point P will gen- 9 
erate one half of the curve. Substituting in (J), 
VN 


reat a2 2 2 oin2 Als 
9 i [a?(1 + cos 8)? + a? sin? 6]? dé 
T a w 6 
= 242 0)? d8#=2 ~d0=4a. 
af" + 2 cos @) af COS 5 a 


mae — od. ANS. 


PROBLEMS 

— 1. Find the length of the curve whose equation is y3 = x? between the 

points (0, 0) and (8, 4). Ans. 9.07. 

2. Find the length of the arc of the semicubical parabola ay2=-«3 from 
the origin to the ordinate x = 5a. Uw. 8) 

Ans. a7 

d whid UM. i 
_— 3. Find the length of the aor whose cue is y= - + oe from 
the point where x = 1 to the point where x = 3. Ans. 44. 


4. Find the length of the arc of the parabola y? = 2 px from the vertex 
to one extremity of the latus rectum. ers ie - p eon 


__- 5. Find the length of are of the curve y? = x? from the point where 
x = 0 to the point where x = 3. Ans. 32. 


6. Find the length of are of the parabola 6 y = x? from the origin to 
the point (4, $). Ans. 4.98. 


7. Approximate by Simpson’s rule the length of are of the curve 
3 y = x from the origin to the point (1, 4). Ans. 1.09. 
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8. Find the length of arc of the curve y = log sec x from the origin to 


the point (Z, log 2). Ans. log (2+ V3). 
9. Find the length of are of the hyperbola x? — y2=9 from (8, 0) 
to (5, 4). Ans. 4.56. 
10. Find the length of the arch of the parabola y = 4 x — x? which 
lies above the x-axis. Ans. 9.38. 


11. Find the entire length of the hypocycloid x + y? = a3. Ans. 6a. 


Co we 
» 12. Rectify the catenary y = ; (e*+ e “) from x = 0 to the point (2, y). 
ae _£ 
Ans. ) (eo — a), 


13. Find the length of one complete arch of the cycloid 
x =r arc vers TN ry — y?. Ans. 8r. 
Ct pee ee 
HIntT. Use (A), Art. 162. Here a = eae = 


14. Rectify the curve 9 ay? = x(x — 3 a)? from x= 0 tox=8 a. 
Ans. 2av3. 


15. Find the length in one quadrant of the curve (2)"+ (4)'= 1 


a? + ab +b? 


Ans. Ce 
\ 16. Find the length between «= a and x = 6 of the curve e” = — ; . 
2b 
Ans. log - as : +a-—b. 
-17. The equations of the involute of a circle are 
x =a/(cos 6+ @sin 8), 
y = a(sin 6 — 6 cos 6). 
Find the length of the are from 6 = 0 to 0= 44. Ans. 4 a6,?. 
18. Find the length of arc of curve - = esin 0 from 6=0 to d=. 
y =e*’cos 0 2 


Ans. V2(e2 —1). 
19. Find the length of are of each of the following curves: 
(a) y = log (1 — x?) from x= 0 to x=}. 


2 
~'(b) y= — Slog # from x= 1 to x=2. 


(c) y = log ese x from x= F tox =F. 


(d)'3 2 = y* from y=1 toy = 20: 
(e) One arch of the curve y = sin x. 
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—J 20. Find the length of the spiral of Archimedes, p= a0, from the 
origin to the end of the first revolution. 


Ans. maV1+4 724+ ; log (27+ V1+4 1). 
21. Rectify the spiral p = e** from the origin to the point (p, @). 
Hint. Use (J). Ans. 2 Va? +1. 
——! 22. Find the length of the curve p=a sec? 2 . 


from 6=0 to @==- 
2 
Ans. (v2 + log tan = a. 
— 23. Find the length of are of the parabola 


from @ = 0 to 9 = 5- 


Ans. 2[V2 + log (V2 + 1)]. 
24, Find the length of the hyperbolic spiral 
p@=a from (pi, 61) to (p2, 62). 
WV 972 2 
Ans. Va2?+ pi? i N/ Ge a p2? Hi) log pila + Va? + po?) | 
; p2(a+ Va? + pi?) 


25. Show that the entire length of the curve p = a sin? : is _— Show 


that OA, AB, BC (see figure) are in arithmetical progression. 
26. Find the length of are of the cissoid p = 2 a tan @ sin 6 from 0 = 0 


ae 
an 


27. Approximate the perimeter of one leaf of the curve p = sin 2 0. 


as 2 
PT + cos 0 


164. Areas of surfaces of revolution. A surface of revolution is 
generated by revolving the are CD 
of the curve Y 


y = f(x) 


about the axis of X. 

It is desired to measure the area 
of this surface by making use of the 
Fundamental Theorem. 

First Step. As before, divide 
the interval AB into subintervals 
Az;, Azo, ete., and erect ordinates 
at the points of division. Draw 
the chords CE, EF, etc. of the 
curve. When the curve is revolved, each chord generates the lateral 
surface of a frustum of a cone of revolution. The area of the required 


AS 
py 


——- 
A= 


i 
I} 


i 
ll 


EE 
+ 
ae 

E 


I 
i 
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surface of revolution is defined as the limit of the sum of the lateral 
areas of these frustums. 

SECOND Step. For the sake of clearness let us draw the first 
frustum on a larger scale. Let M be the middle point of the chord 
CE. Then 


(1) Lateral area = 2 7NM - CE.* 


In order to apply the Fundamental Theorem 
it is necessary to express this product as a 
function of the abscissa of some point in the 
interval Az;. As in Art. 162, we get, using the 
Theorem of Mean Value, the length of the chord 


(2) CE =[(1+4+f'(21)2]? Ant, 


where 2; is the abscissa of the point P(x, y1) 
on the arc CE where the tangent is parallel to 
the chord CE. Let the horizontal line through 
M intersect QP: (the ordinate of P|) at R, and denote RP; by e.f 
Then 


(8) NM = Ui els 
Substituting (2) and (8) in (1), we get 


2 r(y1 — e:)[1 +f’ (21)?]? Az; = lateral area of first frustum. 


Similarly, 
2 m(y2 — €2)[1 +f’ (x2)?]}?Axe = lateral area of second frustum, 


2 (Yn — €n)L1 +f’ (tn)?]?Az, = lateral area of last frustum. 
Hence 

» 2r(y¥:-en+f’ (2;)2]? Ax; = sum of lateral areas of frustums. 
This may be written 
4) YA mwlt +f) Ae — 24D ell +/')'h Ae 


* The lateral area of the frustum of a cone of revolution is equal to the circumference of 
the middle section multiplied by the slant height. 

+ The student will observe that as Ax: approaches zero as a limit, 1 also approaches the 
limit zero. ’ 
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THIRD STEP. Applying the Fundamental Theorem to the first 
sum (using the limits OA = a and OB = b), we get 


n 


b 
Ay 2 ry.(1 +f’) Ac, = if See rcp ant 
1 a 


The limit of the second sum of (4) when n — is zero.* Hence the 


area of the surface of revolution generated by revolving the are CD 
about OX is given by the formula 


(K) = 2 {y(t a (2)" Par, 


where y and oS in terms of x must be substituted from the equation 


of the revolved curve, and S, denotes the required area. Or we may 
write the formula in the form 


b 
(LZ) S=2 a y ds, 
remembering that ; , 
‘ 272 
ds = (dx? + dy?)* = [2 ze ee | dae By (Dy, Act. 95 


The formula (ZL) is easily remembered if we consider a narrow 
band of the surface included between two planes perpendicular to 
the axis of revolution as the element of area of the surface, and regard 
it as the convex surface of a frustum of a cone of revolution of in- 
finitesimal slant height ds, with a middle section whose circumference 
equals 2 zy, and hence of area 2 zy ds. 

Similarly, when OY is the axis of revolution we use the formula 


(M) Sr, =2 7 [x(t + (22)"Pay, 


where the value of x and a in terms of y must be substituted from 


the equation of the given curve. 
ILLUSTRATIVE EXAMPLE 1. The arc of the cubical parabola 
(5) a’y = x3 ; 


between + = 0 and x =a is revolved about OX. Find the area of the surface of 
revolution generated. 


* This is easily seen as follows. Denote the second sum by Sp. If € equals the largest of 
the positive numbers | «1|, | e2|,°**, |en|, then 


n 
Suse 2 (1 +f’ (as) 27 Aai. 
eat 


The sum on the right is, by Art. 162, equal to the sum of the chords CEH, EF, etc. Let 


this sum be /,. Then S;, = eln. Since lim e= 0, S» is an infinitesimal, and therefore lim S,=0. 
noo no 


280 INTEGRAL CALCULUS 


2 
Solution. From (5), y’/ = ae Hence 


ds=(1+ y!2)2 do = “ (a# +9 at)? dx. 
Then the element of area = 2 ry ds = =i (a4+9 ot)? a3 dx. 
Therefore, by (ZL), 


EES are HN gr rtihys fy a 4 rs] (Y 
8.=% i (at +924)da de = | (a +9x08/ 


=a (10V10 —1)a2=3.6 a2. Ans. 


ILLUSTRATIVE EXAMPLE 2. Find the area of the ellipsoid of revolution gener- 
ated by revolving the ellipse whose parametric equations are (see (3), Art. 81) 
x=a cos¢, y=) sin d about OX. 

Solution. We have aoa nein dowdy bea 
and ds = (dx? + dy?) = (a? sin? + b? cos? $)2 dd. 

Hence the element of area = 2 ry ds = 2 1b(a? sin? + b? cos? $)? sin ¢ dd. 

(6) ot Spee mb { 2a? sin? } + b? cos? $)? sin o dé. 

To integrate, let w= cos d. Then du=-—sin ddd. Also, 
a? sin? p + b? cos? = a2(1 — cos%) + b? cos? = a? — (a2 — b?)u2. 


Hence, using the new limits given in the table, and interchanging the wu limits 
(Art. 150), the result is 


1 
19,=27b f [a2 — (a? — b2)u2]? du. (a > b) 
Working this out as in Art. 133, by (22), we get 
Sx = 2 mb? + 2 ae arc sin e, where e = eccentricity = Msi Ans. 
a 


ILLUSTRATIVE EXAMPLE 3. Find the area of the surface of revolution generated 
by revolving the hypocycloid ee + y? =a? about the z-axis. 


Solution. Here dy ae y = (a3 — @3)3. 
dx x 


Substituting in (K), noting that the are BA generates only one half of the 
surface, we get 


Sz _ a ite 2.3 ys\2 
2m f (a? oh 4 By ae 


; Hyon 
= “at — 233 FY’ 
an f(a Nea ee 


7 mat {ai — a3) 3x 3 dx 
0 
es 6 1a? ‘ 
5 


2 
1 8,= Ee, 
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PROBLEMS 


/ 1, Find by integration the area of the surface of the sphere generated 
by revolving the circle x? + y? = r? about a diameter. Ans. 4 mr?. 


2. Find by integration the area of the surface of the cone generated 
by revolving about OX the line joining the origin to the point (a, b). 
Ans. rbVa? + 82. 
~ 3. Find by integration the area of the surface of the cone generated 
by revolving the line y = 2 x from x = 0 tox = 2 (a) about OX; (b) about 
OY. Verify your results geometrically. 


4, Find by integration the lateral area of the frustum of a cone gen- 
erated by revolving about OX the line 2y=x—4 from x=0 tox=5. 
Verify your result geometrically. 


“5. Find the area of the surface generated by revolving about OY the 
ao 2 i — 
are of the parabola y = x? from y= 0 toy =2. Mae Le TT 
6. Find the area of the surface generated by revolving about OX the 
arc of the parabola y = x? from (0, 0) to (2, 4). 


*7. Find the area of the surface generated by revolving about OX the 
are of the parabola y? = 4 — x which lies in the first quadrant. 


Ans. 36.18. 
8. Find the area of the surface generated by revolving about OX the 

are of the parabola y? = 2 px from x= 0 tox =4 p. ne 52 mp? 
. 3 ft) 


“9. Find the area of the surface generated by revolving about OY the 
arc of y = x? from (0, 0) to (2, 8). 


10. Find the area of the surface generated by revolving each of the 
following curves about OX: 


fee y= 2°. trom * = 0. to ¢ = 2. Ans. Se. 
(ojo tromea) = 0! tow! —.4: 49 7. 
(c) y2 = 24 —4 2, from x =3 to x= 6. a“ 


(d) 6y = <*, from c= 0 tox =4. (820 — 31 log 3)7_, 


72 
(e) y=e7-*, from + = 0 to x= 0. a V2 + log (1+ V2)}. 
(f) The loop of 9 ay? = «(8 a — x)?. 3 7a?. 
(g) 6a2xy= 24+ 8 at, from rx=a toxr=2a. eee 
> (h) The loop of 8 a2y? = a2x? — x4. ae. 
>) y2+42=2 logy, from y=1 to y=2. we 
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: -, (xz = a(@ — sin 8), 64 7a? 
(j) The eyeloid | = a Pees Oy Ans. err 
.., (x=a(2 cos 6—cos2 @), 128 a? _ 
ane Carole os —a(2sin 6 —sin2 6). 5 


(l) y2= 42, from x =0 tox =3. 
(m) x2 + y2? =4, from x=1 tox=2. 
(n) x? + 4 y? = 36. 

(0) 927+ 4 y? = 36. 


11. Find the area of the surface generated by revolving each of the 
following curves about OY: 


(a) x= ¥?, from y = 0 toy =3. Ans. Ba [(730)? —1)}. 
(b) 4 =x? fromy = 0.10 y= 3. 
A (c) 6 a2xy = xt —3 a4, fromz=ator=8a. (20 + log 3) 7a?. 
(d) 4y= 2? —2 logz, from x=1 tox=4. 24 7. 
~(e) 2y =xVx?2 —14 log (x — Vx? —1), from x=2 tox=5. 
Ans. 78 7. 
(i) y? =) from’ = 0 tor =36: Ans. 131.2. 


(g) 4 y= 27, from 7 =0 to y— 4: 
(h) 2? + 497 =16. 
(i) 42? + y? = 64. (j) 92=y%, from 4 = Oto 
12. Find the area of the surface generated by revolving each of the 
following curves: 


About OX About OY 
| yy 24 7b?) Abe, 
_/(a) The ellipse 2 ae i uh 2 7a?+ ; logs; 
HINT. e = eccentricity of ellipse 
Vice = be 
Pe a 
of.) 
(b) The catenary y= 5 erte a), . 
from x=0tor=a. a (et 4—e-2). 2 wa?(1 —e7}), 
(c) #4+8=6ay, fromz=1tox=2. 42 7. (42+ log 2). 
x= esin 0 nt 2N20r 4a 
‘ = = ™—2), -=—(2e7™+1). 
(2) {Fe oeone, 5 from 8 OtoF. “VET (er —2), =F Qer+]) 
Sys cs Ta? 
2 2— 3 2. 2 ean 2 ee 
(€)8a2+4ye=3a% (5+ a) mor (4 +3 log 3) ™ 
—\ 18. The slope of ae tractrix at any point of the curve in the first 
cere dy Sa -nae 
quadrant is given by FE aa mail Show that the surface generated 


by revolving about OX the arc joining the points (x1, yi) and (a2, yz) on 
the tractrix is 2 me(y1 — yz). 


14. The area in the first quadrant bounded by the curves whose equa- 


tions are y = «8 and y = 4 x is revolved about OX. Find the total surface 
of the solid generated. Ans. 410.3. 
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~ 15. The area bounded by the y-axis and the curves whose equations 
are v7?=4y and x—2y+4=0 is revolved about OY. Find the total 
surface of the solid generated. Ans. 141.5. 


16. Find the surface generated by revolving about OX the arc of the 


eens a 2 208 3 

g +9, rome=1toxr=3. Ans. oe 

17. Find the entire surface of the solid generated by revolving about 
OX the area bounded by the two parabolas y? = 4 # and y2=x+8. 

Ans. 3 r(17V17 + 2V2 — 2) = 594.1. 

18. Find the area of the surface generated by revolving about OX one 

arch of the curve y = sin x. Ans. 14.42. 


curve whose equation is y = 


165. Solids with known parallel cross sections. In Art. 160 we dis- 
cussed the volume of a solid of revolution, such as is shown in the 
accompanying figure. All cross sec- a 
tions in planes perpendicular to the 
x-axis are circles. IfOM=2, MC=y, 
then 


(1) Area cross section 
ACBD= 777 = 7|O(x) F; 


if y = d(x) is the equation of the 
generating curve OCG. Hence the area 
of the cross section in any plane perpen- 
dicular to OX is a function of its perpendicular distance (= x) from 
the point O. 

We shall now discuss the calculation of volumes of solids that are 
not solids of revolution when it is possible to express the area of any 
plane section of the solid which is 
perpendicular to a fixed line (as OX) 
as a function of its distance from a 
fixed point (as 0). 

Divide the solid into n slices by 
equidistant sections perpendicular to 
OX, each of thickness Az. 

Let FDE be one face of such a 
slice, and let ON = x. Then, by hypothesis, 


(2) Area FDE = f(x). 
The volume of this slice is equal, approximately, to 
(3) Area FDE X Ax = f(x)Azx (base X altitude). 


Then >) f(x;)Ax; = sum of volumes of all such prisms. It is evi- 
t=1 
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dent that the required volume is the limit of thissum; hence, by the 
Fundamental Theorem, 


lim > flies = f fla)de, 


N>O j=] 
and we have the formula 
() v= | $G)dx, 
where f(x) is defined in (2). 


ILLUSTRATIVE EXAMPLE 1. The base of 
a solid}is a circle of radius r. All sections 
perpendicular to a fixed diameter of the 
base are squares. Find the volume of the 
solid. 


Solution. Take the circle x? + y? =r? 
in the XY-plane as base, and OX as the 
fixed diameter. Then the section PQRS 
perpendicular to OX is a square of area 
4 y?, if PQ=2 y. (In the figure, the por- 
tion of the solid on the right of the section 
PQRS is omitted.) 

Hence f(x) = 4 y? = 4(r? — x?), and, by 
(NY), 


Volume=4 {” (r?2— 4?)de=186 13, Ans. 
te 
ILLUSTRATIVE EXAMPLE 2. Find the 


volume of a right conoid with circular 
base, the radius of the base being r and the altitude a. 


Solution. Placing the conoid as shown in the figure, consider a section PQR 
perpendicular to OX. This section is an isosceles triangle; and, since 


RM = V2 rae — x? \ 


(found by solving x? + y? = 2 rx, the equation of the 
circle ORAQ, for y) and 
=I, 


the area of the section is 
aV2rx—2?=f(x). 
Substituting in (NV), 


2r 2 
Vaal V2 re — 2? de = 7". Ans 
oO 


This is one half the volume of the cylinder of the same base and altitude. 
ILLUSTRATIVE EXAMPLE 3. Calculate the volume of the ellipsoid 


x? y? = 22 
ah bie aa ae 


by a single integration. 


INTEGRATION A PROCESS OF SUMMATION 285 


Solution. Consider a section of the ellipsoid perpendicular to OX, as ABCD, 
with semiaxes b’ and c’. The equation of the ellipse HEJG in the XOY-plane is 
x2 y? 
aa tb — 
Solving this for y( = 0’) in terms of 
x( = OM) gives 
b= : Waa 02 


Similarly, from the equation of the 
ellipse HFGI in the XOZ-plane we get 


=i Vaaw. 
Hence the area of the ellipse (section) ABCD is 


ToC = = C272) =fa)a = 
Substituting in (N), 
fF mbe et 2 = 4 
=" Sy (a2 — x?)dx =t5 mabe. Ans. 


PROBLEMS 


1. A solid has a circular base of radius 20 in. The line AB is a diam- 
eter of the base. Find the volume of the solid if every plane section per- 
pendicular to AB is 


(a) an equilateral triangle; Ans. 18,472 cu. in. 
(b) an isosceles right triangle with its hypotenuse in the plane of the 
base; Ans. 10,667 cu. in. 


(ec) an isosceles right triangle with one leg in the plane of the base; 
Ans. 21,333 cu. in. 
(d) an isosceles triangle with its altitude equal to 20 in.; 
Ans. 12,568 cu. in. 
(e) an isosceles triangle with its altitude equal to its base. 
: Ans. 21,333 cu. in. 
2. A solid has a base in the form of an ellipse with major axis 20 in. 
long and minor axis 10 in. long. Find the volume of the solid if every 
section perpendicular to the major axis is 


(a) a square; Ee by Ans. 1,333 cu. in. § 
(b) an equilateral triangle; % 2 Dildeo Cups 
(c) an isosceles triangle with altitude 10 in. 392.7 cu. in. 


3. The base of a solid is a segment of a parabola cut off by a chord 
perpendicular to its axis. The chord has a length of 16 in. and is distant 
8 in. from the vertex of the parabola. Find the volume of the solid if 
every section perpendicular to the axis of the base is 


(a) a square; Ans. 1024 cu. in. 
(b) an equilateral triangle; 443.4 cu. in. 
(ec) an isosceles triangle with altitude 10 in. 426.7 cu. in. 
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4. A football is 16 in. long, and a plane section containing a seam is an 
ellipse, the shorter diameter of which is 8in. Find the volume (a) if the 
leather is so stiff that every cross section is a square; (b) if the cross 
section is a circle. Ans. (a) 3413 cu. in.; (b) 535.9 cu. in. 

5. A wedge is cut from a cylinder of radius 5 in. by two planes, one 
perpendicular to the axis of the cylinder and the other passing through a 
diameter of the section made by the first plane and inclined to this plane 


at an angle of 45°. Find the volume of the wedge. Ans. 23° eu. in. 

6. Two cylinders of equal radius r have their axes meeting at right 

angles. Find the volume of the common part. Ase 16 r3 
“3 


7. The center of a square moves along a diameter of a given circle of 
radius a, the plane of the square being perpendicular to that of the circle, 
and its magnitude varying in such a way that two opposite vertices move 
on the circumference of the circle. Find the volume of the solid generated. 

Ans. $ a3. 

8. A circle of radius a moves with its center on the circumference of 
an equal circle, and keeps parallel to a given plane which is perpendicular 
to the plane of the given circle. Find the volume of the solid it will 


generate. Ans. = (8 7+ 8). 


9. A variable equilateral triangle moves with its plane perpendicular 
to the z-axis and the ends of its base on the points on the curves y? = 16 az 
and y?=4 az, respectively, above the x-axis. Find the volume generated 
by the triangle as it moves from the origin to the points whose abscissa 


is a. 
Ans. — 


10. A rectangle moves from a fixed point, one side being always equal 
to the distance from this point, and the other equal to the square of this 
distance. What is the volume generated while the rectangle moves a 
distance of 2 ft.? Ans. 4 cu. ft. 

2 2 

11. On the double ordinates of the ellipse = _ = = 1, isosceles tri- 
angles of vertical angle 90° are described in planes perpendicular to that 
of the ellipse. Find the volume of the solid generated by supposing such 
a variable triangle moving from one extremity to the other of the major 
axis of the ellipse. é Awe 4 ab? 


. 


12. Calculate the volumes bounded by the following quadrie surfaces 
and the given planes 


(3) 2 2 Ans. 


vin 
4 
(b) 4224+9224+y=0; y+1=0. = 
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fee 4 ye 1 + 2?s ¢+-1=0; z—1=0. Ans. 47 
(ayr25y? + 922 =1 + 227: 2 — 2 =0- _. 
(e) a2 + 424922=1. ae 
Ore — 77 + 9 y?; 2+1=0. at. 


18. Given the parabola z= 4— <x? in the XZ-plane and the circle 
wv? + y?=4 in the XY-plane. From each point on the parabola lying 
above the circle two lines are drawn parallel to the YZ-plane to meet the 
circle. Calculate the volume of the wedge-shaped solid thus formed. 

Ans. 67. 


CHAPTER XVI 
FORMAL INTEGRATION BY VARIOUS DEVICES 


166. Introduction. Formal integration depends ultimately upon 
the use of a table of integrals. If, in a given case, no formula is 
found in the table resembling the given integral, it is often possible 
to transform the latter so as to make it depend upon formulas in the 
tables. The devices which may be used are 


(a) integration by parts (Art. 136), 
(b) application of the theory of rational fractions, 
(c) use of a suitable substitution. 


We proceed to discuss (b) and (c). 

167. Integration of rational fractions. A rational fraction is a frac- 
tion the numerator and denominator of which are integral rational 
functions, that is, the variable is not affected with negative or frac- 
tional exponents. If the degree of the numerator is equal to or greater 
than that of the denominator, the fraction may be reduced to a 
mixed quantity by dividing the numerator by the denominator. For 


example, pe 5e+8 
v2+2e24+1 e7+2e+1 


The last term is a fraction reduced to its lowest terms, having ~ 
the degree of the numerator less than that of the denominator. It 
readily appears that the other terms are at once integrable, and hence 
we need consider only the fraction. 

In order to integrate a differential expression involving such a 
fraction, it is often necessary to resolve it into simpler partial frac- 
tions, that is, to replace it by the algebraic sum of fractions of forms 
such that we can complete the integration. That this is always pos- 
sible when the denominator can be broken up into its real prime 
factors is shown in algebra.* 


=7+xer—3+ 


Case I. When the factors of the denominators are all of the first 
degree and none are repeated. 


* See Chapter XX in Hawkes’s ‘‘Advanced Algebra’ (Ginn and Company, Boston). 
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To each nonrepeated linear factor, such as «—a, there corre- 
sponds a partial fraction of the form 
) A 
meth 


where A is a constant. The given fraction can be expressed as a 
- sum of fractions of this form. The examples show the method. 


. ILLUSTRATIVE Exampie. Find (22+3)4 | 
x + 2? — 2% 
Solution. The factors of the denominator being x, x — 1, x + 2, we assume* 
’ 
; , 
: (1) A BU dah er C 


ae 1) +2) oe  e—-1 242’ 


; where A, B, C are constants to be determined. 
Clearing (1) of fractions, we get 


‘- (2) 2%44+8=A(e—1)(a+2) +B + 2)x+ C(x —1)z2, 
2%4+8=(A+B4C)x2?+(A+2B—C)r—-24. 

Since this equation is an identity, we equate the coefficients of the like powers 
of « in the two members according to the method of Undetermined Coefficients, 
and obtain three simultaneous equations 

; { A+B+C=0, 

(3) A+2B-C=2, 

—-2A=8. 


Solving equations (3), we get 
A=}, B=s, Ca—=} 
Substituting these values in (1), 
2x2+3 2e.68 5 1 


ze —D@+2)— eas i) Sune as 
Ad 2x2+3 raat © +2 (@ aL 
“"J a(a@ —1)(x + 2) x—1 oo 
LB Es ane eee 
ts 0g o@ = 1) | Ans. 
Pe +2)% 
, A shorter method of finding the values of A, B, and C from (2) is the following: 
Let factor x =0; then 8 = —2 4, or A=-—}. 


milous factor ¢ — 1 = 0, or¢=1s5 then 6 =8 B; or B=. 
Let factorz7+2=0, ort=—2; then —-1=6C, orC=-}. 


a every example i in rational fractions the number oy, constants to 


: ‘In the process of decomposing the fractional part of the given differential neither 
he | ntegral sign nor da enters. 


290 INTEGRAL CALCULUS 
Case II. When the factors of the denominator are all of the first 
degree and some are repeated. 


To every n-fold linear factor, such as (4 — a)", there will corre- 
spond the sum of » partial fractions, 


A B L 
ee! Cras saitecainds 
in which A, B, ---, L are constants. These partial fractions are 


readily integrated. For example, 


AOD a ee Sh a ee A 
i= Af a) at = =n) — @) 


3 
ILLUSTRATIVE EXAMPLE. Find 4 goles dx 


Solution. Since x — 1 occurs three times as a factor, we assume 
Doc eee. B C Oe 
fet ee Ga) Ga 
Clearing of fractions, 
w+1=A(e—1)?+ Be + Cau(a —1) + Dx(a — 1)?. 
e+1=(A+D)e2°+(—-8A4+C—2D)x?+(8A+B—C+4+D)x—-A 
Equating the coefficients of like powers of x, we get the simultaneous equations 
At Dis 
—3A4+C-—-2D=0, i 
84+B-—-C+D=0), 


—-A=1. 
Solving) Ag= rl i Creal and 
ce etl ee 1 2 
x(x —1)3 oe =i te-a1)ss ee 
‘ Cot Les a 1 eee! ie 
oy ee log x @-D: pay tf 2 lose 1) 


FE 
(x aE x 
PROBLEMS 


Verify the following integrations: 


(8 « + 2)dx x?(1 + x)3 
Lf ee O ca ts 


(402+ 82+1)dx _ (2“%—1)8 

2.f 4x3 — x a oe (2a Teme 
(T22—x2—6)dx_, (82+2)8(22+3)? 
6p isea Gene x “ae 
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38 —x)d 3 
4. fSHOS = -8 ee AOp aie (Cr 
ogee 
5 (Fae 2 ge eee 
227+42+1)dz 
5 poeta log @ +2) — Gt, 
te 6y —1)dy 5. Y= 1? 18 
Sg) = bags eatin fee 
(x? + 42+ 6)dx _ Aa+7 
Saree ne G+ 1)3 =log (e4-1) = Ba@4e1t © 
(2 28 —222-—22¢+1)dz_ z—2 
9. f z4— 2234 22 i Oe es Ze 
bed 2a een ete 
10. f = oa = log 5. 14. mee Re = log =. 
iy 4(a2+62—8)dx 200 
15. Taabee 
11 fad 8-4 410g oie I 
‘ 3 + ¢ 6 16. ke ly sai ip 
ans o- Diaper G 
Se a ie : as = log 2 
2 dr £ Stason = Sue 
ee 1e+4n i log 5: 48 Tao ai 


Work out each of the following integrals : 


2 
19.52 a? +12 0+ 1)dr. 


9x73 — x 
(2y?+ 5y+ 6)dy, 
20. f wry? + 6y 
2 = 
* 91. G2 +72 — 6)dzx. 


e+ n2?—-—24 


OF 2 
a2, (U0 9¢—19 t)dt. 


10 #2 + 29 124+ 10¢ 
4adx 


23. {GaDe+2@+s) 


4. (22 + 2 — 3)dz 
a le 


=1)@ = 2)(@—3) 


ns (2 3 2 2)dr 
25. f a —522+4 
e x? — 1)dx 

26. (TS —22x)(x? — 1) 


(7 y2i— 4)dy 
ar. f (y?+ yy? — 4) 


212 = 8s 
(ee 
(7 + 1)?(a@ — 8) 
(ae? + & + Idx. 
Ce aa: 
nae x? + 9)dx. 
E x(a — 3) 
agg, f e+ Dar, 
te — 1)5 
(2 42 —x+1)dzr 
34. eee a: =H 
(444—52—1)dr 
36. f 44+ 473+ 2? 


Case III. When the denominator contains factors of the second degree 


- but none are repeated. 


| 
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To every nonrepeated quadratic factor, such as x? + px + q, there 
corresponds a partial fraction of the form 
Ar+B 
w+ pt + q 
The method of integration of this term is explained on page 209 
(Illustrative Example 2). 
If p is not zero, we complete the square in the denominator, 
w+ pete p?+q—ZPP= (e+ zp)?+z(4q—p?). (4q>p?) 
Letr+4p=u. Thenz=u—+3 p, dx=du. Substituting these 
values, the new integral in terms of the variable w is readily integrated. 


ILLUSTRATIVE EXAMPLE 1. Find Hf 4 dx : 
w+427 
4 _A , Be+C 


Solution. Assume 


ated) e244 


Clearing of fractions, 4 = A(z? + 4) + 2(Br+C)=(A+B)z?+Cr+4A. 
Equating the coefficients of like powers of x, we get 


Ashe C—O eA 2 


This gives A = 1,B=—1,C=0, 80 that ek) a 


== = =- S55 


= log x — 5 log (2? + 4) + log ¢ = log Ans. 
ILLUSTRATIVE EXAMPLE 2. Prove 
f Be ge Ee as 2—1 3 
+8 24 zw—22+4 12 V3 
Solution. Factoring, x? + 8 = (x + 2)(7? —-224+44). 
1 = Ac+B =“ C ; ; 
+8 x*7—-2274+4 x42 . 
1= (Ar +B)(x+2)+C(z?-22+4), ; 
1=(A+C)z?+(2A4+B—2C0)2r+2B44C6. 7 
Then A=— 7, B=3, G= ,- 


Hence {eS Satreee® Sire 


(4) i ==) aa 
Niet £1094 eee ee 
Then zs =u+1, dr = du, and 


4-2 ae — ‘a it 
t per ke =(= "= V8 are tan Slog (u? +8). 


Substituting back u = zx — 1, using (4), and reducing, we have the 


dr +5 9 log (+2) +0. 
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Case IV. When the denominator contains factors of the second degree 
some of which are repeated. 
To every n-fold quadratic factor, such as («2+ px+q)", there 
will correspond the sum of 7 partial fractions, 
Az+B,__Cz+D ee 
G2+px-+q)y @*+pr+q)? x? + px + q 


To carry out the integration, the “‘reduction formula”’ 


(5) a 1 U 
(w2+ a2)" 2(n—1)a2| (u2 + a2)"-! 
du 
205.) | se |? 
+On-8) | ae 
proved in the next chapter, is necessary. If n > 2, repeated applica- 
tions of (5) are necessary. If p is not zero, we complete the square, 
e+ pe+q=(e+4p)?+4(4q—p?) =u? +a’, etc., as before. 
ILLUSTRATIVE EXAMPLE. Prove 
2e+274+3, 3 1+32 
“G+? +? dx = log (x2 +1) + 2@2 +1) +D 
Solution. Since x? + 1 occurs twice as a factor, we assume 
Ze -e+3  Ar+B 7 Ce+D 
@?+1)2  (@?+1)?' 2+1 
Clearing of fractions, 
2e3+24+3=Axv+B+ (Cx+ D)(~? +1). 
Equating the coefficients of like powers of x and solving, we get 
Jb el eee KCl, ID) eal). 


+3 are tan x +C. 


2e2>+24+383, #r—xr+3 2x¢dx 
Hence [Gia C= @ +1? 3 Bees 
os 5 en x dx 

= log (x? + 1) G@+1?* Les 


The first of these two integrals is worked out by the power formula (4), the 
second by (5) above, with w=x,a=1, n=2. Thus we obtain 


20° -- 243 = 1 3 
| Saree (@ + D? dx = log (x +) +s aD t2 si 27 +aretan2]+ C. 
Reducing, we have the answer. 


Conclusion. Since a rational function may always be reduced to 
the quotient of two integral rational functions, that is, to a rational 
fraction, ‘it follows from the above discussion that any rational 
function whose denominator can be broken up into real quadratic 
and linear factors may be expressed as the algebraic sum of integral 
rational functions and partial fractions. The terms of this sum have 
forms all of which we have shown how to integrate. Hence the 
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Theorem. J'he integral of every rational function whose denominator 
can be broken up into real quadratic and linear factors may be found, 
and is expressible in terms of algebraic, logarithmic, and inverse trigono- 
metric functions, that is, in terms of the elementary functions. 


PROBLEMS 


Verify the following vie 


» Adx 
= log Gs 
S aqt+d) ’ SG lia il z 
| eet yb 1 
2 /OyrD@tD= ip tea ate ten ye 


3, | EELS = tog : r-+ 2 are tana + C. 


((— 212 —9)dt _ ape Se ae 
4. f 21481 log a pete fe 


(89 = 1) sae 
* 8. fara ie 


= tanza+C. 
a4 1)(—2). CF i ae - 


6. teats ee 

1. fps =i g10# (2? + 1) + eave tan 5 + 6, 

8. af ee 5 Liog Tp tN 2 are tan 7 — are tan # +0. 
Msg, 7 =sqhrn tyme tenet C. 

10. [' serpy me = Grey + N08 8 +2) 1 aretan 4 0. ; 
creer srt is flee tse os | = 

19. ( (5S) de = 2+ $22 — 2a arctan? + 0, 


(4u+8)de_ 423+ 5%—2 1 PA Te we 
18. [at By) “Baa? +3)2 MTSU eck wee ye 


9 wide ae 82 gti ° am La 

sy Stari ok 5 log - 7 + V8 are tan va 
pit gf eee eae 10g 18 oe 
a Saresrart ae = 2@i+2)' si+e 9 log (x? + 2 
— 9 log (x? + 8) +.C. 


im, 7 - e 
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16. + lon Seer Heaecpper nema log ear +arctanz + C. 
a 17. Sees Wet 3) se =a, are tan ee + C. 
if ae 5 lo 5 2° 
Peet = Pt “). 
20 Gas area) 22 
eo a te 
22. at =F + \ 
Work out each of the following integrals : 
Seite mfp 
use janie 
af ain arr 
26. f ot Bie. af oee te 
“SE pees + aid, 39, (8 = + zie 


168. Integration by substitution of a new variable; rationalization. 
In the last article it was shown that all rational functions whose 
denominators can be broken up into real quadratic and linear factors 
may be integrated. Of algebraic functions which are not rational, that 
is, such as contain radicals, only a small number, relatively speaking, 
can be integrated in terms of elementary functions. By substituting 
a new variable, however, these functions can in some cases be trans- 
formed into equivalent functions that are either in the list of standard 
forms (Art. 128) or else are rational. The method of integrating a 
function that is not rational by substituting for the old variable such 
a function of a new variable that the result is a rational function is 
sometimes called integration by rationalization. This is a very im- 
portant artifice in integration, and we shall now take up some of the 
more important cases coming under this head. 
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Differentials containing fractional powers of x only. Such an expres- 
sion can be transformed into a rational form by means of the substitution 
LZ, 

" where n is the least common denominator of the fractional exponents of x. 
For x, dx, and each radical can then be expressed rationally in 

terms of z. 

ax? dx 


ILLUSTRATIVE EXAMPLE 1. Prove if i 
14+ x4 


= fat —Flog (1 +28) +C. 


Solution. Here n =4. Hence let x = 21. 


il 3 
Then J2 = gt =—s, de—A edz. 


Then (ee = 4ede=4 (= 


= Y Spee po eee ae 3 
4 f (2 ear 3? Slog (1+ 2%) +C. 


Substituting back z= at, we have the answer. 


The general form of the irrational expression here treated is then 


il 
R(a")dx, 
where R denotes a rational function of x”. 


Differentials containing fractional powers of a+ bx only. Such an 
expression can be transformed into a rational form by means of the 
substitution a+ bx = 2" 


where n rs the least common denominator of the fractional exponents of 
the expression a + bx. 

For x, dz, and each radical can then be expressed rationally in 
terms of z. 
dx 


ILLUSTRATIVE EXAMPLE 2. Find ih ee ee 
(l+2)?+(1+2)? 


Solution. Assume 1 =e ai 22) 


Then di=22dz, (1+ x)? =23, and (1+2)?=z. 
dx 2 2dz dz 
ee | 7 


= 2 arc tanz+ C =2 arc tan (1 +2)? +C, 
when we substitute back the value of z in terms of z. 


The general integral treated here has then the form 


1 
Ria, (a+ bx)] dx, 
where R denotes a rational function. 
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PROBLEMS 


Verify the following integrations: 


dx Ve+1 
ee — Jog (4 + 2V + 5) — arc tan + CC, 
| Seer g ( ) 2 

2. f BPE 3 log "+ C 
x— x8 1-23 
9 EE 3 dx =2 2543 wanes ee CED dsl 
ay? 9 ER /eq an salen 
4. [ (AE ere oer Vis Deck 
(x + 8)(1 — x)? “7S Vi-—2+3 
6. ([——- 4 __ =} 1 jp ee 1 arc tan +1 ico 
(@+42)Vr41 Ve+1+1 V3 3 


6. f— dx 82 + 2 log = 


—1 +4 are tan x? + C. 
at — at 1 


ye x dx — 22a+ bx) 
(a+ bx)? db? Vat eee 


8. fyVa ty dy = 5 (dy — Saya +9)? +C. 


(Ve+1+1)dz _ a | VJ te 
9. =r+14+4V2+1+4log(Vr+1-1)+C. 
a Vet1-—-1 


[ae 5 (w+1)$-3@+1)) + Blog (1+ Vet) +¢. 
11. = 9Vx —2+ V2 are tan [= ap Cr 
ae are tan 3: 
Bi cctrn-t Wh Geral HYG) 
° reranragre is 5 6 ke i ata 

Oe == — 8.386 
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Work out each of the following integrals: 


dx 

20. 24. | ——_———_-- 
direre a I eae 

21 25. td 
camer eater 

22, f—_@ _. 96, ((2— Va + 1)de 

Vx(1 — xt) 38-2 

9 al eee ee 27. | a —______. 

Jeeta Saptah ee 


OT, ooo, 

5 mci oe = =f Se 
29. Find the area bounded by the curve y=x+ Vx+1, the z-axis, 
and the ordinates x = 3 and x= 8. Ans. 40%. 


30. Find the volume generated by revolving about the x-axis the area 
of the preceding problem. 


31. Find the volume generated by revolving about the x-axis the area 
in the first quadrant bounded by the coérdinate axes and each of the 
following curves: 


(a) y=2— Vo. (c) y=a— Vaz. 
(b) y=2—W/2. (d) y=4—<23. 


82. Find the area bounded by the curves y=2x2+ V22+1 and 
y =x — V2x“-+1 and the ordinates x = 4 and «= 12. 


33. Find the area bounded by the curve 
(x —1)y?=(#+1)2y-1) 


and the ordinates x = 3 and x= 8. Ans. al v2 + log! a v2 


169. Binomial differentials. A differential of the form 

(1) x(a + ba”)? dx, 
where a and b are any constants and the exponents m, n, p are rational 
numbers, is called a binomial differential. 

Let =e oe Sten we Odie eee 
and x(a + bx")Pdx = agmate—1(q, + bgna)Pdz, 

If an integer a be chosen such that ma and na are also integers, * 


we see that the given differential is equivalent to another of the same 
form where m and n have been replaced by integers. Also, 


(2) x™(a + ba”)? dx = x™t"P(qa—™ + b)?dx 


* It is always possible to choose @ so that ma@ and na are integers, for we can take a as 
the L.C.M. of the denominators of m and n. 
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transforms the given differential into another of the same form where 
the exponent » of x has been replaced by — n. Therefore, no matter 
what the algebraic sign of x may be, in one of the two differentials 
the exponent of x inside the parentheses will surely be positive. 
When » is an integer the binomial may be expanded and the dif- 
ferential integrated termwise. In what follows p is regarded as a 


5 . Y ie ‘ 
fraction ; hence we replace it by = where r and s are integers.* 


We may then make the following statement : 
Every binomial differential may be reduced to the form 
a (a + bx) sdx, 
where m, n, 7, s are integers and n ts positive. 


In the next section we prove that (1) can be rationalized under the 
following conditions : 


Case I. When ™ mrs = = an integer or zero, by assuming 
a es Gt 3°. 
Case II. When mit 4 a integer or zero, by assuming 
a+ ba = 22": 
x3 dx 


ILLUSTRATIVE EXAMPLE 1. ts hi cak = i v3 (a + ba2)~ Fda 
(a + bx?)2 
pe ee ET, 
b? Va + bx? 


wat 


Solution. m= 3,n =2,r=—8,s=2; and here = 2, aninteger. Hence 


this comes under Case I, and we assume 


a+ bx? = 2?; whence 2 = (2=4)', ar =— 2 —, and (a + br)? = 23, 
au ill 1 2-2)\d pel =i] G 
=5 I — az )de= 55 (@ + a2 y+ 


b b2(22 — a)? 

4) x3 dx =/(2=9)" 2dz <a 

(a + be)? b b3(22 —a)t 2° 
wt 2a+ bx? rio) 

b? Va + bx? 


(22% —1)( +27)F C. 


3 x2 


m+1 
n 


ILLUSTRATIVE EXAMPLE 2. laa 
v 


Solution. m=—4, n=2, taf, and here 


4+ : =—2, an integer. 


* The case where p is an integer is not excluded, but appears as a special case, namely, 
a 
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Hence this comes under Case II, and we assume * 


ak 
ali a Ld 2°47, Z2= da et, h 


i. 2 wii aunaa 2 
7 2=>——_, Ze , 2 : 
whence x art 1 +2 yer 1+¢2 PCr : 
1 1 2dz 

also a » 4 =———; and dr=— e 

(22 — 1)? a 1)3 (22 — 1)3 
ede : 
; cae (22 — 1)? x : 
Sag - | PR --se-ne 
(22 — 1)2 (22 — 1)? 


~,_ 84 ou (22? = 11 + 22)% 
Seog C= 3 x3 +G 


' PROBLEMS 


Verify the following integrations: 


1. [VIF de = 2C HBO Sy eee ee =e0 C. 


a dx: 2(23 — BVA a tae 
2. C. 
i Grass, i 


2(5 v = 16)(8 + 08)* 
8. [25(8 + x8)¥de = rae 
(Ss) 4, fade wide _ 22a+bs#) | a 
. (a+ Be 3 b2?Va + bx3 

yf ee =- G42 b 6, 

a are = ant 

6. f—2—= _G+a%F Sir gh 

; a ae 2 x? 

i <=} » (——— Ex (+ 2t)* we o. 

. are + re 

7 


ie Lae is 

x1 + eee | ‘ 

9. f—@ _-__1438 6 
we(1 + 23)8  - 2 21 + 8)8 
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Work out each of the following integrals: 


S28 ada. 5(73 — 73\3 
11. faeV1 ada. Osa 13. [x (a3 — x3)? dz, 
14. [ae Rene = 2 wide. 15. f(t + x)3 da. 
+ 23)? 


170. Conditions of rationalization of the binomial differential 


(A) x™a + bx")5dx. 
CaSsE I. Assume a+ bx” = 2°. 
1 r 
Then (a+ bx")? =z, and (a+ bx")*=2'; 
Z ua 
28 — a\n p (e—a\". 
also 2 =( 5 and om =( b ) ; 
ved 
coe Ss py—Al ea , 
hence die = os ( j ) dz. 
Substituting in (A), we get 
m+1_ 
m n)s — r+3—1 ine *) * 
PEG Hei dee mae ( ; dz. 
The second member of this expression is rational when 
m+1 
n 


is an integer or zero. 


CASE II. Assume a + ba” = 28x". 


— a 6 Nn — v8y~n — az® a 
Then oe oF and a+ ba"= 2x Say 
Hence (a + ba")? =a8(z?— b) 82"; 
1 ay m _m 
also r=ar(e— ob) a" =a*(e—b) "3 
g 4 shay 

and dz = — = ates1(22—b) ™ dz. 

Substituting in (A), we get 

r m+lir Be (ele 
wm(a+ ba")tde =—Fa * "*(e—b) Cte ete ae, 
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m+1,f 


n s 


The second member of this expression is rational when 
is an integer or zero. 
Hence the binomial differential 


x™(a + ban)*de 
can be rationalized in the cases given in the preceding article. 
171. Transformation of trigonometric differentials. 
Theorem. A trigonometric differential involving sin u and cos u 


rationally only can be transformed by means of the substitution 


(1) tan 5 = 2, 


or, what is the same thing, by the substitutions 


Ze 1 — 2? 2 dz 


(2) SUNN ger COS ea oes du= TTA 


into another differential expression which ws rational in z. 


Proof. From the formula for the tangent of half an angle in (5), 
Art. 2, after squaring both members, we have 


Bee Aes de COS 1 
2 1+ cos u 
Substituting tan 4 w=z, and solving for cos w, 
1— 2? 
(3) lpr 


one of the formulas (2). The right triangle in the figure shows the 
relation (8) and gives also sin w as in (2). Finally, from (1), 


i=) Ate tanics 


2 dz 


and hence du = iene: 


Thus the relations (2) are proved. 

It is evident that if a trigonometric differential involves tan u, 
cot u, sec u, ese u rationally only, it will be included in the above 
theorem, since these four functions can be expressed rationally in 
terms of sin wu, or cos u, or both. It follows, therefore, that any rational 
trigonometric differential can be integrated, provided the transformed 
differential in terms of z can be separated into partial fractions (see 
Art. 167). 
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oat are tan ae ane fc :) +C. 


ILLUSTRATIVE EXAMPLE. EIOVE (eee aa oe 3 


Solution: Let 2x=u. Then x= 4 u,dx=% du. Substituting these values, and 
then using (2), we have 
2 dz 
lfm Verte | Be-lets 
6+4sin2¢% 22 5+4sinu 2 WHET B 5.2? =o +5 
1422 22 


1 52+4 
== t —— 5 
3 are tan ( 5 ) +C 
Substituting back z = tan } u = tan x gives the above result. 


PROBLEMS 


Verify the following integrations: 


dg 6g 
1+ sin 0+ cos 0 ~ = log (1 + tan 5) + 6. 


mee azine eal v_1,i eX 
rains 2 Oe tS fue TC: 
_ at ee (; 2) 
| oarrenr ta 3 arc tan |, tan; + C. 
1 tan5+3 
+ C, 


Dire chase 3 1°8 Capita 
z 


da 1 1 
_ (See as 
5 fs - a5 are tan(Jz tan 5 eee 


rar ceream stn t+ 29 
SEN oy eae ey 


cos 6 d@ @7 5 i( 4) 
a ee ot 
[5 = cos 8 3 + ¢ arc tan @ + an=)-+ C. 
9 4 tan5—3 
— al 6} 
aera 3 are tan (tan 5) + 75 a eae a2 
\ ” ] 
0." oS, Alias ey hs 
if 4—83 cos 0 ae Se ty 
a we oy 0 2+sinz 33 


T Lu 


a doe Od peg ee ee 
Be iaceia woad  5 OED 2. Bohan. ae oe 
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Work out each of the following integrals: 


Gh etter 16. {Sosa 
f ora rao We\ ocosacats 
a fara — = cos 18. [ocr sine 
19. f ae 21. Saeed. 23. {) ee 


sin 6d0 an 2 da 
: 24, Eee 
20: | aan 22. sf ee 


172. Miscellaneous substitutions. So far the substitutions con- 
sidered have rationalized the given differential expression. In a 
great number of cases, however, integrations may be effected by 
means of substitutions which do not rationalize the given differential, 
but no general rule can be given, and the experience gained in work- 
ing out a large number of problems must be our guide. 

A very useful substitution is 


called the reciprocal substitution. Let us use this substitution in the 


next example. 


ee 


ILLUSTRATIVE EXAMPLE. Find Se dx. 


Solution. Making the substitution 7 = ‘, dx = — we get 


Nhe oe 1 (a2z2 — 1)3 a2 — x2)? 
[= w= - fe - hea =- = + c=-S = 10. 
PROBLEMS 

Verify the following integrations: 
dx cx 1 
1. Ss Let eens 
Ale 1+a+ 2? 2+4e4+2V1+2+4 x? zZ 
2. els on (VE —x+2 te— V2) 46. 
‘Y oVu2 — 2 +2 fa 2 Vaer—2+2+4+2+4+ V2 
Let Vx? —x+2=>2-2. 
\ 3, (—— 4 = 2 are tan (0 + Vi? 27 —1)4- C. 
evn? +22—-—1 


Let Ve24+2x2—-1=2-72. 
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4. [4 — dx Fz tos ( zt2E— Neat) +0, 
aK ae V2+22+V2-—<2 


Let V2+a2-—22= (4+ 1)z. 


dx ne 2(3 — x) 
5. | ———=————— . = — >» § arc tany/ = + C. 
=e 3 3(x — 2) 
Let Vib x«—6 — x? = (a4 — 2)z 


6. (—— 4 = ~ are sin(4**) + 0. Tete 
xV3 727 -—22—-1 2 @ 
dx a 1+2e2+V1+4 5 x2 

7. | ————_—"——. = lo ey a oe Ba EY 
ap 14+427+5x? , ; ip shee 1 
Let =~ 
dx 1 : al 1 
8. {| ——$—=———_. = — are sin{i ——)+ C. Let x==- 
ile w2+42—4 2 aVv2 z@ 
9, (——# = Nita t de 
w?V14+224+3 x? ap 
l+e4+vi+2 3 x? 
+log(hbet Vit eebse)  ¢, 
Core 
Zz 
10. (= EO) _ Baresin (AS 22) 46, 
x?V 27 x? +62—1 x 6 1 
Let x =-- 
Zz 
l(g— 23)3 da — ates 
“ale = = 6, Let «== 
dx T ces 
(2: eas = are tan o— F Let e*= 2. 
——$__ = = in2 
BL TSS T Let x = asin?z. 
14, ['V2 0+ dt = V8 — § log (2 + V3). Letit+i= 
0 
Work out each of the following integrals: 
15 a ce . Let Vz? —22+3=2—7. 
evan? —224+3 
ee 4 wd : Let Vx? —227+3=2-72. 
(a? —-244 8)? 
ey 2 easy ey 
{SSS Let V5 x — 6 — x2 = (x4 — 2)z. 
18. (422 _. Let V5x%—6—2?= (4 — 2)z. 
V5a—6-— <2? 


a 


CHAPTER XVII 
REDUCTION FORMULAS. USE OF TABLE OF INTEGRALS 


173. Introduction. In this chapter formal integration is completed. 
The aim is eventually to lay down directions for using a table of in- 
tegrals. Methods of deriving certain general formulas, called reduc- 
tion formulas, given in all tables are developed, since these methods 
are typical in problems of this sort. 

174. Reduction formulas for binomial differentials. When the bi- 
nomial differential cannot be integrated readily by any of the methods 
shown so far, it is customary to employ reduction formulas deduced 
by the method of integration by parts. By means of these reduction 
formulas the given differential is expressed as the sum of two terms, 
one of them not affected by the sign of integration, and the other 
an integral of the same form as the original expression, but one 
which is easier to integrate. The following are the four principal 
reduction formulas: 

xm—n+1(q ae bxn)etl 
A ae bx")? dx = ————— 
(a) fx Sea dpe ote, SUT Ty 
_ (m—n+))a 
(np +m-+1)b 
Kae (Oak 
np+m-+1 
ang ss m n)p—1 | 
er greerert te (a + bx")?-! dx. 
xa a8 bxn)e tl 
(m+ l)a 
_(@ptn+m+i))b 
(m+ l)a 
x™t1(q ah bx")ett 
n(p+lja 
np--n-m-hAl 


n(p+l1)ja 
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x™-" (a+ bx")? dx. 


(B) ie (a+ bx")? dx = 


(C) jhe (a + bx")? dx = 
x™tn(q -+- bye 
(D) i a ae ee 


He x™(a + bx")? tldx, 
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While it is not desirable for the student to memorize these for- 


mulas, he should know what each one will do and when each one fails. 
Thus: 


Formula (A) diminishes m by n. (A) fails whennp+m+1=0. 
Formula (B) diminishes p by1. (B) fails whennp+m+1=0. 
Formula (C) increases m by n. (C) farls whenm+1=0. 
Formula (D) increases p by 1. (D) fails when p+1=0. 


I. To derive formula (A). The formula for integration by parts is 


(1) fe dv = uv -fo du. (A), Art. 1386 
We may apply this formula in the integration of 


fre + ba")? dz 
: by placing ua=xr™-"t1* and dv= (a + bx”) ?x"-1 da: 
then du=(m—n+1)r-ndx and v= @tbe) 


nb(p + 1) 
Substituting in (1), 
Mh mn rks sree EA + ba")Pt1 
ee) [e+ beds 
Digest! 
nb(p +1) 
But | 2™~"(a + bx”)? t1dx aioe + bx”)?(a-+ bx") dx 


rer peel + ba”)Pt1 dx. 


= af o-*(a + bx")? dx 


~ bf amat ba")? dx. 
Substituting this in (2), we get 
x a na Get) ett 
f? (a + bx")? dz = iahintlyia, 
Seer) m—n n 
paifaical ns x™—"(a + ba")? dx 
m—n aS 1 m n 
Pini 1) x™ (a+ ba")? dx. 
Transposing the last term to the first member, combining, and 


solving for il x™(a + bx")? dx, we obtain (A). 
*In order to integrate dv by the power formula it is necessary that x outside the 


parenthesis shall have the exponent n —1. Subtracting n — 1 from m leaves m — n +1 for 
the exponent of x in u. 
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It is seen by formula (A) that the integration of x(a + bx")? dz is 
made to depend upon the integration of another differential of the 
same form in which m is replaced by m — n. By repeated applications 
of formula (A), m may be diminished by any multiple of n. 

When np+m+1=0, formula (A) evidently fails (the denomi- 
nator vanishing). But in that case 


mitt p=0; 


hence we can apply the method of Art. 169, and the formula is not 


needed. 
Il. To derive formula (B). Separating the factors, we may write 


(8) ik x™(a + ba”)? dx = if x(a + ba")P—1(a + ba") dx 
= af oa + ba")?-ldx 


+ b famin(a + ba")P-1dx. 


Now let us apply formula (A) to the last term of (8) by substi- 
tuting in the formula m+ n for m, and p—1 for p. This gives 


am+tn n\p—-l = ee t- bx”)? 
b fa (a + bx")? a SET” 


CSc we ay Be nip 
Treated x™(a+ be")P-1dx. 


Substituting this in (8), and combining like terms, we get (B).° 
Each application of formula (B) diminishes p by unity. Formula 
(B) fails for the same case as (A). 


III. To derive formula (C). Solving formula (A) for 
fen@t ba")? da, 


and substituting m-+ » for m, we get (C). 

Therefore each time we apply (C), m is replaced by m+. When 
m+ 1= 0, formula (C) fails, but then the differential expression can 
be rationalized by the method of Art. 169, and the formula is not 
needed. 

IV. To derive formula (D). Solving formula (B) for 


fxm + bx")?! dx, 


and substituting p + 1 for p, we get (D). 


oe 


REDUCTION FORMULAS 309 


ys Each application of (D) increases p by unity. Evidently (D) fails 

when p+ 1=0, but then p= — 1 and the expression is rational. 
Siibeemuls (6) of Case IV, Art. 167, is a special case of (D), when 
‘ = e—=——s n= 2 a= a?, b= 1. 


Inustrative Exaece 1. {= ee SF we ad—7c. 


—x 
Solution. i A 
We apply reduction formula (A) in this case because the integration of the dif- 
“ferential would then depend on the integration of {'r(1 — 2*)~}dx, which comes 
under the power formula. Hence, substituting in (4). we obtain 


v mei x3—2+1(1 — x2)— zt1 1(8 —2 +1) 7 le eek 
fay te igsa) aicits+p 0-2) te 


=—$ed—2)'+3 f2a—-2)- Sa 
=—jx2d—2)?-30-2)+C 
=—2(e242)-—2)F +6. 
xtde 
(@?—22)t 


ILLUSTRATIVE EXAMPLE 2. [/ — (js +302) Ve—-2 


+Sataresiné +. 


Hint. Apply (A) twice. 
- TLLusTRATIVE EXAMPLE 3. fe +x)bdr => V@+2 


. + Dlog @ + VEFA+C 
_ Hint. Here m= 0, n=2, p= 3, a=a?, b=1. fone 

: (2-1)? 1 

‘TnnusTaative EXAMPLE 4, | be = sob Sqr tzaresece +C. 


‘Hint. Apply (© once. 

7 PROBLEMS 

V Xs ify the following integrations: 
fBNTFR de = fs Bx — 2jdt2)F+e. 
; p_zae _2vi-x 


ee ya +4)4+C. 


, pNitede Vite 1 (vizz—2) re 
awe 2 pers Fredy AY wee OY 
| eg acre 6x8 +9142) + C. é 


(1 + 28) 


il 
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6. { V1 — dx = 7, [are sin x? + (2 28 — 2?) V1 — 2] +. 
7. {xvi + ot dx =1[42V1 + xt + log (2? + V1 4+ 2t)] +. 


WICK VAP ia wk 
8. {Gee bate ¢ 
‘4 4 12) / 8 
ieee dx (1+ 28)3 
10 peat ams Sea amas: 


1, fe Lidiwe ome Al 
(l+28)* 12714 28)3 


12, fe adx_ _ 53 iis ES ah re) 
(1 + 28)8 192 
13. (N4—22de__ (4-2)? 
s} x4 12 «3 hace 
dr. 2 56 3 ang 
14. [T= ra OLR E'S) N/a Ce 


1 
15. {oF bad) = Bg 8 g(— )+¢. 


OY — EA Ne aa — x? 
16. ( F—— = ze = are cos (1 - Z) 4 Cs 
HINT. dp poe = if x2 (2 a— x)72 dx. Apply (A) twice. 
Leh ody 6. Pye oye, Lon Na 
V2 ry — y? : 6 
ome _Y 
+ 3 are cos (1 ut) 4 CE 
t 
18. / ————— = — V2 at — #? + a arc cos 1-+)4+¢ 
Wage at — t ( a 
Work out each of the following integrals: 
dx cw dx x dx 
19. / —————. 22. | —.- 95 —— 
We De | ree l= 
90, pater a. 23, (VA + wade. 26. (Va? + Badt. 
x 
x8 dx x dx aaa 
21. / ———-.- 24, { ———_.. 27. 
Neeser: li — x3)3 \ Tage 


dx dt 
28, (—_=—. 29, [———_. 
f V3 — 23 if t(a* — t4)3 


175. Reduction formulas for trigonometric differentials. The method 
of the last article, which makes the given integral depend on another 
integral of the same form, is called successive reduction. 

We shall now apply the same method to trigonometric differen- 
tials by deriving and illustrating the use of the following trigonometric 
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reduction formulas: "44 
Wf one pars Cons i ta 
2x dx = n + 
(Ey! sin™ x cos" x dx an 
n—-1l 


<= [ sinmx cos 2x dx. 


yy 
. m—il1 sz 1 < : 
(*) eee + 


mtn 


y +B [sia 2x cos" x dx. 
ae cos**1x —— 
n+l : 


n+l 
m-l1 cos*> 1 
Cn samc cnarcan = BEES . J 
m+1 rh = 
4g MENT? (5 mi2y costxdr. 
mil 


Here the student should note that 

Formula (E) diminishes n by 2. (E) fails when m+ n= 0. 
_ Formula (F) diminishes m by 2. (F) fails when m+ n=0. 
_ Formula (G) increases n by 2. (G) fails when n+1=0. 
‘Formula (H) increases m by 2. (A) fails when m+1=0. 
_ To derive these we apply, as before, the formula for integration 
by parts, namely, 
frude=we— f edu. (A), Art. 136 


=cos*-!z, and de=sin™zrcoszrdr; 
sin™*!r 
m+1_ 


du = — (n—1)cos*-2xsinzdz, and e= 
‘ituting in (1), we get 
fsnrzcostzde = + 


sin™*! cos*—!z 
m+i1 
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In the same way, if we let 
a= sin"! and ‘d= cos"s sin var 


we obtain 
(3) sin! on Gost de ee COs 
n+1 
m ACs 
hs n+ +f sin” 22 COS* “made 


But ium COs" +72 dz = [ sinnx (1 — cos*a) cos" 2a dx 
= i sin”x cos" 27dx— Jp sin” x cos" x dx. 


Substituting this in (2), combining like terms, and solving for 


rE sin” x cos”x dx, we get (E). 

Making a similar substitution in (8), we get (F). 

Solving formula (£) for the integral on the right-hand side, and 
increasing n by 2, we get (G). 

In the same way we get (H) from formula (F). 

Formulas (£) and (F) fail when m+n”=0, formula (G) when 
n+1=0, and formula (H) when m+1=0. But in such cases we 
may integrate by methods which have been explained previously. 

It is clear that when m and n are integers, the integral 


ib sin” cos"4 da 


may be made to depend, by using one of the above reduction for- 
mulas, upon one of the following integrals: 


fee sin 2dr, fcosede, sin 2 c08 «de, J qgn f conde, 
sin x 
Jf dst = [see nde, Wega fan ede, feotade, 
COs x cos x sin x 


all of which we have learned how to integrate. 


ILLUSTRATIVE EXAMPLE 1. Prove 


: sinxcos'x , sin x cos?x 
fosintx cost xz dx = — ——— + 


neue 
6 9A + 7g (sin x cos x +x) +C. 


Solution. First applying formula (F), we get 
in? cost dx = — sn zcos’e , 1 4 
(4) fein x costx dx 3 + focos xdx. 
[Here m = 2, n= 4.] 
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Applying formula (E) to the integral in the second member of (4), we get 


fe _ sin x cos*x | 3 
(5) cos x dx a aaa cay cos x dx. 


(Here m= 0, n = 4.] 
Applying formula (E) to the second member of (5) gives 


2 _sinvcose , x 
(6) J cos sds = ia aa 5 


Now substitute the result (6) in (5), and then this result in (4). This gives the 


answer as above. 


ILLUSTRATIVE EXAMPLE 2. Prove 


bane 2 ite5 el oa ; 
dx = 7 sec 2x tan 2x q log (sec 2 + tan2 2) +v. 


tan?2e%_sin?2e, 1 _sin?2e. 


Solution. = = 
cos 2 x cos22% cos 2x cos? 2c 


Petze—u. Thenx= 5 u, dx =% du, and 


(7) Jfsin?2 x cos-*2 x de =} fsin?w cos~3u du. 

Apply (G) to the new integral in (7), with m = 2, n = — 3, replacing x by uw. 
ep) = SIN? wi COSTS Le Oe taaks 

(8) fein u cos 3 udu 5 += fein u cos-tudu. 


Apply (F) to the new integral in (8), with m =2, n=—1. 
(9) fsintu cos-! udu = — sin wu + { cos” udu =-—sin u + log (secu + tan u). 


Substituting from (9) and (8) into (7), reducing, and setting w= 2 x, we have 


—— 


the answer. 
PROBLEMS 
Verify the following integrations: 
é : i Wee Lees | ap 
4 2 — = Arlo A inp Ame a ee 
1. {sin x cos? x dx = sin x cos x|é sin*x 54 sin?2 16 +ret eC. 
3% gy — 3 tan2z=43° x 
2. f tan 3 a 5 tan g + 8 log cos3 + C. 
3 
3. foot da = — FF + cot 6+ 0+ C. 
4. { sec*t dt =i sect tant + 4 log (sect + tant) + C. 
. f ese? de = — ese xcot x + 4 log (ese x — cot x) + C. 


ao yese:0 e000 | e\4 5 ce 
6. [eset O.d9 = — SCPE F (ose 0-+5)+ = log (ese 6 cot 6) + C. 


4 
YD fain? cos? ¢ dp =} sin ¢ cos O(2sin?d—-1) +$O+C.: 


7 
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g. Or 2 OU — — Feot 2 6 ese 2 6 — tlog (ese 2 6 — cot 2 6) + C. 


sin 2 6 4 
dx _ = cosa  2cosz 
| ere 3 sin x San ee 
; _ cos @ sin 0 ” 2 56 
10. {'cos err [8 cost@ + 10 cos O+1)+ + C. 
army 
1:13 if sin* 6 dé 16 
3 Ta. 35 1 
4 ap Sac 8 ets 
12. {" COSanOie=— cz 14. f sin ddd = 128 
5a 2eostrdx 5 387 
6 Es Fetes pS 
18." sin®2 6dé 39 15. f/ re | 3 
4 
Work out each of the following integrals: 
ee sin3xdx_ 2 Pa) 
16. f sin®2 68. 189) a 20. J tan? 5 46. 


0 
nes 
17. fese 2 cE wt fasteze cos? 0. 


22. [ sin’ 8 cos? 6 dé. 23.f70 + sin 9)*d@. 


176. Use of a table of integrals. The methods of integration de- 
veloped in Chapters XII, XVI, and XVII have been directed to re- 
ducing a given integral to one or more of the Standard Elementary 
Forms in Art. 128. Various devices have been elaborated to this 
end, such as 


integration by parts (Art. 136) ; 

integration by partial fractions (Art. 167) ; 

integration by substitution of a new variable (Arts. 168-172) ; : 
use of reduction formulas (Arts. 174-175). 


When, however, a more or less extensive table of integrals is 
available, the first step in any problem in formal integration is to 
search for a formula in the table by which the problem can be solved 
without the use of any of these devices. Such a table is given in 
Chapter XX VII. Some examples will now be given. 


ILLUSTRATIVE EXAMPLE 1. Prove, *« the Table of Integrals,’ 


dx oe, Lee L, 2+2 
eseaca owe “eres )+e. 
Solution. Use i4, with a= 2,0'— land woe 

This example, without the table, would be worked out as in Case II, Art. 167. 
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ILLUSTRATIVE EXAMPLE 2. Verify, by the Table of Integrals, 


== 5 is! th beta Er )+0. 
Solution. Use 22, with a=3, b=2, andu=vz. 
This example, without the table, is solved as in Case III, Art. 167. 
ILLUSTRATIVE EXAMPLE 3. Verify, by the Table of Integrals, 
j= =1)o Va+8e—2 
eV4+32 2 V443242 
Solution. Use 31, witha =4, b=3, andu=z. 


This example, without the table, is worked out by the substitution 4 + 3 x = 2? 
as shown in Art. 168. 


ILLUSTRATIVE EXAMPLE 4. Verify, by the Table of Integrals, 


(Say an | 
—_a- ere Gas Gado VS Vee TC. 
=a pe ave 


Solution. Use 118, with a=—7,b=4,c=3, andu=z. 

Without the table the example would be solved by completing the square as 
in Illustrative Example 2, p. 206. 

ILLUSTRATIVE EXAMPLE 5. Verify, by the Table of Integrals, 


jhe cos 2adr = © 2 sin 2% +3 cos 2x) 
13 


Solution. Use 154, witha =3,n=2,u=zx. 
Without the table the example would be solved by integration by parts. See 
Illustrative Example 6, Art. 136. 


In many problems the given integral cannot be identified with 
one in the table as easily as in the preceding examples. In this case 
we search for a formula in the table similar to the given integral, 
and such that the latter can be transformed into the former by a 
simple change of variable. This method has been used constantly 
in Chapter XII and in all integration problems hitherto. 


ILLUSTRATIVE EXAMPLE 6. Verify, by the Table of Integrals, 
if dx oh log Peas 4C 
rV4227+9 3 “34 V4274+9 


Solution. Formula 47 is similar. Letu=22. Thenxr=4u, dxr=} du, and, sub- 
stituting the values in the given integral, we obtain 


rf dx Pal Beira 3 du == du 

rV4x?4+9 RY eR uVvu?+9 

Hence, applying 47, with a = 3, and substituting back u = 2 x, a=38, we have 
i= ==} fog ($442) +c. 


4x2+9 38 
Without tables we should proceed as in Illustrative Example 2, Art. 135. 


= 
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ILLUSTRATIVE EXAMPLE 7. Verify, by the Table of Integrals, 


NOVI An ae 2 (9x—4 22)? 
f x3 ier, x3 ae 
Solution. Formula 84 is similar. Let w=22. Then x=4}u, dr=4du. 
Substituting, we obtain 


(EE eo sf VE as 
zu 


This is now 84 with a=%. Hence, applying 84, and substituting back 
u=22x, we get the required result. 


If no formula from the table can be applied as in the preceding 
two cases, there remains the possibility that the use of one or more 
of the devices mentioned at the beginning of this article will lead 
to new integrals solvable by the table. No general directions can be 
given other than the rules already developed in the text for the 
employment of these devices. 

The student should study the arrangement of the table. He will 
find that the Standard Forms of Art. 128 appear in their proper places. 
The reduction formulas of Art. 174 are given, with modifications, by 
96-104. Also, the reduction formulas of Art. 175, with additional 
ones for various cases, are numbered 157-174. Increased power 
in the technique of integration will come from familiarity with the 
table and practice in using it. 


PROBLEMS 


Verify the following integrations: 


1. f dee = Z—1 + are tan Vr—1+ ©. 


x?Va—1 
2, 2e2+1 
2. | ————-| = — —_—— 5 
eras S/F ea ATG mes 
WL al 4 | 
3. = 
-{Gaspi pi ap [toe 4-52) + gE | +e 
1 fp ee Be aA erg === ]+¢ 
if x ; Vi-2x+1 
5. fxsin22dxe=—}xcos2x+ fsin2a+C. 
(eee — cos? x ee ye eee 
sin’a =i sinn?2e =D 2 
— 3 log (cse x — cot x) + C. 
2 
1 fete Lewes 2241 te 
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8. f'sin? x cos? x dx = 4 sin’x — 4 sindx + C. 


cos? t dt 
(a = 2Vsin i — 2 (sin 1)! + C. 
Saag 


ee Viewet =5(VGF BF) 


+ log (V44+ 22? +.V3 + 2?)]4+c. 
a ———— econ ae — V(1 + sin x)(2 — sin x) 


V2 — sin x 
— 3 arc sin 2a Sint y¢, 
V2a— x2 dx (2 a — x2)2 
12, fer dr__ Qa- wv) 5 6 
sin 2 tdt 4 
One 21 : 
18. fo sin 2 2+ sin + 2 log (2+ sin t)+C 


e2=dx HS 
= — V14-9 & = e?* — are sin 


14. Sl = + C, 
| Vee E 


Work out the following integrals: 


dx dx dé 
15. (5a) 20. ar LE Coon veneer 
16. dx : rE x dx ‘ 26, (Ya ore. 
22V9 x2 —4 V1+32-—4 2? 
x? dx 3 siny dy. 
ae ec 22. | x3(L 2\2 dx. 
17. fo fod + 22)Fde Narre 
pede oy el ee 98. [sin 2 6 sin 3 6d0 
18. {- ae if 972," . f sin sin b 
V3 ae dt dx 
0 eee eae Td ooeeesroae Ll oan 
wn [Venda 32, (—e _. 
xz (x2 — 4)? 
31.f—“—. 33. (115(4 + x)? dz. 
22(1 + x2)% 


Evaluate each of the following definite integrals: 
34. ['(x? + 16)$dx = 250.28. pl ee 
z -f, 2+cost 3vV3 
a is, wet 
5. [5 = 0.124. 2V102—2?dx _ 19 
ce 


x3 ~ 15 


36. [ a, zy = 10.02. 88. lee e-' cos? (5) dt = 0.727. 
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40. {-"e* sin x dz = $(e7 + 1). 43. = —— D3 = 0.093. 
Hi 
1 
41. { zerdx = 1. a4. f lie 
ee 2 
49. = 0.081. __ x? dx 
: WES 45. [G43 as G+3a) 
dz (paw x2 + 5 + 5dz 2 Gr 
£6. { ———_._ 49, [2 eee 
pocueat Ji = | ee 
RY oe ee En ee __ an 
"J, 24432%) Jo (49 —10 22) OJ aes a, 


2 dz Vat ee. 
48. | —————-.- ee 2 
i aN yes 51. 7 54. f° é sin rt dt. 


CHAPTER XVIII 
CENTROIDS, FLUID PRESSURE, AND OTHER APPLICATIONS 


177. Moment of area; centroids. The centroid of a plane area is 
defined in the following manner : 

A piece of stiff, flat cardboard will balance in a horizontal position 
if supported at a point directly under its center of gravity. This 
point of support is the centroid of the area of the flat surface of the 
cardboard. 

For certain areas considered in elementary geometry the cen- 
troids are obvious. For a rectangle or a circle the centroid coincides 
with the geometrical center. In fact, if a plane figure possesses a 
center of symmetry, that point is the centroid. Furthermore, if a 
plane figure has an axis of symmetry, the centroid will lie on that axis. 

The following considerations lead to the determination of the 
centroid by mathematical means. It is beyond the purpose of 
this book to justify the argument by 
mechanics. 

Consider the area AMPNB of the 
figure. Divide it into n rectangles, each 
with base Az, as heretofore. The figure 
shows one of these rectangles. Let dA be 
its area, and C(h, k) its centroid. Then 


(1) dA=ydz, h=z, k=sy. 


The moment of area of this elementary 
rectangle about OX (or OY) is the product of its area by the per- 
pendicular distance of its centroid from OX (or OY). If these 
moments are, respectively, dM, and dM,, then 


Yy 


Oa O Ane] 


(A) dM,=kdA, dM,=hdaA. 


The moment of area for the figure AMPNB is obtained by applying 
the Fundamental Theorem (Art. 156) to the sum of the moments of 
area of the n elementary rectangles. Thus we obtain 


(B) M,= [ aA, M,= [ hdd. 
3819 
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Finally, if (@, 7) is the centroid of the area AMPNB, and A its 
area, then the relations between the moments of area (B) and % 
and y are given by 

(C) Ax=M,, Ay=M,. 

To calculate (Z, ¥), find the moments of area M, and M,. From 
(1) and (B), these are, for the above figure, 


b b 
(2) M,=4 [ y2dx, M, =i xy dx, 


in- which the value of y in terms of x must be substituted from the 
equation of the curve MPN. 

If the area A is known, we have, from (C), 

(3) ga“, ga 


rep per 


If A is not known, it may be found by integration, as in Art. 145. 


ILLUSTRATIVE EXAMPLE 1. Find the centroid of the area under one arch of the 
sine curve 


(4) y =sin x. 
Solution. Constructing an elementary rectan- 
gle, we have 
(5) dA =ydx=sin x dx, 
dM, =kdA =34 y?dx=4sin?xdz, dM, =hdA=xydx =< sin x dz. 
The limits arex =0,x = 7. Hence 


gl payee = 21 (Fes eeu = [fe — 
(6) A=f Sida, M, =} f "sin Ot gai M,=f. v sine de ae 


Then, from (3),%=47,97=% 7. Ans. 

The value of might have been anticipated, since the line x = 4 7 is an axis of 
symmetry. 

ILLUSTRATIVE EXAMPLE 2. In the figure the curve OPA is an arc of the parabola 
y? =2 px. Find the centroid of the area OPAB. 


Solution. Draw an elementary rectangle, as in 
the figure, and mark its centroid (h, k). Then 


dA=ady, h=iz, k=y. 
Using (A), dM, =kdA = xy dy, 
dM, =hdA =3 x? dy. 


Finding x in terms of y from y? = 2 px, and 
integrating between the limits y =0, y = b, we find 


glue se hphes 
6p sg a oe 40 p 
Hence % = qe y=- Z 3b. But x=a, y=b satisfy the equation y? =2 pz. 
Hence b? = 2 pa, and % = ,3, a. The centroid is therefore (4%; a, } b). Ans. 
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PROBLEMS 

1. Find the centroid of each of the areas bounded by the following. 
curves : 

agi 2?, c= 1, y = 0. Ans. = 3,9 = 75. 

(b) y=x?, y=1, +=0. (First quadrant.) t=3,7=. 

(ce) y= 23, x=1, y = 0. = 4,9=#. 
_Xd) y= 23, y= 1, 2 =0. r=2,y=%. 

‘< (e) y2=23,x=4,y=0. (First quadrant.) G= 20, 7 = §. 
(f) x? + y2=1. (First quadrant.) ayes 


(2) WP Sa ae ele 37 
lt) UP =a 
() OP Sas ey Ue 
Mi — 0, y= 0. (First quadrant.) 
ion — a —ar,7=—0,7y=0. (First quadrant.) 
(1) x2? —y2?=4, y=0, x=6. (First quadrant.) 
kat 
b2 
2. Find the centroid of the area bounded by the codrdinate axes and 
the parabola Vz + Vy = Va. 


2 
(m) z — i—iO ed i Oe instequadrants) 


Ans. z=7=!%. 


5 
> 3. Find the centroid of the area bounded by the loop of the curve 
— yt =4 x? — 23, Ans. % = 18, 7=0. 
4. Find the centroid of the portion in the first quadrant of the ellipse 
Ror Aa pe Oe ee 
mate Ans. T= 5-9 ¥=3— 


__-— 5. Find the centroid of the area bounded by the parabola y? = 2 px 
and the line y = ma. 


Ty Ue ee 
| Ans. =~ x Hs 
6. Find the centroid of the area included by the parabolas y? = ax 
and x? = by. ANI as as ards, — an asbe. 
as 7. Find the centroid of the area bounded by the cissoid y?(2 a — x) = x3 
and its asymptote «= 2 a. 5a 
3 
8. Find the centroid of the area bounded by the witch x?y = 4 a?(2a—y) 
and the x-axis. 


Ans. == y= 0. 


Ans. 7=0,7=2: 


er 
> 9. Find the distance from the center of the circle to the.centroid of 
the area of a circular sector of angle 2 @. a 2rsin @ 


3 
10. Find the distance from the center of the circle to the centroid of 
the area of a circular segment the chord of which subtends a central 
angle 2 @. 2 rsin? 0 ; 
oh 3(@ — sin 6 cos @) 


“ 
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11. Find the centroid of the area bounded by the cardioid 
p=a(1+ cos 6). Ke i= 24,7 =0. 


12. Find the centroid of the area bounded by one loop of the curve 


p=a cos 2 0. Ans. Distance from origin = 2 ave. 
105 + 
13. Find the centroid of the area bounded by one loop of the curve 
= 3.0. 
oe a ; Ans. Distance from origin = Bet 


178. Centroid of a solid of revolution. The center of gravity of 
a homogeneous solid is identical with the centroid of that body 
considered as a geometrical solid. 
The centroid will lie in any plane 


A 
of symmetry which the solid may Y j 
possess. V 

To achieve a mathematical def- Vieeg AV) 

“iti ; Pee NW g 
inition of the centroid of a solid Fe BG g 
of revolution, it is necessary to MD YG Mh 
modify the discussion of the pre- A nY 

O a 


ceding article only in the details. 


| 


Let OX be the geometrical axis as za 
of the solid. The centroid will ===| aaa 
then lie on this axis. Let dV bean er =a) 


tt 


element of volume, that is, a cylin- 
der of revolution with altitude Ax 
and radius y. Then dV = zy?Az. 
The moment of volume of this cylmder with respect to OY is 


(1) dM,=xdV = ray? Ax. 

The moment of volume for the solid is then found by the Funda- 
mental Theorem, and Z is given from 

(2) Ve=M, =f ray?de. 


ILLUSTRATIVE EXAMPLE. Find the centroid v4 
of a solid cone of revolution. 


Solution. The equation of the element OB is 


| pM ESE 0 
zg OA h 
ee 
or y= h 
het 292 1 
Hence Wh = ; TES dn =F Trh?2, 


Since V=4 ar2h, Z=23h. Ans. 
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PROBLEMS 
1. Find the centroid for each of the following solids: 


(a) Hemisphere. (See Y 
figure.) Ans == er. 


> (b) Paraboloid of revo- 
lution. (See figure.) 
Ans. == $h. 


2. The area bounded by 
OX and each curve given 
below is revolved about OX. 
Find the centroid of the solid 
of revolution generated. 


ee 7° = a", 2 = 2 a. 

(b) 2 ay = a?,x=40,7=2a. 

(Cray. = 27, xc =a. Ans. R= oa, 
(GO) OF Sa ee oe 
ey? — 409 — 0, r= 1. 
(f) y=asinz, x= 7. 


Sl 
Il 
H|bo 
Hale 


8. The area bounded by OY and each of the curves given below is re- 
volved about OY. Find the centroid of the solid of revolution generated. 
— (a) y2=4 az, y=b. Ans. y=2 0. 

(b) x? —y?=1,y=0,y=1. y=7 
(c) ay? = 23, y=a. 
4. The radii of the upper and lower bases of a frustum of a cone of 


revolution are, respectively, 3in. and 6in., and the altitude is 8 in. 
Locate the centroid. 


am 5. Find the centroid of the solid formed by revolving about the y-axis 
the area in the first quadrant bounded by the lines y = 0, x =a, and the 


2— 
parabola y? = 4 az. eae ae 
6. Find the centroid of the solid formed by revolving about the z-axis 
2 2 
that part of the area of the ellipse ae = 1 which lies in the first 
quadrant. eee re oS 


_— 7. Find the centroid of the solid formed by revolving about the x-axis 
the area in the first quadrant bounded by the lines y= 0, r= 2a, and 


2 2 
the hyperbola = - - =1. f ros 
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8. Find the centroid of the solid formed by revolving about the z-axis 
the area bounded by the lines r= 0, r=a, y=0, and the hyperbola 
cats i 
——=-+1=0. 


_* 9. Find the centroid of the solid formed by revolving about the z-axis 

the area bounded by the lines y= 0, r=, and the curve y 5sin2 2. 
4 4 / OT 

10. Find the centroid of the solid formed by revolving about the z-axis 
the area bounded by the lines x = 0, x = a, y = 0, and the curve y= e*. 

S 11. The area bounded by a parabola, its axis, and its latus rectum is 

revolved about the latus rectum. Find the centroid of the solid generated. 

Ans. Distance from focus = °; of latus rectum. 


179. Fluid pressure. We will now take up the study of fluid pressure 
and learn how to calculate the pressure 
of a fluid on a vertical wall. a 

Let ABDC represent part of the 
area of the vertical surface of one wall 
of a reservoir. It is desired to deter- 
mine the total fluid pressure on this area. 
Draw the axes as in the figure, the 
y-axis lying in the surface of the fluid. 
Divide AB into zn subintervals and 
construct horizontal rectangles within 
the area. Then the area of one rec- 
tangle (as EP) isy Ax. If this rectangle 
was horizontal at the depth z, the fluid pressure on it would be 


Way Az, 
Ee pressure of a fluid on any given horizontal surface equals the wo 


Surface of fluid 


of a column of the fluid standing on that surface as a base and of height 
equal to the distance of this surface below the surface of the fluid. 


where W = the weight of a unit volume of the fluid. Since fluid pres- 
sure is the same in all directions, it follows that Way Az will be ap- _ 


proximately the pressure on the rectangle EP in its vertical position. J 

Hence the sum - <4 
>, Way; Az; 2 ie 
i=1 a 


— 
represents approximately the pressure on all the rectangles. The 
pressure on the area ABDC is evidently the limit of this sum. Hence, _ 
by the Fundamental Theorem, : 


lim L Ways Ae:= f wry dz. 
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Hence the fluid pressure on a vertical submerged surface bounded 
by a curve, the x-axis, and the two horizontal lines x = a and x = b 
is given by the formula 


b 
(D) Fluid pressure = W f yx dx, 


where the value of y in terms of x must be substituted from the equa- 
tion of the given curve. 
We shall assume 62 Ib. (= W) as the weight of a cubic foot of water. 


ILLUSTRATIVE EXAMPLE 1. A circular water main 
6 ft. in diameter is half full of water. Find the pres- 
sure on the gate that closes the main. 


Solution. The equation of the circle is x? + y? =9. 
Hence i—eV D025 
W = 62, 


and the limits are from x = 0 tox = 38. Substituting 
in (D), we get the pressure on the right of the 
x-axis to be yx 


3 ae 
Pressure = 62 f V9 — a2 + « de =[— %2(9 — x) 3]8 = 558. 
Hence Total pressure = 2 x 558 = 1116 lb. Ans. 


The essential part of the above reasoning is that the pressure 
(= dP) on an elementary horizontal strip is equal (approximately) 
to the product of the area of the strip (=dA) by its depth (= h) 
and the weight (= W) of unit volume of the fluid. That is, 


(E) dP = WhdA. 
With this in mind, the axes of codrdinates may be chosen in any 
convenient position. 


ILLUSTRATIVE EXAMPLE 2. A trapezoidal gate in a dam is shown in the figure. 
Find the pressure on the gate when the y 
surface of the water is 4 ft. above the WATER LEVEL 
top of the gate. 

Solution. Choosing axes OX and OY 
as shown, and drawing an elementary 
horizontal strip, we have, using (£), 

dA =2xdy, 
h=8-y, 
dP = W(8 — y)2 «dy. 
The equation of AB is y=2x-8. 
Solving this equation for x, and substi- 
tuting, the result is 
. dP = W(8 — y)(y + 8)dy = W(64 — y?)dy. 


Integrating with limits y = 0 and y = 4, we obtain 
4 
P=W i (64 — y2)dy = 794 W = 14,549 Ib. Ans. 
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PROBLEMS 


1. In the following problems the y-axis is directed vertically upward, 
and the x-axis is at the surface level of a liquid. Denoting the weight of 
a cubic unit of the liquid by W, calculate the pressure on the areas formed 
by joining with straight lines each set of points in the order given. 


(a) (0, 0), .(3, 0), (8, —2), @, — 2), (0, 0): Ans. 6 W. 
(b), (0; 0), (8,-0);° (0; — 2), (0, 0). 2W. 
(c)/(0,/0),-@; — 2), (0, — 2), (0,-0). 4 W. 
(d) @1, 0), (2,-0), (0, —3), C1, 0). 2W. 
(e) (— 2, 0), (8, 0), (8, — 2), (0, —2), (— 2, 0). 23. W. 
(f) ©, 0); @, — 2), (0, — 3), (0, 0). 5 W. 
(g) (0, 0), qd, - 2 (0, = 2), (= i, as 1); (0, 0). 2W. 


2. Calculate the pressure on the lower half of an ellipse whose semi- 
axes are 2 and 3 units respectively, (a) when the major axis lies in the 
surface of the liquid; (b) when the minor axis lies in the surface. 

Ans. (a) 8 W;, (b) 12 W. 
> 3. A parabolic segment, formed by a chord perpendicular to the axis, 
measures 2 ft. across the base and 1 ft. from base to vertex. With the 
axis of the parabola vertical, calculate the pressure on the segment 
(a) when the vertex lies in the surface of the liquid; (b) when the base 
lies in the surface. Ans. (a) $ W; (b) # W. 


4. A horizontal cylindrical tank of diameter 8 ft. is half full of oil 
weighing 60 lb. per cubic foot. Calculate the pressure on one end. 
; Ans. 2560 Ib. 


5. Calculate the pressure on one end if the tank of Problem 4 is full. 


*6. The vertical end of a water trough is an isosceles 
right triangle of which each leg is 8 ft. Calculate the 
pressure on the end when the trough is full of water 
(CW. = 62.5). Ans. 3771 |b. 


7. A rectangular gate in a vertical dam is 10 ft. wide and 6 ft. deep. 
Find (a) the pressure when the level of the water (W = 62.5) is 8 ft. above 
the top of the gate; (b) how much higher the water must rise to double 
the pressure found in (a). Ans. (a) 41,250 Ib.; (b) 11 ft. 


__\ 8. A vertical dam has the shape of a parabola; it is 600 ft. across the 
top and 40 ft. deep in the center. Find the pressure upon it when the 
water is 30 ft. deep. Ans. 3897 tons. 


9. A flood gate 8 ft. square has its top just even with the surface of the 
water (W = 62.5). Find the pressure on each of the two portions into which 
the square is divided by one ofitsdiagonals. Ans. 53333 lb.; 10,6663 Ib. 


Bee 10. Show that the pressure on any vertical surface is the product of 
the weight of a cubic unit of the liquid, the area of the surface, and the 
depth of the centroid of the area. 
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180. Work. In mechanics the work done by a constant force F 
causing a displacement d is the product Fd. When F is variable, this 
definition leads to an integral. Two 
examples will be considered here. 

Work done in pumping out a tank. 
Let us now consider the problem of 
finding the work done in emptying 
reservoirs of the form of solids of rev- 
olution with their axes vertical. It 
is convenient to assume the z-axis of 
the revolved curve as vertical, and the | Ax 


y-axis as on a level with the top of 
the reservoir. Spares 

Consider a reservoir such as the one 
shown; we wish to calculate the work 
done in emptying it of a fluid from the depth a to the depth b. 

Divide AB into n subintervals, pass planes perpendicular to the 
axis of revolution through these points of division, and construct 
cylinders of revolution, as in Art. 160. The volume of any such 
cylinder will be zy?Az and its weight Wiy?Az, where W = weight 
of a cubic unit of the fluid. The work done in lifting this cylinder 
of the fluid out of the reservoir (through the height x) will be 


Wry2x Ax. 


[Work done in lifting equals the weight multiplied by the vertical height. ] 


Pay 


The work done in lifting all such cylinders to the top is the sum 


> Wary ;20;Ax;. 
t= 
The work done in emptying that part of the reservoir will evi- 
dently be the limit of thissum. Hence, by the Fundamental Theorem, 


lim > Wry 2a:Ax; = [wre ai. 
He Os 

Therefore the work done in emptying a reservoir in the form of a 
solid of revolution from the depth a to the depth b is given by the 
formula : 

(F) Work = Wi le y tox, 
where the value of y in terms of x must be substituted from the 
equation of the revolved curve. 
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ILLUSTRATIVE EXAMPLE 1. Calculate the work done in pumping out the water 
filling a hemispherical reservoir 10 ft. deep. 


Solution. The equation of the circle is 


x? + y? = 100. 
Hence y? = 100 — z?, 
We 62. 


and the limits are from « = 0 tox = 10. 
Substituting in (Ff), we get 


10 
Work = 62 i) (100 — x?)x dx = 155,000 x ft.-lb. 


The essential principle in the above reasoning is that the element 
of work (= dw) done in lifting an elementary volume (= dV) through 


a height (= h) is dw = WhavV, 


where W = weight of unit volume of the fluid. With this in mind, 
the axes of codrdinates may be chosen in any convenient manner. 


ILLUSTRATIVE EXAMPLE 2. A conical cistern is 20 ft. across the top and 15 ft. 
deep. If the surface of the water is 5 ft. be- 
low the top, find the work done in pump- 
ing the water to the top of the cistern. 


Solution. Take axes OX and OY as in 
the figure. Then 


ay = 1x dy; 
h=15-y, 
dw = W(15 — y) 1x? dy. 


) (10, 15) 


The equation of the element OA is xX 
2=2y. Substituting, O 


dw = 1wW(15 — y)% y? dy = 4 wW(15 y? — y3)dy. 
The limits are y =0 and y = 10, since the water is 10 ft. deep. Integrating, 


10 
w=tnW oF (15 y2 — y3)dy = 216,421 ft.-lb. Ans. 


Work done by an expanding gas. If a gas in a cylinder expands 
against a piston head from volume 2p cu. ft. to 2 cu. ft., the external 
work done in foot-pounds is 


(G) Work =f ‘bdb, 
vo 


where p = pressure in pounds per square foot. 
Proof. Let the volume increase from v to v + dv. 
Let c= i i , 7 fi 
et c = area of cross section of the cylinder \f ee 
\ eS Re 


Then = distance the piston moves. 
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Since pe = force causing the expansion db, 
Element of work done = pe - Lies p dv. 
c 
Then (G) follows by the Fundamental Theorem. To use (G), the 
relation between p and v during the expansion must be known. This 
relation has the form 


(1) pv" = constant, 


_ the exponent 7 being a constant. 

Isothermal expansion occurs when the temperature remains con- 
stant. Then n = 1, and the pressure-volume relation is 

(2) pv = Povo = pir. 

If a graph of (1) is made (pressure-volume diagram), plotting 
volumes as abscissas and pressures as ordinates, the area under this 
curve gives, numerically, the work done, as calculated by (G). In 
isothermal expansion the graph of (2) is a rectangular (equilateral) 
hyperbola. 

PROBLEMS 


_- 1.A vertical cylindrical cistern of diameter 16 ft. and depth 20 ft. is 
full of water (W = 62.5). Calculate the work necessary to pump the 
water to the top of the cistern. Ans. 800,000 7m ft. lb. 


2. If the cistern of Problem 1 is half full, calculate the work necessary 
to pump the water to the top. 


7 %. A conical cistern 20 ft. across the top and 20 ft. deep is full of water 
(W = 62.5). Calculate the work necessary to pump the water to a height 
of 15 ft. above the top of the cistern. 2,500,000 7 

Ans. sahil ft. lb. 


4. A hemispherical tank of diameter 10 ft. is full of oil weighing 60 lb. 
per cubic foot. Calculate the work necessary to pump the oil to the top 
of the tank. Ans. 9375 7 ft. lb. 


5. A hemispherical tank of diameter 20 ft. is full of oil weighing 60 lb. 
per cubic foot. The oil is pumped to a height of 10 ft. above the top of 
the tank by an engine of 4 H.P. (that is, the engine can do work at the 
rate of 16,500 ft. lb. per minute). How long will it take the engine to 
empty the tank? 

6. Find the work done in pumping out a semi-elliptical reservoir full 
of water (W = 62). The top is a circle of diameter 6 ft., and the depth 
is 5 ft. Ans. 34873 7 ft. lb. 

7. A conical reservoir 12 ft. deep is filled with a liquid weighing 80 lb. 
per cubic foot. The top of the reservoir is a circle 8 ft.in diameter. Cal- 
culate the work necessary to pump the liquid to the top of the reservoir. 

Ans. 15,360 7z ft. lb. 


4 
e 
Bi. 
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8. A water tank is in the form of a hemisphere, 24 ft. in diameter, sur- 
mounted by a cylinder of the same diameter and 10 ft. high. Find the 
work done in pumping it out when it is filled within 2 ft. of the top. 


9. A bucket of weight M is to be lifted from the bottom of a shaft 
h ft. deep. The weight of the rope used to hoist it is mlb. per foot. Find 
the work done. 


~ 10. A quantity of air with an initial volume of 200 cu. ft. and pres- 
sure of 15 lb. per square inch is compressed to 80 lb. per square inch. 
Determine the final volume and the work done if the isothermal law holds, 
thats ot —1C-. Ans. 3726 cu. {t.; (2o;000nsueios 


11. Determine the final volume and work done in Problem 10 if the 
adiabatic law holds, that is pu” = C, assuming n = 1.4. 
Ans. 60 cu. ft.; 648,000 ft. Ib. 


12. Air at pressure of 15 lb. per square inch is compressed from 
200 cu. ft. to 50 cu. ft. Determine the final pressure and the work done if 
the law is pv = C. Ans. 60 lb. per square inch; 599,000 ft. Ib. 


13. Solve Problem 12 if the law is pv” = C, assuming n = 1.4. 
Ans. 104.5 lb. per square inch; 801,000 ft. Ib. 


* 14. A quantity of gas with an initial volume of 16 cu. ft. and pressure 
of 60 lb. per square inch expands until the pressure is 30 lb. per square 
inch. Determine the final volume and the work done by the gas if the 
law is pv = C. Ans. 32 cu. ft.; 95,800 ft. lb. 


15. Solve Problem 14 if the law is pv” = C, assuming n = 1.2. 
Ans. 28.5 cu. ft.; 75,600M¢alionm 


16. A quantity of air with an initial volume of 200 cu. ft. and pressure 
of 15 lb. per square inch is compressed to 30 cu. ft. Determine the final 
pressure and the work done if the law is pv = C. 


17. Solve Problem 16 if the law is pv” = C, assuming n = 1.4. 


‘ 18. A gas expands from an initial pressure of 80 Ib. per square inch and 
volume of 2.5 cu. ft. to a volume of 9 cu. ft. Find the work done if the 
law is pv” = C, assuming n = 1.0646. 


19. Solve Problem 18 if nm = 1.181. 


~ 20. Determine the amount of attraction exerted by a thin, straight, 
homogeneous rod of uniform thickness, of length /, and of mass M upon 
a material point P of mass m situated at a distance of a from one end of 
the rod in its line of direction. 


Solution. Suppose the rod to be divided into equal infinitesimal portions (ele- 
ments) of length dz. 
— = mass of a unit length of rod; 


hence dx = mass of any element. 


~l5 
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Newton’s law for measuring the attraction between any two masses is 


___Product of masses __ 
(distance between them)?’ 


therefore the force of attraction between the particle at P and an element of therod is 


Force of attraction = 


mde 


(x +a)?” 


which is then an element of the force of attraction required. The total attraction 
between the particle at P and the rod being the limit of the sum of all such elements 
between x = 0 and x = 1, we have 


M nds 


Force of attraction =f 0 Be ig ea ae =-+ —Mm_. Ans. 
(a +a)? _— wm bx: o (« +a)? a(a+l) 
— 21. Determine the amount of attraction in the last example if P lies 
in the perpendicular bisector of the rod at the distance a from it. 


Ans. pc Me 
av4 a? + [2 


92. A ee cel in the form of a right circular cone is filled with water. 
If h is its height and r the radius of the base, what time will it require 
to empty itself through an orifice of area a at the vertex? 

Solution. Neglecting all hurtful resistances, it is known that the velocity of dis- 


charge through an orifice is that acquired by a body falling freely from a height 
equal to the depth of the water. If, then, x denotes the depth 


of the water, a2 foe: 


Denote by dQ the volume of water discharged in time 
di, and by dx the corresponding fall of surface. The volume 
of water discharged through the orifice in a unit of time is 


av 2 gx, 


being measured as a right cylinder of area of base a and 
altitude » (= V2 gx). Therefore in time df 


(1) dQ = av 2 gx dt. 


Denoting by S the area of the surface of the water when the depth is x, we have, 
from geometry, s 


Se he ree Fi see oe 
mr? he’ a 


But the volume of water discharged in time dt may also be considered as the 
volume of a cylinder AB of area of base S and altitude dr; hence 


(2) dQ=Sde= Tee, 
Equating (1) and (2) and solving for dt, 
dj — Te de 
ah?V 2 gx 
Therefore j= [ eee 20r?Vh Ans, 


0 ah?V2gr 5av2g 
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181. Mean value of a function. The arithmetic mean (or average 
value) of m numbers yi, Y2, -**, Yny 1S - 


Q) G=2wtyete +H) 


We proceed to establish the formula 


b 
d 
(H) Mean value of $(x) des i P(x) e 
from x =a tox= bj} b-—a 

The figure shows the graph of 

(2) y = 9(@). 

The mean value (= 7) of the ordinates of the arc PQ is to be de- 
fined. Divide AB into n equal parts each equal to Az and let y, 
Y2,** *; Yn, be the ordinates at the n points of division. Then (1) will 
give an approximate value for the mean value required. Multiply 
numerator and denominator of the right-hand member of (1) by Az. 
Then, since n Ax = b — a, we get 
(3) 9% (approximately) = 0 

But the numerator in (3) is, approximately, the area APRQB. 
The average value of y (or @(x)) is defined as the limit of the right- 
hand member in (8) when n > ©. This gives (#). 

In the figure the mean value of ¢(x) equals CR if area rectangle 


ABML = area APRQB. 
Taking y as the function (dependent variable), then (H) becomes 


b 
i y dx 


oO 72 


ILLUSTRATIVE EXAMPLE. Given 
the circle 


(4) o? yy? = 7. 


Find the average value of the or- 
dinates in the first quadrant 

(a) when y is expressed as a func- 
tion of the abscissa x; 

(b) when y is expressed as a func- 
tion of the angle 6 = 7 MOP. 


Solution. (a) Since y = Vr? — 22, 
the numerator in (J) is 


hea —2?de = % ar?, Then 7=+ mr=0.785 r. Ans. 


Z 
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(b) Since y =r sin 0, and the limits are 6 = 0 =a, 0 =4 7 =b, the numerator 


in (J) is 
1a 
is rsin@d@=r. Since b—a=3 7, we have y ==" = 0.637 r. Ans. 
0 


Thus we have quite different values of y, depending upon the independent 
variable with respect to which the mean value is taken. 


PROBLEMS 


— 1. Find the average value of y= a? fromx=0toxr=10. Ans. 333. 


2. Find the average value of the ordinates of y2= 42x from (0, 0) to 
(4, 4) taken uniformly along the z-axis. Ans. 23. 


-— 3. Find the average value of the abscissas of y? = 4 x from (0, 0) to 


(4, 4) when uniformly distributed along the y-axis. Ans. 13. 
4. Find the average value of the abscissas of y? = 4 x from (0, 0) to 
(4, 4) when uniformly distributed along the curve. 


He ds 
Ans. 1.64. 


HINT. Average value = i 
ds 


—~ §. Find the average value of sin x betweenx=QOandx=~7. Ans. 2. 


6. Find the average value of sin? x between x= 0 and r= 7. (This 
average value is frequently used in the theory of alternating currents.) 

Ans. §. 

_ 7%. If a particle in a vacuum were thrown downward with an initial 

velocity of vo ft. per second, the velocity after ¢ sec. would be given by 


(1) v= -+ gt. 
The velocity after falling s ft. would be given by 
(2) - v= V0? + 2 gs. (Take g = 82) 


Find the average value of 

(a) during the first 5 sec., starting from rest; Ans. 80 ft. per second. 

(b) during the first 5 sec., starting with an initial velocity of 36 ft. 
per second; Ans. 116 ft. per second. 

(ce) during the first 24 sec., starting from rest; Ans. 40 ft. per second. 

(d) during the first 100 ft., starting from rest; 

Ans. 583 ft. per second. 

(e) during the first 100 ft., starting with an initial velocity of 60 ft. 
per second. Ans. 81% ft. per second. 

How far does the particle fall in (c)? Ans. 100 ft. 

Why are the results different in (c) and (d)? 
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8. A particle is projected vertically upward with a velocity of 80 ft. 
per second. | Find the average value of the velocity up to the highest point 
(a) as to the time; (b) as to the distance. 


9. A quantity of steam expands so that it follows the law pv®-§ = 1000, 
where p is measured in pounds per square inch. Find the average pressure 
as v increases from 2 cu. in. to 5 cu. in. 


10. In simple harmonic motion s=acos nt. Find the average value 
of the velocity during one quarter of a period (a) as to the time; (b) as 
to the distance. 


* 11. Show that in simple harmonic motion the average kinetic energy 
with respect to the time for any multiple of a quarter period is half the 
maximum kinetic energy. 


12. A quantity of steam expands according to the law pv!-? = 500. 
Find the average value of p as v increases from 8 cu. in. to 8 cu. in. 


13. A point is taken at random on a straight line of-length a. Prove 
(1) that the average area of the rectangle whose sides are the two seg- 
ments is ¢ a2; (2) that the average value of the sum of the squares on 
the two segments is 3 a?. 


14. If a point moves with constant acceleration, the average as to the 
time of the square of the velocity is 4(v2 + vv + 12), where Vo is the 


initial and 2 the final velocity. 65,32 


15. Show that the average horizontal range of a particle projected 
with a given velocity at an arbitrary elevation is 0.6366 of the maximum 
horizontal range. 


Hint. Take a = 0 in the formula of Problem 19, p. 114. 


CHAPTER XX 
SERIES 
182. Definitions. A sequence is a succession of terms formed ac- 
cording to some fixed rule or law. 


For example, 14-9. 16) 25 
2 3 4 H 
and LO ee 
are sequences. 
~ A series is the indicated sum of the terms of a sequence. Thus 
from the above sequences we obtain the series , 


1+4+9+16-+ 25 
a a2 x3 yt an 
and Ui ey hess yoga eae 


When the number of terms is limited, the sequence or series is 
said to be finzte. When the number of terms is unlimited, the sequence 
or series is said to be znfinite. 

The general term, or nth term, is an expression which indicates 
the law of formation of the terms. 

ILLUSTRATIVE EXAMPLE 1. In the first example given above, the general term, 


or nth term, is n?. The first term is obtained by setting n = 1, the tenth term by 
setting n = 10, ete. 


ILLUSTRATIVE EXAMPLE 2. In the second example given above, the nth term, 


ae th 
except for n = 1, is aa. 


If the sequence is infinite, this fact is indicated by the use of dots, as 
Tide 9 Shetty, 


Factorial numbers. An expression which occurs frequently in con- 
nection with series is a product of successive integers, beginning 
with 1. Thus, 1 x 2x3 x 4x 5is called 5 factorial and is indicated 
by [5 or 5! 


In general, |[W=1X2X3X---X(n—1)Xn 


is called » factorial. It is understood that n is a positive integer. The 
expression |v has no meaning if ” is not a positive integer. 
335 


ce 
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183. The geometric series. For the geometric series of » terms, 


(1) S,=atar+ar2+---+ar"—1, 
it is shown in elementary algebra that 2 
| al 7") oo a(r” = 1) \ 
‘i 0s Ligh Sania 


the first form being pee used if |r|< iy and the second form 
hile Fal toes 
If |r|< 1, then r” decreases in numerical value as n increases and 


lim (7). =0: 

From formula (2) we see, therefore, that (Art. 16) 
: a 

(3) lim ee 


Hence if |r|< 1 the sum S, of a geometric series approaches a 
limit as the number of terms is increased indefinitely. In this case 
the series is said to be convergent. 

If |r| > 1, then 7” will become infinite as n increases indefinitely 
(Art. 18). Hence, from the second formula in (2), the sum S, will 
become infinite. In this case the series is said to be divergent. 


A peculiar situation presents itself if r=-—1. The series then 
becomes 
(4) a—ata—a+a—a-:- 


If n is even the sum is zero. If nis odd the sum isa. As 7 increases 
indefinitely the sum does not increase indefinitely and it does not 
approach a limit. Such a series is called an oscillating series. 


ILLUSTRATIVE EXAMPLE. Consider the geometric series with 
58 Oy a 


(5) Sp=lth +h te toh 
Fides 
We find, by (2), that S,=— rs gt oy 
Then 
(6) m S, = 2, which agrees with (3), when a=1, r=}. 


nro 
It is interesting to dis- P_______{._____4#¥__#i i ¢ 
cuss (5) geometrically. To on 2 aes 
do this, lay off successive values of S, on a straight line, as in the figure. 


n 1 2 3 -7 ete. 
Sa. -TS 45 5 ite ertaee ote 


Each point thus determined bisects the segment pene the preceding point and 
the point 2. Hence (6) is obvious. 


ae 
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PROBLEMS 


In each of the following series (a) discover by inspection the law of 
formation; (b) write three more terms; (c) find the mth, or general, term. 


1.2+44+84+16+--.. Ans. nth term = 2”, 
Bi —-3+4-3+.... eee 
n 
eet Ot ot et e+ ai 
02 x3 x nx” 
Suet t1.2'i1.2-8° °° 7” 

Var x aWVx ad 2 
eee 2-4 2.4.6 12.4058" 2"[n 
6. _ a? oto (att 

3 S ff 9 2n+1 
Write the first four terms of the series whose nth, or general, term is 

given below: 

Qn-1 2 4 8 
ts ‘ Ans lp — PF + 

Vn ae N/A 

n+2 Ata Go 6 
a — 1 eeagies 

n Ui at. LE 
9. B51 I+etgtat: 

gral r 2 x3 
10. 2 —- 1+—-+7=+-=+ 

Vn 2 3/3 /4 

(— gabe eee - x3 5 rae gt ts 
a [2n—i, x 3° 7+ 
n+1 

(x — a)"=1 (y + n)2"- 1 92 3-19" 
12. ~__——__ 13. 14. : 15: ° 

|n 2"|n Vn +2 2"In —1 


184. Convergent and divergent series. In the series 
Sn = U1 + U2 + Ug tes + Un, 


the variable S,, is a function of n. If we now let the number of terms 
(= n) increase without limit, one of two things may happen. 


CASE I. S, approaches a limit, say uw, indicated by + 
ee (1) fms) kar ~ athen 5 = riheeae Ale 


: “Grom” = [,E i= “ort ’ as ated athihde 
; r<) mere = 


“ian Mincderetgintt cearicen 
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The infinite series is now said to be convergent and to converge to the 
value w, or to have the value wu. 


CASE II. S, approaches no limit. The infinite series is now said 
to be divergent. 

Examples of divergent series are 

ee ie el cae 
1—1+4+1-1+-.-.. 
As stated above, in a convergent series the value of the series is the 
number wu (sometimes called the sum) defined by (1). No value is 
assigned to a divergent series. 

In the applications of infinite series, convergent series are of major 
importance. Thus it is essential to have means of testing a given 
series for convergence or divergence. 

185. General theorems. Before developing special methods for 
testing series, attention is called to the following theorems, of which 
proofs are omitted. 


Theorem I. Jf S, is a variable that always increases as n increases 
but never exceeds some definite fixed number A, then as n increases 
without limit, S, will approach a limit u which rs not greater than A. 


The figure illustrates the statement. The points determined by 
the values S,, Se, S3, ete. approach the point wu, where 
lim’ S, "= 4; Sy S, Ss uA 
and wu is less than or equal to A. 


ILLUSTRATIVE EXAMPLE. Show that the infinite series 
ee Ba 1 
(1) 1+1 +13 eee 2-3 a5 a [n a5 
is convergent. 


Solution. Neglect the a term, and write 


1 1 
(2) S=1+75 a sss Ge aan 
Consider the variable s, defined by 
ipl ele eee ea geet 
(3) tame te erie + ono’ 


in which we have replaced all integers in the denominators of (2), except 1, by 2. 
Obviously S, < s,. Also, in (3) we have a geometric series with r = 4 and 8, < 2 
no matter how large n may be (see Art. 183). Hence S,, as defined by (2) is a vari- 
able which always increases as n increases but remains less than 2. Hence S, ap- 
proaches a limit as n becomes infinite, and this limit is less than 2. Therefore the 
infinité series (1) is convergent, and its value is less than 3. 

We shall see later that the value of (1) is the constant e=2. 71828 - :, the 
natural base (Art. 61). 
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Theorem II. Jf S, 2s a variable that always decreases as n increases 
but 1s never less than some definite fired number B, then as n increases 
without limit, S, will approach a limit which is not less than B. 


The next theorem refers to the series 


Sn = U1 + Ue +Ug+- ie a) 
Theorem III. The necessary and sufficient condition that S, shall 
approach a limit as n becomes infinite is that 


(A) lim (Srip— Sn) = 0, 


for all values of the integer p. 
In Theorem III, if we set p= 1, the condition becomes 


(B) lim (Un+1) = 0, 
or, what amounts to the same thing, 
(C) lim (u,) = 0. 


Hence, if the general (or nth) term of a series does not approach 
zero as n becomes infinite, we know at oncé that the series is diver- 
gent. (C) is not, however, a sufficient condition for convergence; 
that is, even if the mth term does approach zero, we cannot state 
positively that the series is convergent. For, consider the harmonic 


series 1 it 1 1 
sree ace Tp a 


Here lim (um) = lim (7) 0: 


that is, condition (C) is fulfilled. Yet we shall show in Art. 186 that 
the series is divergent. 

We shall now proceed to deduce special tests which, as a rule, are 
easier to apply than the above theorems. . 

186. Comparison tests. In many cases it is easy to determine 
whether or not a given series is convergent by comparing it term 
by term with another series whose character is known. 

Test for convergence. Let 


(1) Oi te tn alls ss 
be a series of positive terms which it is desired to test for convergence. If 
a series of positive terms already known to be convergent, namely, 

(2) a+d2+tas+-:-:, 
can be found whose terms are never less than the corresponding terms in 


the series (1) to be tested, then (1) is a convergent series and its value 
does not exceed that of (2). 
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Proof. Let Sn = U1 + U2 + Ug +++ + Un, 
and Sn=Q+d2+ag3+---+a, 
and suppose that tints, 1: 

Then, since Bai A- and 'S.°= se, 


it follows that s, < A. Hence, by Theorem I, Art. 185, s, approaches 
a limit and the series (1) is convergent and its value is not greater 
than A. 


ILLUSTRATIVE EXAMPLE 1. Test the series 


1 1 1 1 
(3) l+atatgateEt 
Solution. Compare with the geometric series 

1 1 1 1 
(4) l+5t+otostot , 


which is known to be convergent. The terms of (4) are never less than the corre- 
sponding terms of (8). Hence (8) also is convergent. 

Following a line of reasoning similar to that applied to (1) and (2), 
we may prove the 


Test for divergence. Let 
(5) UW+uetugt+:-- 


be a series of positive terms to be tested, which are never less than the 
corresponding terms of a series of positive terms, namely, 


(6) bi + be+63+---, 
known,to be divergent. Then (5) ts a divergent series. 


ILLUSTRATIVE EXAMPLE 2. Show that the harmonic series 
(7) We cope eirae se oo 
is divergent. 


Solution. Rewrite (7) as below and compare with the series written under it. 
The square brackets are introduced to aid in the comparison. 


(8) 23 +R44)7 +P eli ee 
(9) $4+44+([24414144345 34 914s el 


We observe the following facts. The terms in (8) are never less than the 
corresponding terms in (9). 

But (9) is divergent. For the sum of the terms in each square bracket is 3, 
and S,, will increase indefinitely as n becomes infinite. 

Hence (8) is divergent. 


ILLUSTRATIVE EXAMPLE 3. Test the series 
1 1 1 
1+ +44 =: 
V2 /55 VA 
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Solution. This series is divergent, since its terms are greater than the cor- 
responding terms of the harmonic series 

ee sere 
which is divergent. 

ILLUSTRATIVE EXAMPLE 4. Show that the following series (called the p series), 

1 1 1 

(10) Lilvoe hey + go aut ag 
is convergent when p > 1, and divergent for other values of p. 

Solution. Grouping the terms, we have, when p > 1, 


Ne SE pe lth he | 
get 39 < Qe t 29 a0 Bp" 


ieomiee! Poem tems et by hy Ale te 3 
Pap ete kre A tres 
Seer 2 ke ete it 8 eft 
get b 57 < got got got get get got ge ers 
and so on. Construct the series 
(11) eee epee 
Q2p-1 Qp-1 de Sea 


When p > 1, series (11) is a geometric series with the common ratio less than’ 
unity, and is therefore convergent. Therefore (10) is also convergent. 

When p = 1, series (10) becomes the harmonic series which we saw was divergent. 

When p < 1, the terms of series (10) will, after the first, be greater than the 
corresponding terms of the harmonic series; hence (10) is now divergent. 


PROBLEMS 


Test each of the following series: 


1 1 1 1 

| a praia rence Spina Ans. Convergent. 
et 1 1 : 

Q. = + = + te et es Divergent. 
SEN AN : 

> Sp ae eee ae Convergent 

e 92 33 n . ? 
1 L ub 1 

es sys tng... : Convergent. 
2 4 6 2n : 

eee csc ebatD Pi 
2 4 6 2n 

2-3-4 '3.4-6'4-5-6'  G@+Dm+am+a). ” 

Convergent. 

eee Ls 5 1 1 : 

ete tot: roel ie Divergent. 
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8. 2 ee eee Divergent. 
ea tieiteqi? et Convergent. 
eyes. iat eae ae Divergent. 
nett ett omit Convergent. 
2. to totot ett pot Convergent. 
18. =. + soo + =, fo: Sl ee vee, Divergent. 
4.14+44+144+ 44+ 454+35 3 qe tcc Convergent. 
ey By 

16.3+3+3434+--+ PH 

Wey ae 18.14 54545 40+ 


187. Cauchy’s test-ratio test. In the infinite geometric series 
atar+ar2+ ---+ar™+artt+--., 


the ratio of the consecutive general terms ar” and ar”*! is the com- 
mon ratio r. Moreover we know that the series is convergent when 
|r|< 1 and divergent for other values. We now explain a ratio test 
which may be applied to any series. 

Theorem. Let 

(1) Uy +b Ug + Ua tbs Un + Ung +-- 
be an infinite series of positive terms. Consider consecutive general 
terms Un ANA Un+1, and form the test ratio. 
Test ratio = tit. 


n 


Find the limit of this test ratio when n becomes infinite. Let this be 


I. When p < 1, the series ts convergent. 
II. When p > 1, the series is divergent. 
Ill. When p = 1, the test fails. 
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Proof. I. When p< 1. By the definition of a limit (Art. 14) we 
can choose 7 so large, say n = m, that when n = m the ratio ee rill 
differ from p by as little as we please, and therefore be less than a 
proper fraction r. Hence 

Um+1 << UmT > Um+2 & Um+1r < OPN eae Um+3 << Ure: 
and so on. Therefore, after the term w,,, each term of the series (1) 
is less than the corresponding term of the geometric series 

(2) Um? ie ies =f gl a see's 

But since r < 1, the series (2), and therefore also the series (1), 
is convergent (Art. 186). 

Il. When p> 1 (or p=). Following the same line of reasoning 
as in I, the series (1) may be shown to be divergent. 


III. When p = 1, the series may be either convergent or divergent ; 
that is, the test fails. For, consider the p series, namely, 


1 


l+s ot Egle ep pies aan 
The test ratio is ath Kf a y. a _ = )'s 
ee) ey) te 


Hence p = 1, no matter what value p may have. But in Art. 186 

we showed that 
when p > 1, the series converges, and 
when p=1, the series diverges. 

Thus it appears that p can equal unity both for convergent and for 
divergent series, and the test-ratio test fails. There are other tests to 
apply in cases like this, but the scope of our book does not admit of 
their consideration. 

For convergence it is not enough that 
less than unity for all values of n. This test requires that the limit 
of a shall be less than unity. For instance, in the case of the 


u — 
—"+! becomes and remains 


harmonic series this ratio is always less than unity and yet the series 
diverges as we have seen. The lumi, however, is not less than unity 
but equals unity. 

When examining a series for convergence we are at liberty (as 
above) to disregard any finite number of terms; the rejection of such 
terms would affect the value but not the existence of the limit. 


- 
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188. Alternating series. This is the name given to a series whose 
terms are alternately positive and negative. Such series occur fre- 
quently in practice and are of considerable importance. 


Theorem. [f Wy — Ua us ta ee ~ 


is an alternating series whose terms never increase in numerical value, 
and 2, f 
f lim 2, = 0, 


nao 
then the series 1s convergent. 


Proof. The sum of 2 n (an even number) terms may be written in 
the two forms 


(1) Son= (U1 — U2) + (Ug —U4) + (Us —Us) +e + (U2n—1—Ua2n); or 
(2) Son = U1 — (U2 — U3) — (U4 — Us) — ++ + — Uan 


Since each difference is positive, series (1) shows that Se, is 
positive and increases with n, while series (2) shows that Se, is 
always less than u,; therefore, by Theorem I, Art. 185, So, must 
approach a limit less than uw; when m increases, and the series is 
convergent. 


ILLUSTRATIVE EXAMPLE. Test the alternating series 1 -}+4—++4---. 


Solution. Since each term is less in numerical value than the preceding one, and 
lim (wn) = lim ip) =0, 
; n> n>o \N 
the series is convergent. 


An important consequence of the above proof is expressed in the 
following statement: 


The error made by breaking a convergent alternating series off at any 
term does not exceed numerically the value of the first of the terms 
discarded. 


Thus, the sum of ten terms in the above Illustrative Example is 0.646, and the 
value of the series differs from this by less than one eleventh. 


In the above statement it is assumed, however, that the series has 
been carried far enough so that the terms are decreasing numerically. 

189. Absolute convergence. A series is said to be absolutely or un- 
conditionally convergent when the series formed from it by making 
all its terms positive is convergent. Other convergent series are said 
to be conditionally convergent. 

For example, the series 


1 Siete aL 
~ at gs gat Be 
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is absolutely convergent, a a oy Art. 186, namely, 
1+55 pte StH ute ig a 

is convergent. The alternating series 

Dele ce | 

D9 1 Ban ae = 

is conditionally convergent, since the harmonic series 

Lye rele 
a ae eet eos 
is divergent. 

A series with some positive and some negative terms 1s convergent if 
the series deduced from it by making all the signs positive 1s convergent. 

The proof of this theorem is omitted. 

190. Summary. Assuming that the test-ratio test of Art. 187 holds 
without placing any restriction on the signs of the terms, we may sum- 
marize our results in the following 

General directions for testing the series 

Ue Use Us Us ds 2 Un Unt 1°? 


When tt ts an alternating series whose terms never increase in numer- 

ical value, and if lim up, = 0, 
n> @o 

then the series 1s convergent. 

In any series in which the above conditions are not satisfied, we deter- 
mine the form of Un and Uni1, form the test ratio, and calculate 

lim eae p. 
I. When |p| < 1, the series ts absolutely convergent. 
II. When |p| > 1, the series is divergent. 

III. When |p| =1, the test fatls, and we compare the series with 

some series which we know to be convergent, as 


a ae ar + ef _ Ha +--+; (r< 1) (geometric series) 
l+x PaaE +e i ts se VDL) (p series) 
or compare the given series with some series which is known to be 


divergent, as 
abate sate (harmonic serves) 


1+35 Stas Ete pic ey (ee b (p series) 
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ILLUSTRATIVE EXAMPLE 1. Test the series 


1 1 1 1 
Lrg higet ty t aan ° 
Solution. Here 


1 
"=e Unsl =r 
n | =e 1 n+. n 


eal 
on | n 
spell 
pi — shims ——)> 
moreond 
and the series is convergent. 


ILLUSTRATIVE EXAMPLE 2. Test the series 


n 
Solution. Here i 


tage Ve LOE 
tm ior [n 10 


ee nao 10 : 
and the series is divergent. 


ILLUSTRATIVE EXAMPLE 38. Test the series 


il 1 1 
12a esa bag ee 
Solution. Here u, = ie salt Uns = epee cet See ee 
(2 —1)2 n’ (2n+1)(2n+4+2) 
tna. 2n— lan 


= Ae a 
Un (2n+1)(2n+2) 4n?4+6n+2 


p= lim 4n?—2n 


mae RW eae ye 
by the rule in Art. 18. Hence the test-ratio test fails. 
But if we compare the given series with the p series, when p = 2, namely, 


peel eee 
ae aT MeTT ase 


we see that it must be convergent, since its terms are less than the corresponding 
terms of this p series, which was proved convergent. 


PROBLEMS 
Test each of the following series: 
Lin Deed n a 
ie : a a be a ae of x apace Ans. Convergent. 
Gre T UIT oe ret. 


Convergent. 
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bo 


- en — +} Divergent. 
ie * 2 3 n 

pt pet pee Eat Convergent. 
fat 77 i. Convergent. 
ec +pS+iS SH PSS Eee, Convergent. 
7. § + 2(9)? + 8)? + 4(9)t +e Convergent. 
a Divergent. 
9 EE ee at 

0 ae ey a ; 


eee be tS 


191. Power series. A series whose terms are monomials in ascend- 
ing positive integral powers of a variable, say x, of the form 

(1) Qo + 1% + Aex? + azz? +---, 
where the coefficients do, ai, a2, -- - are independent of 2, is called a 
power series in x. Such series are of prime importance in the study of 
calculus. 

A power series in « may converge for all values of x, or for no value 
except x = 0; or it may converge for some values of x different from 
0 and be divergent for other values. 

We shall examine (1) only for the case when the coefficients are 


such that 


where L is a definite number. To see the reason for this, form the 
test ratio (Art. 187) for (1), omitting the first term. Then we have 


Un+1 __ Qn Te Sop — M41 » 
Un OG Qn 


Hence for any fixed value of x, 


p=lim ee 1 x) =x lim eS = 2L. 


n> qi n>o\ On 
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We have two cases: 

I. If L = 0, the series (1) will converge for all values of z, since 
p= 0. 

II. If L is not zero, the series will converge when xL(= p) is nu- 
merically less than 1, that is, when = lies in the interval 


1 ; 1 
[Z] eee [x] 
and will diverge for values of x outside this interval. 

The end points of the interval, called the interval of convergence, 
must be examined separately. In any given series the test ratio 
should be formed and the interval of convergence determined by 
Art. 187. 


ILLUSTRATIVE EXAMPLE 1. Find the interval of convergence for the series 


9) TP Se a 
(2) “ 92° 32 pr . 


Solution. The test ratio here is 


Uni n? : n? 
= — ———. x. Also, lim - =i 
“a in y9o we 2a eee 
by Art. 18. Hence p = — 2, and the series converges when zx is numerically less 


than 1 and diverges when xz is numerically greater than 1. 
Now examine the end points. Substituting x = 1 in (2), we get 


which is an alternating series that converges. 
Substituting « = — 1 in (2), we get 


which is convergent by comparison with the p series (p > 1). 
The series in the above example has [— 1, 1] as the interval of convergence. This 
may be written — 1= x = 1, or indicated graphically as follows: 


Te -1 0 1 as 


ILLUSTRATIVE EXAMPLE 2. Determine the interval of convergence for the’series 


: 22 xt yen yent2 
Piao tint [2nt2° 


Solution. Omitting the first term, the test ratio is 


Un+1 _ [2 rr ee 1 x2 
ate 2n+2° ~ (2n+1)(2n+2) 
1 


Also lim 


es 2 @n+lant2 = 0. Hence the series converges for all values of z. 
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PROBLEMS 
For what values of the variable are the following Graphical representations 
erick convergent? of intervals of convergence * 
lLi+¢a¢te+e34+--- Ans. —-lL<a<l. oe niet ak. Eee 
ae 0 +1 
2 3 4 
et > tf Ans. -1< 271. © | 
—{ TEE 
8B. 2+ a*t+ 794+ 716 +--+ Ans. —1Ll<a<l. aot games| +a OE 
Pe, ered 
A ie i ee ns. -1S 2x ¢ 
V2 V3 a =H 0 +1 


eee 4  ..., Ans. All values of x: soe tno |= Egte 
etfs | 


0 


6.1 Gen) Ow O° mike ees 
: elo. a ae Ans. All values of 6. mae wert [4 ete 


0 


3 od? Oxs 
7.o—-— 2 + o-—p—+-::. Ans. Allvaluesofd. <2 | ae 
ee oe D 
1 3 
2 4 


ot 1-8 of 1-8-5 a, 
Sees + ee — 
Ans. -1 S221 ki 
91—2274+327?-—4734+---. Ans. —1<2«<1. 
2 3 
W.1+2+5+5+E4--. Rae eek 
342, igs 3b oe 
Meee > ia" [4 tl All values. 
a Te HA _3< 
Beets ts tpt 8S0<38. 
t 
Tae lito ee lekornOree 
13.1+ > + By ile regia baci —1l<27< 1. 
eg ee ot? Bee ee else 
eet 5 to 7m +i ete 


* End points that are not included in the interval of convergence have circles drawn 
about them. 
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x a? xt at —-2<s 
16.1+5-7+52.9+ 93.9 tog t 2) See 
1 22 3 x2 4 x3 
16. 5+ 5— 32 + 52.93 35 + 53.947 : ice TK (oh 
2 3 4 
Tye ats ek th ay De A ee 725 oe 


NSE ae Se bear Gay ae Es 
(erie 9 2 16 ws es 


D 2 3 4 n—I1yn 
19g a ee 


2 GF 
20.—+—+—+4+—+4--- 
ri ey 


Q1l+v+22?4+3e34--6 
22. 10 x + 100 x? + 1000 27 -+--- 
goo + +2 27 -b|3 oes 


titan Gnd. ca 
IIS New gral Bares sees ry 
192. The binomial series. This important series is ; 
m(m — 1) 4 mim —1)(m— 2)». ee ¥ 
OE ee oerpeet Beep gr 40) 
eee, : (m—n+ 1), 


n 
where ™ is a constant. 

If m is a positive integer, (1) is a finite series of m + 1 terms, since 
all terms following that containing x” have the factor m — m in the 
numerator and vanish. In this case (1) is the result obtained by 
raising 1+ 2 to the mth power. If m is not a positive integer, the 
series is an infinite series. 

Now test (1) for convergence. We have 


. = elm =D) m= 2) -(m = 2+ 2) on 
ae 1-2-3---(n—1) “3 


and ta __ m(m — 1)(m — 2) - (m— n+ 2)(m—n+ 1) on 


inee Ses ea I 


fens Ung M—o—nt1, _ peat ® 1): 
Un nN n 


Then, since lim pect _ DE — 1, we see that p= — 2, 


n> @ 


and the series is convergent if x is numerically less than 1, and di- 
vergent when x is numerically greater than 1. 


a... 
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In the next chapter we shall prove the following statement : 

Assuming that m is not a positive integer and that |x] < 1, the 
value of the binomial series is precisely the value of (1+<z)”. That is, 
m(m — 1) 


at : 
1.2 xe? + ! (|z]< 1) 


(2) (1+2)"=1+mzr+ 


If m is a positive integer, the series is finite and equals the value 
of the left-hand member for all values of zx. 

Equation (2) expresses the special binomial theorem. We may also 
write 

3) (a+ b)™= am +2)", if 2 =2. 


Thus the left-hand member of (3) may also be expressed as a 


power series. a; 
Examples of approximate computation by the binomial series are 


given below. 
ILLUSTRATIVE EXAMPLE. Find V 630 approximately, using the binomial series. 
Solution. The perfect square nearest to 630 is 625. Hence we write 
630 = V625 + 5 = 25(1 + yhs)?. 
Now write out (2) with m= 4. The result is 
(l+2)F=1+h2—$2? + py 2? — phgatt--- 
In this example, + = ;}, = 0.008. Hence 
(1+ o45)2 = 1 + 0.004 — 0.000008 + 0.000000032 + -- +. 


(4) 25(1+ any? = 25 + 0.1 — 0.0002 + 0.0000008 = 25.099801 (to the nearest 
figure in the sixth decimal place). Ans. 


The series in (4) is an alternating series, and the error in the answer is less 
than 0.0000008. 


193. Another type of power series. We shall frequently use series 


of the form 
frp Oo + 81 (2 — a) + bee — a)? + +--+ 0, (2 — a)” ++-- 
in which a and the coefficients bo, bi, ---, bn, --- are constants. 


Such a series is called a power series in (x — a). 
Let us apply the test-ratio test to (1), as in Art. 191. Then, if 


i et M, 


n>0 On 
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we shall have, for any fixed value of x, 


p=lim re — (x —a)M. 


n> oO nm 


We have two cases: 
I. If M =0, series (1) is convergent for all values of x. 
II. If M is not zero, series (1) will converge for the interval 


1 1 
Ocal anomie uk 


A convergent power series in x is adapted for computation when x 
is near zero. Series (1), if convergent, is useful when x is near the 
fixed value a, given in advance. 

ILLUSTRATIVE EXAMPLE. Test the infinite series 

== 2 = 3 
1-@-) +25 _ Gy free 
for convergence. 


Solution. Neglecting the first term, we have 


Un+1i_. = eo 
ie a “) 
Also, lim ( w )=1. 
n> 0 n+1 


Hence |p| ={« — 1], and the series will converge when x lies between 0 and 2. 
The end point « = 2 may be included. 


PROBLEMS 


1. Using the binomial series, show that 


1 


a ee ESL AE 2G 
[Teac rt+tea x3 + Z 


Verify the answer by direct division. 


2. Using the binomial series, find approximately the values of the 
following numbers : 


(a) Vi04 (a) V80 @) a5 () ee 
(b) V990 (e) V30 Sa (k) Ge 
55 23 i 25 
(c) ViB0 Ore Oe ONES 


SERIES 353 


For what values of the variable are the following series convergent? 


$.1—2(4-—1) + 3(x — 1)? -—4(a@—1)? + - --. Vins Oo < 2, 
(yo — J)\2 a eS ae me oe 
4.14 (¢-2) +4594 G5 es... 1<2r<3. 
mae Oo)”, (ct5)* G@+5)*,... 
5.1 5 + ri ie (To +-*-. All values. 
6 ee DP oI ee. 
- 3 5 ‘| ; 
Ag a eee 8 el be ee 
ery ee) (et ery... 


22 33 44 


8.1 — (x + 3)? + (©@ + 3)* — (+38) +---. 


CHAPTER XX 
EXPANSION OF FUNCTIONS 


194. Maclaurin’s series. In this chapter the question of represent- 
ing a function by a power series, or, otherwise expressed, developing 
(expanding) the function in a power series, will be discussed. 

A convergent power series in x is obviously a function of x for all 
values in the interval of convergence. Thus we may write 


(1) f(x) = do + ax +a? +--+ + aye™ tess, 


If, then, a function is represented by a power series, what must be 
the form of the coefficients do, a1, - - +, dn, etc.? To answer this ques- 
tion we proceed thus: 

Set x =0 in (1). Then we must have 


(2) F(0) = ao. 


Hence the first coefficient a in (1) is determined. Now asswme that 
the series in (1) may be differentiated term by term, and that this 
differentiation may be continued. Then we shall have 


f'(@) =a+ 2 aor 4+ 3 age? +---+ na,z7-1+--- 
(3) [ie =2d2+ 6agx+---+n(n—1)a,x"-2+--- 
f'"(«) =6a3+---+n(n—1)(n—2)a,0°-3 +. 
etc. 
Letting x = 0, the results are 


(4) f'(0) = Mh, f’ (0) = [2 a2, f’’"(0) = [3 a3, *°*, f™(0) = [nan. 


Solving (4) for a1, az, - - -, dn, ete., and substituting in (1), weobtain 
2 n 
(4) f(x) =f) +f’ fi + f””(0) E +--+ f(0) ma 


This formula expresses f(a”) as a power series. We say, ‘the function 
f(x) is developed (or expanded) in a power series in x.”’ This is 
Maclaurin’s series (or formula).* 


* Named after Colin Maclaurin (1698-1746), and first published in his ‘‘ Treatise of 
Fluxions”’ (Edinburgh, 1742). The series is really due to Stirling (1692-1770). 
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It is now necessary to examine (A) critically. For this purpose 
refer to (G), Art. 124, and rewrite it, letting a= 0,b = x. The result is 


(5) f(x) =f(0) + f'(0) ats’ Be oat fO-1) @) nee sigs 


where Raye) a (Orgran) 


The term R is called the remainder after n terms. The right-hand 
member of (5) agrees with Maclaurin’s series (A) up to ” terms. If 
we denote this sum by S,, then (5) is 


f@)=Sz+R, or f(%)—S.=&. 


Now assume that, for a fixed value x = %0, R approaches zero as a 
limit when n becomes infinite. Then S, will approach f(xo) as a limit 
(Art. 14). That is, Maclaurin’s series (A) will converge for + = xo 
and its value is f(vo). Thus we have the following result : 


Theorem. In order that the series (A) should converge and represent 
the function f(x) at is necessary and sufficient that 

(6) lim’ R = 0. 

It is usually easier to determine the interval of convergence (as 
in the preceding chapter) than that for which (6) holds. But in 
simple cases the two are identical. 

To represent a function f(x) by the power series (A), it is obviously 
necessary that the function and its derivatives of all orders should be 
finite. This is, however, not szfficzent. 

Examples of funetions that cannot be represented by a Maclaurin’s 


series are 
logx and cota, 


since both become infinite when ~ is zero. 

The student should not fail to note the importance of such an 
expansion as (A). In all practical computations results correct to a 
certain number of decimal places are sought, and since the process 
in question replaces a function perhaps difficult to calculate by an 
ordinary polynomial with constant coefficients, it is very useful in sim- 
plifying such computations. Of course we must use terms enough to 
give the desired degree of accuracy. 

In the case of an alternating series (Art. 188) the error made by 
stopping at any term is numerically less than that term. 
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ILLUSTRATIVE EXAMPLE 1. Expand cos x into an infinite power series and de- 
termine for what values of x it converges. 


Solution. Differentiating first and then placing x = 0, we get 


f(x) = cos x, f(0) =1, 
f'(x) =—sin g, f'(0) =0, 
f(x) = — cos x, f’(0) =-1, 
f(x) sin x, f'"(0) =0, 
fiv(x) = cos x, fiv(0) =1, 
fv@) =—sinz, fv(0) =0, 
fri(z) = — cos z, fvi(0) =—1, 
etc., etc. 


Substituting in (A), 
2 4 8 
(7) Dictate pp mesg sre 


Comparing with Problem 6, Art. 191, we see that the series converges for all 
values of x. 
In the same way for sin x, 


5 x3 5 a 
(8) a Cyne MNES Ea 
which converges for all values of x (Problem 7, Art. 191). 
In (7) and (8) it is not difficult to show that the remainder R approaches zero 


as a limit as n becomes infinite, when x has any fixed value. Consider (7). Here we 
may write the nth derivative in the form 


{™ (x) = cos (= + nae 
“ nT\ LP 
Hence i= cos (= + 5 ie 


Now cos (x + tl never exceeds 1 in numerical value. Also, the second factor 


of R is the nth term of the series 
2 3 n 
oes ee ae 
which is convergent for all values of x. Therefore it approaches zero as n becomes 
infinite (see (C), Art. 185). Hence (6) holds. 


ILLUSTRATIVE EXAMPLE 2. Using the series (8) found in the last example, cal- 
culate sin 1 correct to four decimal places. 


Solution. Here x = 1 radian; that is, the angle is expressed in circular measure. 
Therefore, substituting x = 1 in (8) of the last example, 


2 Bit Fo A pry ih Looe, 
thay i al Bt [6 [7* fo F 
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Summing up the positive and negative terms separately, 


1 = 1.00000: + - f = 0.16667 --- 
1 _ 9.00833 - -- 1 — 0.00020-- 
[5 7 
1.00833 --- 0.16687 --- 
Hence sin 1 = 1.00833 — 0.16687 = 0.84146 ---, 
which is correct to five decimal places, since the error made must be less than B 


that is, less than 0.000003. Obviously the value of sin 1 may be calculated to any 
desired degree of accuracy by simply including a sufficient number of additional 
terms. 


PROBLEMS 


Verify the following expansions of functions by Maclaurin’s series and 
determine for what values of the variable they are convergent: 


nr if 


1. e=ltet it ae eee Ans. All values. 


3 a> ye 1y2n-1 


i a he enon ee 
Jasin o — v ist aF yea = : All values. 


2 3 ne n—1y,n 
3. log (I+2)=e—-S4S-Fy...4 CUS... —) lee Sle 


ar roel. 
4. log (1-2) =-2 5-2-2... aire sh 
b. are sin x = 0+ See - oe 

1S ae ee 
6. aretang=e-S 42 _, age —bs221. 


7. sin (7 +2)= lo ean [at ne eal ee rae =). 


All values. 


= ayes a Pp na 
8. log (a + x) = loga += B+ 
(Cet re Se < 
tm Det : @< 2S a. 
Verify the pane expansions : 
ae Lara 
9.tanvn=xz+~— epee 4 3ip to" 
4 6 
- 10. see x= 1+ > e+e ye Slee 


24 720 
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11. 


12. 


13. 


14. 


15. 


16. 
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a rl tame crc | 


ee 
dL, ee herr, tee nee 
are tan= = chase 5 : 


2 4 6 
He teyalt+o+atigt 
log (@ +VI ta) sa tT 


Piet a8? 
log cosa = — —— — 


Find three terms of the expansion in powers of «x of each of the fol- 
lowing functions: 


Wi fe 
18. 


= a sin 6 
cos (« t) 19. esin?, 
sin (x + 1). 20. 4(e? — e-*). 


Compute the values of the following functions by substituting di- 
rectly in the equivalent power series, taking terms enough to make the 
results agree with those given below: 


21. 


e= 2.7182 --- 


Solution. Let x = 1 in the series of Problem 1; then 


— 1 1 1 f oe 2 6 
i a noe : 


First term = 1.00000 
Second term = 1.00000 
Third term = 0.50000 


Fourth term = 0.16667 --- (Dividing third term by 3.) 
Fifth term = 0.04167--- (Dividing fourth term by 4.) 
Sixth term = 0.00833--- (Dividing fifth term by 5.) 
Seventh term = 0.00189 --:- (Dividing sixth term by 6.) 
Highth term = 0.00020 - - -, ete. (Dividing seventh term by 7.) 


22. 
23. 
24, 
25. 
26. 


27. 


Adding, e = 2.71826--- Ans. 


are tan (4) = 0.1973 «++; use series in Problem 6. 
cos 1 = 0.5403 --+; use series in (7), Illustrative Example 1. 


cos 10° = 0.9848 ---; use series in (7), Illustrative Example 1. 


sin 0.1 = 0.0998 ---; use series in Problem 2. 
are sin 1 = 1.5708---; use series in Problem 5. 


sin 7 = 0.7071 +--+; use series in Problem 2. 
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28. sin 0.5 = 0.4794 --+-; use series in Problem 2. 


O20) 93 
hs ae wee 
29. € ee a Sls 7.3891. 


2 Hand hie 2 ee er a 
80. Ve=1+5 + sag + gag + = 1.6487. 
195. Operations with infinite series. One can carry out many of the 


operations of algebra and the calculus with convergent series just as 
one can with polynomials. The following statements are given with- 


out proof. 
Let do + ax + aot? +---+a,2"+--- 
and bo + bia + box? +---+b,a"+-- 


be convergent power series. Then we obtain new convergent power 
series from them as follows: 


1. By adding (or subtracting) term by term. 
(ag te On) (ay EO) (a, + bat 


2. By multiplication and grouping terms. 
dodo + (aobi + a1bo)x + (dobz + a1bi + a2bo)a? +--+. 
ILLUSTRATIVE EXAMPLE 1. Computation of logarithms. From the series (Prob- 
lems 3 and 4, Art. 194) 
log (1 +2) =2—34?+ 303 -—Jatt--,, 
log (1 —2) =—x2—$2?—Fari—faut—--,, 
we obtain, by subtraction of corresponding terms, and using (2), Art. 1, the new series 


L+o- 
tc 


(1) log, 2 + 48 fh eo tet os), 
This series converges when |x| < 1. 
To transform (1) into a form better adapted to computation, let M and N 
be two positive numbers, and let M > N. Then, if we set 
_M-—N 1+2 M 
= whence Seon 
obviously x < 1 for all positive values of M and N. 
Now (1) becomes 


M_.[M—N .1/M—N\3,1/MN\5 
(8) eA Gee haa | 


This series converges for all positive values of M and N, and is well adapted to 
.computation. For example, let M =2, N=1. Then’ 
log M — \og,2 Me NST: 
Ni “ M+N 8 
Substituting in (3), the result is log,2 = 0.69315. 


(2) ay 


7 
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Placing M = 3 and N = 2 in (3), we get 
Nalin ae Pog ie Gl ig e, 
log 3 =log2+2| 5 +3 ate at |= 1.09861 
It is only necessary to compute the logarithms of prime numbers in this way, 
the logarithms of composite numbers being then found by using formulas (2), 


Arts ta. Lhus; 
log 8 = log 23 = 38 log 2 = 2.07944 -->, 


log 6 = log 3 + log 2 =1.79176-->. 
All the above are Napierian, or natural, logarithms, that is, the base is 


e = 2.71828---. If we wish to find Briggs’s, or common, logarithms, where the base 
10 is employed, all we need to do is to change the base by means of the formula 


_ log.n 
ziody = log. 10 
log.2 _ 0.693 --- 


= 0.301 --=. 


ae OS AE) © OHSS 


In the actual computation of a table of logarithms only a few of the tabulated 
values are calculated from series, all the rest being found by employing theorems 
in the theory of logarithms and various ingenious devices designed for the purpose 
of saving work. 


ILLUSTRATIVE EXAMPLE 2. Find the power series for e” sin x. 


Solution. From the series 


“ x8 a9 
Bint =%—"— +559 * Problem 2, Art. 194 
Ai ilo elie x 
and ae es se et cy) + 790 Problem 1, Art. 194 


we obtain, by multiplication, 


F ce ee 5 
e*sinzx=x+a2+ 3 7 30 + terms in x° ete. Ans. 


3. By division. A special case is shown in the example below. 


ILLUSTRATIVE EXAMPLE 3. Find the series for sec x from the series for cos « 
(see (7), Art. 194). 


x2 4 x8 
(4) amend Diag Feros 
Solution. From the formula see x = a we see that we have to carry through 


the division of 1 by the series (4). This is best done as follows: 
Write (4) in the form cos x = 1 — z, where 


(5) = oii 
Then . 
(6) sect == 1tstet ates, 


if | z|< 1 (Problem 1, Art. 193). 
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From (5), we have the series 


Pulte be aed : 
Zz =a os + terms of higher degree, 
aot... 


Substituting in (6), the result is 


Se) ht OE PERE Salt Fr 
secr=1+52 t+54% + 799% + . Ans. 


PROBLEMS 


Given log 2 = 0.69315, log 3 = 1.09861, calculate the following loga- 
rithms by the method of the example above: 

1. log 5 = 1.60944. 3. log 11 = 2.39790. 

ealore7 = 1.94591. 4. log 18 = 2.56495. 


____ Verify the following series: 
a 93 5 


; ia ay (ted pang Pali eg CEN TE 

- 5.e-* sin 0 = 6 Eta 30 + 
cos & Te LS 
ere 1- Toy at 4 aia 
Spee hme rome 101 a8) 
tk ae tea ale 6 5 6 SF 120 ae 


6 
mS. sin? ea? — Seo + St fees, 


ee I ek, 
9. (1+ 2) log +2)=2+5 aoa 


ogee on es ares 
eee ee 2 
Sater! pte 
, amr ey at 8 +>-*. 
ie ee 


18. sin cos Vr = 2 — 2 — 


ar.) 
4 eC tO, Foe _e 


ae = ees, 
a ee ee rs ee eS ee 
~~. x) aresinz=x a 6 + 40 Tee . 
r 16. (142) aretanc=o4e?—P SPELL H., 
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poly ea ea a 
eo Ge) Asa SAG 
32, 2522 38123 


+.-- 


18. e~*cos Vr = 1 — = + Dhara AE iG. 
om loa Hae 
19. e?sin2x2=22+4 x? — ona 
ail ae ee ee 
20. 1+sinz=1+ 5 3 ie 


For the following functions find all terms of the series which involve 
powers of x less than x°: 


_2 eo 
Q21.e 2cos x. 24. ————.- 
V1 + x? 
22. sues 25. V2 — cos x. 
93. e log (1 a 2). 96. V1 — 2 log (1 —2). 


196. Differentiation and integration of power series. A convergent 
power series 


(1) do + aX + agx? + asx? + +--+ O,z"-+--- 


may be differentiated term by term for any value of x within the 
interval of convergence, and the resulting series is also convergent. 
For example, from the series 


. 403 ewe 
= [8 wal ae ele 


we obtain, by differentiation, the new series 


42 +t 6 
COs san ial eee Cras 
Both series converge for all values of x (see Problems 6 and 7, 
Art. 191). 
Again, the series (1) may be integrated term by term if the limits 
lie within the interval of convergence, and the resulting series will 
converge. 


ILLUSTRATIVE EXAMPLE 1. Find the series for log, (1 + x) by integration. 


Solution. Since a log, A + a)= port we have 


dx 
dx 
2 2 ahi : 
(2) log. (1 + 2) erm 
= oa 2 — 3 eS a ON 
Now ‘ae 1l—x+2 e+tex 
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when |z|<1 (Art. 192). Substituting in (2) and integrating the right-hand 
member term by term, we obtain the result 


log. (l+2)=2—-—$2?+423-—Lat+- 
This series also converges when |x| < 1 (see Problem 2, Art. 191). 


ILLUSTRATIVE EXAMPLE 2. Find the power series for arc sin x by integration. 


. - d ‘ = 1 
Solution. Since a are sin x = oa we have 
(3) are sin «+ = see a 
0 V1 — x? 


By the binomial series ((2), Art. 192), letting m = — 4, and replacing x by — x2, 


we have 
1 ie ck perks 
Matte 82 Fda cad 6 


This series converges when |x| < 1. Substituting in (3) and integrating term by 
term, we get 
3) We Nos ayes 


= Lx Lada 
are sin @ = TeV 9 aio deh ROTATE 


+ Ans. 


This series converges also when |x| < 1 (see Problem 8, Art. 191). 
By this series, the value of 7 is readily computed. For, since the series con- 
verges for values of x between — 1 and +1, we may let x = 3, giving 


Te eet (eee pL ee 
6m ose Sere Ane , 
or Taku enens 


Evidently we might have used the series of Problem 6, Art. 194, instead. Both 
of these series converge rather slowly, but there are other series, found by more 
elaborate methods, by means of which the correct value of 7 to a large number of 
decimal places may easily be calculated. 

ILLUSTRATIVE EXAMPLE 3. Using series, find approximately the value of 

1 
i sin x? dx. 
0 


Solution. Let z= x?. Then 


Cs 


ea 


Hence sin 2? = 72 — Baa Eon 


Problem 2, Art. 194 


and if ‘sin Ct if ‘(2 ree om approximately, 


By A GIB YAN) 
= 0.3103. Ans. 


=|2-3+ al = 0.3333 — 0.0238 + 0.0008 
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PROBLEMS 
1. Find the series for are tan x by integration. 
2. Find the series for log (1 — x) by integration. 
3. Find the series for sec? x by differentiating the series for tan x. 


4. Find the series for log cos x by integrating the series for tan x. 


Using series, find approximately the values of the following integrals: 


1 Ssin xdx 
5. Vadx. Ans. 0.764. 9. { —=- Ans. 0.0214, 
us cos Lax ns if vA ae 
Und 1 Vz 
6. fh edz. 0.747. 10. J e~* da. 
1 
7. “log(1+ Va)dx. 0.071. Liye cos Vx dz. 
0 0 
8. [e 4 dx. 0.9226. 12. { "log (1 + 2°)dr. 
0 0 
leos « dx 1 log log (1 — x)dz. 
Of eee ALA ei : 
13. f ner i 2—cosxdx 15. f ae 


197. Approximate formulas derived from Maclaurin’s series. By 
using a few terms of the power series by which a function is repre- 
sented, we obtain for the function an approximate formula which 
possesses some degree of accuracy. Such approximate formulas are 
widely used in applied mathematics. 

For example, taking the binomial series ((2), Art. 192), we may 
write down at once the following approximate formulas: 


First approximation Second approximation 
(l+a)"™ = l+me = 1+4+m2+4m(m-—1)z?; 


In these |x| is small and m is positive. 
Again, consider the sine series 


i — _ x3 ab — * ee 
(1) sn v= 2 [B oo [B : 
Then 
(2) Site 
etre Ree 
(3) sine = 2 6 
ete. 


are approximate formulas. Let us examine the first. 
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In the series in (1), if the first term only is retained, the value of 
the remaining series is numerically less than its first term +2? 
(Art. 188). That is, 


sin 4 = x, with |error|<|% x3]. 
We may inquire, For what range of values of x will (2) hold to three 


decimal places? Then 
|& x*| < 0.0005, 


that is, |x| < V0.003 < 0.1443 rad. 


We then conclude that formula (2) is correct to three decimal places 
for values of x between — 0.1443 and + 0.1443, or, in degrees, for 
values between — 8°.2 and + 8°.2 


PROBLEMS 
3 
1. How accurate is the approximate formula sin e=n-=% when 


tae 00: (b) x— 60°? (c)*+= 90°? 6 
Ans. (a) Error < 0.00038; (b) error < 0.01; (c) error < 0.08. 


2. How accurate is the approximate formula cosx=1 -= when 
ome e0 7. (b).a2=—60°? (c) += 90°? 
Ans. (a) Error < 0.0032; (b) error < 0.05; (ec) error < 0.25. 
8. How accurate is the approximate formula e~*=1-—~zx when 
(faya=0.17? (b) x=0.5? 
3 
4. How accurate is the approximate formula are tan x = x — when 
foye=—0.17 (b) c+=0.5? (c)x=1? 
Ans. (a) Error < 0.000005; (b) error < 0.006; (c) error < 0.2. 


5. How many terms of the series sin « = x7 — if “+ fa —-+-++ must be 
taken to give sin 45° correct to five decimals? Ans. Four. 
2 
6. How many terms of the series cos x = 1 — [2 -+ é —-+-++ must be 
taken to give cos 60° correct to five decimals? 
7. How many terms of the series log (1+ x) =x-—= + < — +++ must 
be taken to give log 1.2 correct to five decimals? Ans. Six. 
Verify the following approximate formulas: 
shee A 2 ta Tonle xP 
fia, tt 12. fe- dx =C+a2—-— +e 
COS% _ 44 27, vl ie eeheee 
Be its 18. flog (1 — x)dx = C- > — 5 
TY 0 14 in adx = C 
10. e-° cos G=1 — roles . fare sin x i +o42. 
é 62, 68 
— . 8 = — —_e 
11. {cos Veda =C + x +e 15. ['e? sin 6 d0 Or eti 
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198. Taylor’s series. A convergent power series in x is well adapted 
for calculating the value of the function which it represents for small 
values of x (near zero). We now derive an expansion in powers of 
az —a (see Art. 193), where a is a fixed number. The series thus 
obtained is adapted for calculation of the function represented by it 
for values of x near a. 

Assume that 

(1) f@) = bo + bi(@ — a) + O2@ —a)? =< - 0, 
and that the series represents the function. The necessary form of 
the coefficients bo, b;, ete. is obtained as in Art. 194. That is, we dif- 
ferentiate (1) with respect to x, assuming that this is possible, and 
continue the process. Thus we have 

f'(x) = bi) + 2 bo(w@—a)+---+nba(x—a)"-1+- 
f@)= Bh te+-+n(n— Lb (e— ay? +--,, 
ete. 
Substituting x = a in these equations and in (1), and solving for 


bo, b1, bo, ++ +, we obtain 


b — , b hy , be = £@ bn = & (a), 
0 = f(a) 1=f'(@) 2 soe Tn 
Replacing these values in (1), the result is 


(B) fa=fa@+s/@ a tla +a) an rae 


SO) Ss ee, 


The series is called Taylor’s series (or formula).* 
Let us now examine (B) critically. Referring to (G), Art. 124, and 
letting b = x, the result may be written thus: 


@) fe) =f@ +f@ SFO +..+50-9@ SHR 
where Ff) ) ia (a < 4% <2) 


The term FR is called the remainder after n terms. 

Now the series in the right-hand member of (2) agrees with 
Taylor’s series (B) up to n terms. Denote the sum of these terms 
by S,. Then, from (2), we have 

f(x) =Si+R, or fi) —S,=R. 


* Published by Dr. Brook Taylor (1685-1731) in his ‘‘Methodus Incrementorum” 
(London, 1715). 


~ 


es. 
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Now assume that, for a fixed value x = x, the remainder R ap- 
proaches zero as a limit when n becomes infinite. Then 
(3) lin S33 —s) (ta), 


and (B) converges for x = x and its value is f(%o). 


Theorem. The infinite series (B) represents the function for those 
values of x, and those only, for which the remainder approaches zero as 
the number of terms increases without limit. 


If the series converges for values of x for which the remainder does 
not approach zero as n increases without limit, then for such values 
of x the series does not represent the function f(z). 

It is usually easier to determine the interval of convergence of the 
series than that for which the remainder approaches zero; but in 
simple cases the two intervals are identical. 

When the values of a function and its successive derivatives are 
known and finite for some fixed value of the variable, as x = a, then 
(B) is used for finding the value of the function for values of x near a, 
and (B) is also called the expansion of f(x) in the neighborhood of x = a. 


ILLUSTRATIVE EXAMPLE 1. Expand log x in powers of (x — 1). 


Solution. f@)=loe ec iC) = 0; 
He esa Te 
aged fd) =1, 
f(a) Sa! f“Oy=—1, 
ve = 2 vt aoe 
af (%) = 3 fl) =2, 
etc., ete. 
Substituting in (B), logx =x —1—4(4—1)?+ 4(@—1)3—---. Ans. 


This converges for values of x between 0 and 2 and is the expansion of log x in 
the vicinity of x =1. See Illustrative Example, Art. 193. 


ILLUSTRATIVE EXAMPLE 2. Expand cos x in powers of (= _ a to four terms. 


Solution. Here f(x) = cos x anda = ma Then we have 


(@)i= cose (T)=m 
feo) — SINS r(¥)= oe 
f''(«) = — cos 2, ce) =— a 

i A@) Seta a ae = Gs 


is2) 
ce 
ie} 


etc., 
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The series is, therefore, 


1 1 7 
6082 = eal al ge EB 


The result may be written in the form 


zs SO EV ed fe 2 ee 
cos # = 0.70711 | 1 (2 a 3(2 Ty +6 (3 A |: 


To check this result let us calculate cos 50°. Then « — = = 5° expressed in radians, 
or » — Z = 0.08727, (« ~ i) = = 0.00762, (« = i) = — 0.00066. With these values 
the series above gives cos 50° = 0.64278. Five-place tables give cos 50° = 0.64279. 


199. Another form of Taylor’s series. In (B), Art. 198, if we re- 
place a by xo and let x —a=h, thatis, s=a+h=20+h, the result is 


(C) fxo+ h) =f (to) +4’ (Xo) a f(x) ao x +40) 


In this second form the new value of f(x) when x changes from 2 to 
xo + h is expanded in a power series in h, the increment of x. 


ILLUSTRATIVE EXAMPLE. Expand sin x in a power series in h when x changes 
from x to %o +h. 


Solution. Here f(x) = sin x, and f(% +h) =sin (a +h). Differentiate and ar- 
range the work as below. 


Gee) acral, f(#o) = sin Xo, 
AG) Soa, f (ao) = cos Xo, 
{a) == sina, f" (ao) = — sin %o, 
etc., etc. 


Substituting in (C), we obtain 


sin (to +h) = sin a + cos aoe — sin ap — cos.ty ++ Ans. 


PROBLEMS 


Verify the following series by Taylor’s formula: 
il, exell +(e¢—-—a)+ Se a oe ‘|. 


Zeit = SiG ~ AC ee CHD ae 
+ (%— a) cosa [2 sina mime 


‘ 2 
8. cos x = cosa — (ex —a) sing — & i Sg cosa + Ge sina tos 


4. ] ] ee 
og (a+ 2x) = oga+= Sotsot: 
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‘ ae? a. 
eee oe Shao cosa Fig sin acts ++. 


6. tan (cx +h) = tanx+h sec? x+ h? sec? xtanx+-->, 


7. (x cE hy =a" + nah + pint 


Re — Lea) aa 
8 B xr 3h3 + . 


8. Expand sin x in powers of (« - ) to four terms. 


ar 2h2 


cell eye pa Sa Se 
Ans. ye i aleoetar st Gti 


9. Expand tan x in powers of (« - 2) to three terms. 
Ans. tan =142(2— T) +2(x-7) +... 
10. Expand log x in powers of (x — 2) to four terms. 
11. Expand e* in powers of (x — 1) to five terms. 


12. Expand sin (z —- x) in powers of x to four terms. 


18. Expand cot (z ae x) in powers of x to three terms. 


mA 


200. Approximate formulas derived from Taylor’s series. Such 
formulas are provided by using some terms of series (B) or (C). 
For example, if f(x) = sin x, we have (see Problem 2, Art. 199) 


(1) sin « = sin a+ cos a(x — a) 
as a first approximation. 


A second approximation results by taking three terms of the series. 
This is 


(2) sin x = sin a + cos a(x — a) aia. 


From (1), transposing sin a and dividing by x — a, we get 


(3) sin x — sn @ C08 G. 


x — a 
Since cos a is constant, this means that (approximately) 


The change in the value of the sine is proportional to the change in 
the angle for values of the angle near a. 


Formula (8) illustrates interpolation by proportional parts. 
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ILLUSTRATIVE EXAMPLE 1. For example, let a = 30° = 0.5236 radian, and sup-~ 
pose it is required to calculate the sines of 31° and 32° by the approximate formula 
(1). Then, since « —a=1° = 0.01745 radian, 

sin 31° = sin 30° + cos 30° (0.01745) 
= 0.5000 + 0.8660 x 0.01745 
= 0.5000 + 0.0151 = 0.5151. 


Similarly, sin 82° = sin 30° + cos 30° (0.03490) = 0.5302. 


These values by (1) are correct to three decimal places only. If greater ac- 
curacy is desired, we may use (2). 


hen sin 31° = sin 30° + cos 30° (0.01745) — ae (0.01745)2 
= 0.50000 + 0.01511 — 0.00008 
= 0.51508. 
sin 30° 


sin 32° = sin 30° + cos 80° (0.038490) — a (0.03490)? 
= 0.50000 + 0.03022 — 0.00030 
= 0.52992. 


These results are correct to four decimal places. 


From (C) we derive approximate formulas for the increment of 
f(x) when x changes from 2 to 2% +h. For, transposing the first 
term of the right-hand member, we get 


(4) fo +h) — f(a) =f" (ao)h + f’" (ar) & cae) 


The left-hand member expresses the increment of f(x) as a power 
series in the increment of x (= h). 
From (4) we derive, as a first approximation, 


(5) f(to + h) — f(xo) = f’(xo)h. 


This formula was used in Art. 92. For the left-hand member is the 
_value of the differential of f(x) for x = 79 and Ar = h. 
As a second approximation, we have 


(6) flo +h) — f(t) =f (wo)h + $00) 
ILLUSTRATIVE EXAMPLE 2. Calculate the increment of tan x, approximately, 
when x changes from 45° to 46°, by (5) and by (6). 
Solution. From Problem 6, Art. 199, if « = 29, we have 
tan (x + h) = tan x + sec? xoh + sec? xp tan th? +°°*. 
In this example x = 45°, and tan xp = 1, sec? a = 2. 
Also, h = 1° expressed in radians = 0.01745. Hence, by (5), 


tan 46° — tan 45° = 2(0.01745) = 0.0349 ; 
by (6), tan 46° — tan 45° = 0.0349 + 2(0.01745)? = 0.0349 + 0.0006 = 0.0355. 


From the second approximation we get tan 46° = 1.0355, which is correct to four 
places of decimals, 


as 
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PROBLEMS 


_ 1. Verify the approximate formula 


log (10 + x) = 2.308 +% 


10 
Calculate the value of the function from this formula and compare 
your result with the tables, when (a) x=— 0.5; (b) r=—1. 
Ans. (a) Formula, 2.253; tables, 2.251. 
(b) Formula, 2.2038; tables, 2.197. 
2. Verify the approximate formula 


sin (z + 1r) = 0.5 + 0.8660 . 


Use the formula to calculate sin 27°, sin 33°, sin 40°, and compare your 
results with the tables. 
8. Verify the approximate formula 


tan (T+ 2)=14+20+22% 


Use the formula to calculate tan 46°, tan 50°, and compare your 
results with the tables. 
4. Verify the approximate formula 


cos x = cosa — (x — a) sina. 


~ Given cos 30° = sin 60° = 0.8660, 
ss cos 45° = sin 45° = 0.7071, 
and OO! Sciia BUY = ss, 


use the formula to calculate cos 32°, cos 47°, cos 62°, and compare your 
results with the tables. 


CHAPTER xXI 
ORDINARY DIFFERENTIAL EQUATIONS * 


201. Differential equations — order and degree. A differential equa- 
tion is an equation involving derivatives or differentials. Differential 
equations have been frequently employed in this book. The illus- 
trative examples of Art. 189 afford simple examples. Thus, from the 
differential equation (Illustrative Example 1) 

d 


Oye 
(1) ae 2%, 


we found, by integrating, 
(2) y=ur+c. 
Again (Illustrative Example 2), integration of the differential equation 


dy_ _—-& 
led to the solution 
(4) v2 + y2 = 2 C. 


Equations (1) and (3) are examples of ordinary differential equations 
of the first order, and (2) and (4) are, respectively, the complete 
solutions. 
Another example is 
d?y 


(5) c+ y=0. 


This is a differential equation of the second order, so named from the 
order of the derivative. 

The order of a differential equation is the same as that of the deriva- 
tive of highest order appearing in it. 

The derivative of highest order appearing in a differential equa- 
tion may be affected with exponents. The largest exponent gives the 
degree of the differential equation. 

Thus, the differential equation 


(6) y= (Le yi?) 


* A few types only of differential equations are treated in this chapter, namely, such 
types as the student is likely to encounter in elementary work in mechanics and physics. 
, 3872 
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where y’ and y” are, respectively, the first and second derivatives of 
y with respect to x, is of the second degree and second order. 

202. Solutions of differential equations. Constants of integration. A 
solution or integral of a differential equation is a relation between the 
variables involved by which the equation is satisfied. Thus 


(1) y= asin & 
is a solution of the differential equation 
LE Boast ps 
(2) Tye t Y= 0 


For, differentiating (1), 
(3) ne =—asin2x. 


Now, if we substitute from (1) and (8) in (2), we get 
—asinx+asinx=0, 
and (2) is satisfied. Here a is an arbitrary constant. In the same 
manner 
(4) y=becosx 
may be shown to be a solution of (2) for any value of b. The relation 
2 (5) y=, sin x + co cos x 


Ais a still more general solution of (2). In fact, by giving particular 
values to c; and cz it is seen that the solution (5) includes the solu- 
tions (1) and (4). 

The arbitrary constants c,; and c2 appearing in (5) are called con- 
stants of integration. A solution such as (5), which contains a num- 
ber of arbitrary essential constants equal to the order of the equation 
(in this case two), is called the complete or general solution.* Solutions 
obtained therefrom by giving particular values to the constants are 

called particular solutions. In practice, a particular solution is ob- 
tained from the complete solution by given conditions to be satisfied 
by the particular solution. 


ILLUSTRATIVE EXAMPLE. The complete solution of the differential equation 


(1) yy’ +y=0 


is y=, cos x + cz sin x (see (5) above). 
Find a particular solution such that 


(2) y = 2, y’ =—1, when x = 0. 


* Tt is shown in works on differential equations that the general solution has » arbi- 
trary constants when the differential equation is of the mth order. 


i 
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Solution. From the complete solution 
(3) y=c, cosv% + cy sin a, 
by differentiation, we obtain 


(4) y’ =—c sin x + C2 cos x. 


Substituting in (8) and (4) from (2), we find c: = 2, co =—1. Putting these 
values in (8) gives the particular solution required, y = 2 cosz — sing. Ans. 


The solution of a differential equation is considered as having been 
effected when it has been reduced to an expression involving integrals, 
whether the actual integration can be effected or not. 

203. Verification of the solutions of differential equations. Before 
taking up the problem of solving differential equations, we show how 
to verify a given solution. 

ILLUSTRATIVE EXAMPLE 1. Show that 


(1) y =x cos log x + cox sin log x + x log x 


is a solution of the differential equation 


Solution. Differentiating (1), we get 


(8) au (co — (4) sin log x + (c2 +c) cos log « + log x +1, 
d2y _ sin log x coslogxz , 1 
(4) Pease hc! ph 2} hearer (oa 8 rere SS 


Substituting from (1), (8), (4), in (2), we find that the equation is identically 
satisfied. 


ILLUSTRATIVE EXAMPLE 2. Show that 
(5) y2—42%=0 

is a particular solution of the differential equation 
(6) vy’? -1=0. 


Solution. Differentiating (5), the result is 


yy’ —2=0, whence y/= =. 


Substituting this value of y’ in (6) and reducing, we obtain 4 « — y2 = 0, which 
is true by (5). 


aan, 2 
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PROBLEMS 


Verify the following solutions of the corresponding differential 
equations: 


te? det @ 
a, FV 42 <0. 
3, Fh 7 D+ 12y=0 
4, Fl + 6y= 
5. 8 (St) '— u(y SS 
eke CY 4 9B — sy =0. 
7.3 + hs = 0. 
g. S44 3% 10 y=22. 
py 
Ls au ete (Gt) — va o. 
10. 2 Cu rs 5yat 
i. 2 — y+ 2Ver— P= W- 
12. F495 tts 
13. = 2+ r=6e' 
14, S244 =10sin 3t. 
15. F447 =8sin 2t. 
16. F478 =t 


Differential equations 


d*y 2dy 24 _9 


Solutions 


Y = (1x + Cox. 
c 
Y= oe + Co. 
/* 
y = cye?* + cet? 
Yy = cye? + coe?* + c3e7 37, 
CY 6) 4a: 
Ci Cie Cola. 


s=c, sin (kt + ce). 


y = cye?* + ce se 2 _ 3. 
cat See 
Cy C2 
Feng Sere, eevee 
Se 

aresin ¥ =¢—s. 

= Ese 
s=5cosdit atts 


{Pe AA ST RLS 
x = 2(sin 2¢t — sin 3 2). 


x= 2(1 — f)cos 2 £. 


_ 2+ logt 
+1 


204. Differential equations of the first order and of the first degree. 
Such an equation may be brought into the form 


(A) 


i. 
3 
; 


Mdx+Ndy=0, 
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in which M and N are functions of « and y. The more common dif- 
ferential equations coming under this head may be divided into 
four types. 

Type I. Variables separable. When the terms of a differential 
equation can be so arranged that it takes on the form 


(1) f(a)dx + F(y)dy = 0, 
where f(x) is a function of x alone and F(y) is a function of y alone, 
the process is called separation of the variables, and the solution is 


obtained by direct integration. Thus, integrating (1), we get the gen- 
eral solution 


(2) ik f(a)de + df F(y)dy =e, 


where ¢ is an arbitrary constant. 

Equations which are not given in the simple form (1) may often 
be brought into that form by means of the following rule for separat- 
ing the variables. 

First STEP. Clear of fractions; and if the equation involves deriva- 
tives, multiply through by the differential of the independent variable. 

SECOND STEP. Collect all the terms containing the same differential 
into a single term. If the equation then takes on the form 


XYdx-+ X’'Y'dy=0, 
where X, X’ are functions of x alone, and Y, Y’ are functions of y alone, 


it may be brought to the form (1) by dividing through by X’Y. 
THIRD STEP. Integrate each part separately, as in (2). 


ILLUSTRATIVE EXAMPLE 1. Solve the equation 
dy 1+yYy 


dx (1+x2)xy 
Solution. First Step. (1 + x?)ay dy = (1 + y?)dz. 


Second Step. (1+ y*)dx —x(1 + x?)ydy = 0. 
To separate the variables we now divide by x(1 + x?)(1 + y?), giving 
de __ _ydy _4 
x(l+2a?2) 1+4+y? : 
: dp Fi FY Cae” 

Third Step. Neca +2) rer C, 
dx _ padz _ pydy _ 
fs 1+ 2? {eer C, a 


log x — } log (1+ 2?) —}$log(l1+y?)=C 
log (1 + #?)(1 + y?) =2logz —2C. 
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This result may be written in more compact form if we replace — 2 C by log c, 
that is, give a new form to the arbitrary constant. Our solution then becomes 
log (1 + «?)(1 + y?) = log x? + log e, 
log (1 + %)(1 + y?) = log cz?, 
(1 + 2?)(1 + y?) =cx?. Ans. 
ILLUSTRATIVE EXAMPLE 2. Solve the equation 
dy ey a 
Solution. First Step. ax dy + 2 aydx = xy dy. 
Second Step. 2 ay dx + x(a --— y)dy = 0. 
To separate the variables we divide by xy. 
Zadu (a —y)dy _ 9 
fi 
Third Step. 2afF4af%—fay=c 
x y 3 


2alogx+alogy—y=C, 
alogx2y=C+y, 
Cry 
Pyy) ined a td 
log, «?y eae 


A 
5 By passing from logarithms to exponentials this result may be written in the 


N form 
~ Cray 
tae 
vy=ea a, 
Cyy 
or uy =e - ea, 


Cc 
Denoting the constant e@ by c, we get our solution in the form 


y 
xy = cer, Ans. 


Type II. Homogeneous equations. The differential equation 
(A) Mdx+Ndy=0 


is said to be homogeneous when M and N are homogeneous functions 
of x and y of the same degree.* Such differential equations may be 
solved by making the substitution 

(8) te, 

This will give a differential equation in v and z in which the vari- 
ables are separable, and hence we may follow the rule under Type I. 


* A function of x and y is said to be homogeneous in the variables if the result of replac- 
ing x and y by Aw and dy (A being arbitrary) reduces to the original function multiplied by 
some power of \. This power of ) is called the degree of the original function. 
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In fact, from (A) we obtain 


d M 
(4) fees Ae 
Also, from (8), 2 : 
(5) bao 


The right-hand member of (4) will become a function of » only when 
the substitution (8) is used. Hence, by using (5) and (8), we shall 
obtain from (4) 


(6) Dream at ACE: 
and the variables x and v may be separated. 


ILLUSTRATIVE EXAMPLE. Solve the equation 
> dy dy. 
2 het ay — 
y? + x? AP Sy) Fist 
Solution. y? dx + (x2 — xy)dy = 0. 


Here M = y?, N = x? — xy, and both are homogeneous and of the second degree 
inz andy. Also we have 


Substitute y = vx. The result is 


dv are 
” dx as “0: 
or vdx +a(1 —v)dv=0. 
To separate the variables, divide by vx. This gives 
de (1 ILLES 
a v 


log x +logv—v=C, 
log. vx =C +2, 
va = eC +9 = eC +g? 
ve = ce’. 
But v= e Hence the complete solution is 


PROBLEMS 


Find the complete solution of each of the following differential] 
equations: 


1.a+y)dz — (1 — x)dy = 0. Ans. (1+y)(1—2)=c. 


2. xydx+V1— 2? dy=0. ACC ne 
38. V1 — y2dx= V1+4+ x? dy. arebing — (oe 0 aa ae 


ye 


a 


7 


cS 
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Vi+yide=(1—22)dy. Ans. cly+ Vi+y2) = \/L2. 


ma cay — Vil — y* dz. 
. (1 + y?)x dx + (1 + x?)dy = 0. 


.(22+1)dy+ y2dx=0. 
-(14+2 y)xdx+ (1+ x7)dy=0. 
. A+ y?2)dy —ydx=0. 
.(@+y)dx + xdy = 0. 

. (a + y)dx + (y — x)dy = 0. 
.edy —ydx = Vax? + y? dx. 

= xy? dy = (a? + y*)dz. 

. (x? — 2 y?)dx + 2 xy dy = 0. 

. (x2 + y?)dx = 2 xy dy. 


du_1+4u? 


ady 1 +02 
_V1l-2dy+ V1l—-ydx=0. 
merc-idy — (ll +> 27) da. 


. (x2y + x)dy + (xy? — y)dx = 0. 
ava y*dx—3 x*y dy. 

ady — ydx = Vy? — x? de. 

. (y? —9)du + xdy=0. 
~2r+y)de+ (e+ y)dy=0. 
.y2 dx = (xy — x?)dy. 


1-2 
pe re 


Vi=y 1—cx 

are tany + loge V1 + 22 =0. 
ee oe ET 
(To) 2 4) Se; 

r=¥ + log cy, 

C2i Ay iC 

log (x? + y?) —2 are tan 4 = @ 
1+2 cy —c*x?=0. 

ei eee LOM CL: 

y? + x2 log cx = 0. 


eee UY, 

met oes 
yVi—2?+aVli—y?=c. 
an ce 

ae, 3 pate 


xy + log E SO 
20: (Vay —x)dy+ydx=0. 
26. 82+ 4 y)dy = (2x2—y)dz. 
27. (x + xy?)dy —3 dx=0. 
28. xy dy — (1 — y?)dx = 0. 
29. (14+ 2)dy—(1-—2x)dxr=0. 


In each of the following problems find the particular solution which is 


30. 


31. 
382. 
33. 
34. 


de | dy _ 9, (Be 
y ae 


Ree yay — y2de— 03 ¢— 


determined by the given values of x and y: 


Ans. x? + y? = 25. 
1,y=1. ry + y2=22. 


(1 -+ 9?)dx — xy dy=0; cx=1, y= 0. ey 1: 
(x + y)dy + (x -—y)dx = 0; cx=0,y=1. 
Find the equation of the curve whose slope at any point is equal 


to — 
ar 


" ; and which passes through 


the point (1, 1). 
Ans. y? +2 2y =83. 


35. Find the equation of the curve whose slope at any point is equal 


Vi— y? 
1 + x? 


y 


and which passes through the origin. Ans. ¢ = ——: 
p g aa 
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Type III. Linear equations. The linear differential equation of the 
first order in y is of the form 


dy 
ae Py = 
(B) Sh pues Q; 


where P and Q are functions of x alone, or constants. 
Similarly, the equation 


(C) EEN SPE) ¥p 
dy 
where H and J are functions of y or constants, is a linear differential 
equation. 
To integrate (B), let 
(7) Y = Uz, 


where z and u are functions of x to be determined. Differentiating (7), 
dy _ dz, du. 


8) de det * ae 


Substituting from (8) and (7) in (B), the result is 
dz du 2: 
Ua ak a el ate = Oy or 


(9) wZ4 (LZ 4 Pu)e=@ 


We now determine w by integrating 
du 
(10) ie + Pu=0, 


in which the variables x and uw are separable. Using the value of x 
thus obtained, we find z by solving 
dz 


in which x and z can be separated. Obviously, the values of u and z 
thus found will satisfy (9), and the solution of (B) is then given by (7). 
The following examples show the details. 


ILLUSTRATIVE EXAMPLE 1. Solve the equation 
dy Aine oe 
Solution. This is evidently in the linear form (B), where 


Mitek ape S 5 
12 ERT and Q=(%+1)3. 


+ 
dy_, dz, du 
TSG ROT DS 


Let y = uz; then 
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Substituting in the given equation (12), we get 
dz dk 2 ue 


re pee meee. (a + 1)%, or 
(13) re cual (erieerd ek at 
To determine u we place the coefficient of z equal to zero. This gives 
du 2u dah 
de 1+2 : 
du _ 2 dx 
U 1+2 
Integrating, we get log.u=2 log (1+ 2), 
(14) u= elog(1 2)? —— el +,%)2.* 
Equation (13) now becomes, since the term in z drops out, 
u ~ = («+ 1)?, 


Replacing wu by its value from (14), 


a (x +1)2, 


Lns Integrating, we get dz = (w + 1)?dz. 
(15) pp a + G 


Substituting from (15) and (14) in y = uz, we get the complete solution 
i — Pathe +C(x+1)2. Ans. 

ILLUSTRATIVE EXAMPLE 2. Derive a formula for the complete solution of (B). 

Solution. Solving (10), we have 


log. u + [Pax = log, k, 
where log, k is the constant of integration ; 


whence “= bed oe 


Substituting this value of wu in (11), and separating the variables z and z, the 


result is 
dz= 2 oJ? de ae, 


Integrating, and substituting in (7), we obtain 
y=elP®( fQcl? az +C). Ans. 
It should be observed that the constant k cancels out of the final result. For 
this reason it is customary to omit the constant of integration in solving (10). 


* From the definition of a logarithm to the base e. For the sake of simplicity we have 
assumed the particular value zero for the constant of integration (see Illustrative Ex- 
ample 2). 
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Type IV. Equations reducible to the linear form. Some equations 
that are not linear can be reduced to the linear form by means of a 
suitable transformation. One type of such equations is 


dy 
dx 
where P and Q are functions of x alone or constants. Equation (D) 
may be reduced to the linear form (B), Type III, by means of the 
substitution z= y~"*!. Such a reduction, however, is not necessary 
if we employ the same method for finding the solution as that given 
under Type III. Let us illustrate this by means of an example. 


(D) ey OU 


ILLUSTRATIVE EXAMPLE. Solve the equation 


dy ,¥ 2 
(16) ee =aloga: y?. 


Solution. This is evidently in the form (D), where 


P=4, Orolo 


dy _,, dz . 


a er 


Let y = uz; then fe Lae 


Substituting in (16), we get 


dz _ ue —_—=— © y2e2 
We ae, =a log x: u2z?, 
dz du 272 
(17) vee g) 2 = log 2 Were 
To determine wu we place the coefficient of z equal to zero. This gives 
du ,u 
ie 45 A 0, 
du__ de. 
u uy 
Integrating, we get log u = — log x = log i, 
(18) wan. 


Ay 
Since the term in z drops out, equation (17) now becomes 
u & = alog x - we’, 
dz 
Ce Il - uz?. 
Gg 7 1 OBE * Ue 


Replacing u by its value from (18), 


dca ea 
dg 1 OR = 
dz dx 
—=alogzu:—.- 
sod ee x 


Integrating, we get 


(19) 


or 
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z 


_1_ a(log x)? 


383 


+C, 
2 


~~ a(log x)? +2C 
Substituting from (19) and (18) in y = wz, we get the complete solution 


1 
y= 


Zs 
_, a(log x)2 +2C’ 


xy[a(log x)? ++2C]+2=0. Ans. 


PROBLEMS 


Find the complete solution of each of the following differential 


equations: 
dy = 
1. = See 
dx na? ° 
2. a Cag. 
Cte x 
3 dy Bed a 


: dt 
Pee coat = ain 21. 
dt ‘ 
ls) i 3 
aids eine 
” dy _ay_«x+1 
eat = x a 
Bee oy = xby8, 
dx 
9, 2 4 y =z? log x. 
dx 
dy (1-2 a)y _ 
10. ek = eels 
CTT rR ln 
Ae eer ear 
dy y _@+Vl1l—2? 
Se 
dx (1 — x?) (1 — x?) 
dy, 4xy _ it : 
Ss (Git 
dy _ ane 
14, Be A COUL = Y* CSC L 


Chip Ee iene 


Bee saint = 1. 


Ans. y= (x+c)e-*. 


y= a«x"(e*+ Cc). 
_ar+e. 
fi gn 


s=sint+ccost. 
s=sint—1-+ ce7sint, 


2y=(e#+1)*+c(a+1)?. 


- til 
aah a 
ie 2 
ae +1+ce*. 
alt cot log a. 


Vie (1 + oN 


60 y3(x# +1)? =10 x6 + 24 25 
+15a*+e. 
x 


V1— 2 


y(x? +1)2=aretanx+e. 


x 


y=ce Vi-w+ 


sin x 


V2cosx+c 
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ayy) dy oy 
15.7 = x+y. 20. ae ee 
16, Y= 42 + y. q1.% _4y=sin3 x. 
dx dx 
ds 2 a eae eee 
17. 7 sint + 28 cost = sin 2 te 22.20 + Yi see 
dy Yo N24 1, ity is 
18. ee pads 1 23. U a Pog One 
dy ) Oe 3 dy — 2 
19. 7 tay =e ; | 24, xe + dy = 12. 


In each of the following problems find the particular solution which 
is determined by the given values of x and y: 


25. it AWS? Gals 0) =. Ans. y= 27(@ Saree 
26. x Ut y =3; Heh eM cy =3@ De 
a7. U4 y tana =secx; r= 0,9 =0. ¥ = singe 
dy = hee) aeow 4,2 
28. x at tors Cites le aims eae Y = Sh ee 


29. Find the equation of the curve whose slope at any point is equal 
to y + 2 x and which passes through the origin. Ans. y=2(e7—x—1). 


80. Find the equation of the curve whose slope at any point is equal 

to xy(x?y? — 1) and which passes through the point (0, 1). 1 
Ans. y2= : 
xve+1 


205. Two special types of differential equations of higher order. The 
differential equations discussed in this article occur frequently. 


d"y _ 
dx” ; 


(E) 


where X is a function of « alone or a constant. 
To integrate, first multiply both members by dz. 
grating, we have 


atl = { dx = [Xdr+o. 


Repeat the process (n — 1) times. Then the complete solution con- 
taining n arbitrary constants will be obtained. 


Then, inte- 
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3 
ILLUSTRATIVE EXAMPLE. Solve ot = er 


Solution. Multiplying both members by dx and integrating, 
7 ries = [net dx + Ci, 


or : i Sado 
dx? 
Repeating oe process, 
de oh = fer de — [ot dx + { Cide + Ca, 
or au xe™ — 2 e? + Civ + Co. 
y = fet da — [20 dx + [ Cyx de + { Code + Cs 


ner —3e° +2 + Oye + Cs. 


Hence y = xe* —8 e% + e142 + cox +3. Ans. 
A second type of much importance is 
dy 
F =) 
( ( ) de »} 


Lay 3 
“where Y is a function of y alone. 


To integrate, proceed thus. Write the equation 


OW =n) OS; 
and multiply both members by y’. The result is 
yf dy’ = Y y'dx. 
But y’ dx = dy, and the preceding equation becomes 
y'dy' = Y dy. 


The variables y and y’ are now separated. Integrating, the result is 


by2= | Ydy+ C1 


The right-hand member is a function of y. Extract the square root, 
separate the variables, x and y, and integrate again. The following 
example illustrates the method. 


ILLUSTRATIVE EXAMPLE. Solve ot +a2y=0. 


Solution. Here 2 te = CU = = — ay, and hence the equation belongs to type (F). 
Multiplying both members by y'dx and proceeding as above, we get 

y' dy’ = — a®y dy. 
Integrating, $y? =—4ay?4+C. 


y’ = V2 C — a?y?. 
WU VO, — oe, 
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setting 2 C = C, and taking the positive sign of the radical. Separating the vari- 


ables, we get 
dy 


——4"—. = dz. 
V Cle a2y? 
Integrating, e are sin “4 =x + Ca, 
a ‘Cs 
- ay 
or are sin = ax + ap. 
VC; 
This is the same as —— sin(ax + aC2) 
1 
= sin ax cos aCz + cos ax sinaCe, (4), Art. 2 
or y= ~ cos aC2 + sin ax + ie sin aC: - cos ax. 
Hence y =, sin ax + ¢2 cos ax. Ans. 
PROBLEMS 


Find the complete solution of each of the following differential 
equations : 


d2x 


1. 2 =. Ans. r=itat+e. 

2. i Shy. x= ce! + c2e~*. 

3. SE = 4 sin 21, x=—sin2éi+ ct+ co. 

4, TE = om n= Ftatter 
ae ex(s + 1)? = (cit +00)? +1. 

6. ee << 8 i= 2at Gt 2 c)) (3? +0 
te a = if cy? =at (eit + ce)?. 

8. ety +5=0. 


. Vai +4 ~ aloe (Vey + V1 + cry) = acy V2 & + ee. 


d?s L ee ds _ x 
9. — de taee =), Ina! are given that s=a, Fr 0, when ¢=0. 
Ane. t= S| Vas= 6 + aaresin \/2= 31. 
déy gee d*y 
10. 73 =x+sinz, i a2 = % 008 Mt. 12. tie 5a AY 


5 
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206. Linear differential equations of the second order with constant 
coefficients. Equations of the form 
d*y 
G 
(G) aed 
where p and q are constants, are important in applied mathematics. 
To obtain a particular solution of (G), let us try to determine the 
value of the constant r so that (G) will be satisfied by 


+pL+qy=0, 


(1) y=e". 
Differentiating (1), we obtain 

dy aoe rx d?y — r2przr 
(2) tee Mame aise 


Substituting from (1) and (2) in (G) and dividing out the factor 
e””, the result is 

(3) rP+pr+q=0 
a quadratic equation whose roots are the values of r required. 
~ Equation (8) is called the auxiliary equation for (G). If (8) has dis- 
tinct roots 7; and rz, then 


(4) Y= Canady y= es 
are distinct particular solutions of (G), and the complete solution is 
(5) y = ce" + coe"™, 


In fact, (5) contains two essential arbitrary constants, and (G) is 
satisfied by this relation. 
ILLUSTRATIVE EXAMPLE 1. Solve 


dy _» dy = 
(6) dx? 2 dx TRAY. 
Solution. The auxiliary equation is 
(7) r?—2r—8=0. 


Solving (7), the roots are 3 and — 1, and by (5) the complete solution is 
y = ce3* + coe-*. Ans. 

Check. Substituting this value of y in (6), the equation is satisfied. 

Roots of (3) imaginary. If the roots of the auxiliary equation (3) 
are imaginary, the exponents in (5) will also be imaginary. A real 
complete solution may be found, however, by choosing imaginary 
values of c; and c, in (5). In fact, let 

(8) n=atbV—1, m=a—bV—-1 
be the pair of conjugate imaginary roots of (3). Then 

(9) en = e(atdV=1) 2 — gargbeV—1, prix — gla—bV—1)  — ette— be V=1, 
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Substituting these values in (5), we obtain 
(10) y = e%(ceY—1 + eye- 2 Y-1), 
In the algebra of imaginary numbers it is shown that* 
et V—1 — cos be + V—1 sin bz, e-* ¥-1= cos br — V—1 sin ba. 


When these values are substituted in (10), the complete solution 
may be written 

(11) y = e*(A cos bx + B sin bx), . 
if the new arbitrary constants A and B are determined from c, and ¢, 

_ by A=a+ ¢, B= (1 — cg) V—1. That is, we now take for c; and ¢2 

in (5) the imaginary values c;: = 4(A — BV—1), @ =4(A+ BV—1). 

By giving to A and B in (11) the values 1 and 0, and 0 and 1, in 
turn, we see that 

(12) y=e“cosbx and y=e*sin bx 
are real particular solutions of (G). 


ILLUSTRATIVE EXAMPLE 2. Solve 

(13) CU + hy =0. 

Solution. The auxiliary equation (3) is now 

P+ke=0. rH tkV—1. 
Comparing with (8), wesee that a=0, b=k. Hence, by (11), the complete solution is 
y=Acoskx + B sin kx. 

Check. When this value of y is substituted in (13), the equation is satisfied. 

Compare this method with that used for the same example in Art. 205 (k =a). 


* Replacing « by ibx in Problem 1, Art. 194, gives (¢=V— 1) 
; b2x2 — ib3a3_ b4at , ibdax5 * 
ae SO ie sein 
re Tag a at 
b2a2 | b4at4 : b3a3 | b5a5 
iste ni aoe 8 be — eae se \ 
Gea ie i( ear a )i 


and replacing x by — zbx gives 
242 1b3x3 , btat  tbda5 


— 4 SS 7 __ Wee — am © @ 6 
Sgr men mares: he DS 


(1) eibu — 1 — 


: b2x2 , btat e b3x3 , b5x5 
2 = OS ees fe Sasa) s eltaasd = Saieiere 
(2) e a ‘ce alas i(be Ts tcten ) 
But, replacing x by bx in (7) and (8), Art. 194, we get 
(3) cos ba = 1 — aE 4 i tee 

3 b3a3 | b5a5 

4 = _ —eee 
(4) sin ba = ba 1 et Te 


Hence (1) and (2) become 
eibt = cosba+isinba, e—tbx = cos ba —7 sin ba. 
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Roots of (3) real and equal. The roots of the auxiliary equation (3) 
will = equal if p> =4q. Then (3) may be written, by substituting 
) oy p*, 


(14) r+ p? +4 p? = (r+% p)? =0, 
and r; = re = — 4 p. In this case 
(15) yO eae paerre 


are distinct particular solutions, and 

(16) y =e (cy + coe) 
is the complete solution. 

To corroborate this statement, it is only necessary to prove that 
the second equation in (15) gives a solution. But we have, by dif- 
ferentiating, 

a 740 dy 74x d?y ryt 2 

Ginn nap == xe", eae (1+ 72), FP each (2m+ 7122). 

Substituting from (17) into the left-hand member of (G), the 
result is, after canceling e””, 


(18) (earn ga Ari Dp. 
This vanishes, since 7; satisfies (3) and equals — 3 p. 


ILLUSTRATIVE EXAMPLE 3. Solve 
ds ds 


(19) gp + 2a ts =: 


Find the particular solution such that 


s=4 and & =—2 when! =0. 


Solution. The auxiliary equation is 

r-2nr+-1=0, or (r4+1)27=0. 
Hence the roots are equal, r; = — 1, and, by (16), 
(20) s=e-*(c; + Cot). 


This is the complete solution. 
To find the required particular solution, we must find values for the constants 
¢; and ¢2 such that the given conditions, 


eSiand = =a whent=6 


are satisfied. dt 
Substituting in the complete solution (20) the given values s=4, t=0, we 
have 4 = e;, and hence 


(21) s=e-'(4 + eof). 


ie 
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Now differentiate (21) with respect to #. We get 


- =e *(¢2 — 4 — Cot). 


By the given conditions, : = — 2 wheni=0. 


Substituting, the result is — 2 =co—4, and hence co =2. Then the particular 
solution required is s=e-“(4 +21). Ans. 
PROBLEMS 


Find the complete solution of each of the following differential 
equations : 


ds_ ds = sta 3 
1. 44, +88=0. Ans. s = cyet + c2e3*, 
d*y dy | se, —a —22 32 
2. ee ae Y=; i= Cre = C269. 
Gx ,dx a aay ot 
os TD 45, t42= ‘ x = c,e?! + cote?*. 
dx 5 
4.73 +40= ; x=c, cos2t+c.sin2t. 
Z 
iy, a —9s=0. $= c,e3* + coe 3*, 
ay , ody _ = 235 
6. a oe y = C1 + coe 8", 
jp tm ELL Te Si x= e?'(c; cos 3 t+ co sin 8 ft) 
dt? dt . 
8 a (lh x = e~**(e, cos 2 t + ce sin 2 t) 
* dt? dt 5 
dy _ -dy = d?s is. 
9. 3 Da tates 0: 13. q2 + 16s=0. 
Gro daee al Paige se 
10.275 + 4 7 =. 14. 7a + 1677=0. 
@p_,dp, _ dir dc og a 
ane rT 79 t P= 9: 15. WP 8 + 252=0. 
Cee Ca ere TNA 
12. 7, —16s= ; 16.75 +67 +10s=0. 


In the following examples find the particular solution which satisfies 
the given conditions: 


@r_ pdx ee ee of a 
ll. a OS ie 7 e=%, = Lb» When t = 0. Ans. x= 2 e%, 
dy , dy mre dy _ ie 
18. 5+ 5 7 29 = 05 y=3, 7 = 0, when x= 0. 


Ans. y = 2 e + e-22, 


= 
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d?s ds 


— — =") se — = = (I), iS. — 2t —2t 
19. 7 4s=0; s=6, 77 0, whent=0. Ans. s=3e?'+36e 
(= ane g= 0) ds _ 19 when ¢ = 0. Ans si 0 Silane 

dt? ont , : 

d?y at eats. 

21.7 ty= 0; y=4 when x= 0, and y = 0 when x 5 
Ans. y=4 cos x. 

2. 
pone 6 9 y=0; y=0, 2 =2, whenx=0. 

dx? dx dx = ae 

VAS aa = ONCE oes 
peo 20; = 8, =~ 8, whent=0. 

dt? dt dt aay 

Ans. £=3e-' cost. 
24, 3 42S 455=0; s=1,S=1, whent=0. 
F Ans. s=e-‘(cos2t+sin 2 1). 

d?s S wear. 4 MOS © 
25.7 +84, +2s=0; s iL, di 3 When t= 0. 

dy , ,dy CE = 
2. ata. +4y=0; ey 1, when x = 0. 

oo a ne = 
27. Fa t ms = 0; $=0; di = 00 When ¢ = 0. 

ds Ggeoo o, 0 ds Ee 
28. 0G = 93 8=0, = 7, when t= 0. 

dx da dom ar 
29.2 +274, + 20=0; 4p ())p Gi 7 10» when t= 0. 

d*y _ dy = dy za 
80. 3 oF SA NUS. ip Ibe oe ==13}, \widlovan qe 
To solve the differential equation 

d?. 
(H) 44 ph = +ay =X, 


dx? 
where p and q are constants and X is a function of the independent 
variable x or a constant, three steps are necessary. 


First STEP. Solve the equation (G). Let the complete solution be 
(22) y =U. 
Then u rs called the complementary function for (H). 
SECOND STEP. Obtain a particular solution 
(23) y=v 
of (A) by trial. 
THIRD STEP. The complete solution of (H) is now 
(24) y=ut+r. 
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In fact, when the value of y from (24) is substituted in (A), it is 
seen that the equation is satisfied, and (24) contains two essential 
arbitrary constants. 

To determine the particular solution (23), the following directions 
are useful (see also Art. 208). In the formulas all letters except x, 
the independent variable, are constants. 

General case. If y = X is not a particular solution of (G), if 


Form of X Form of v 
X=a-+ ba, assume y=v=A+Bz; 
XK OC, assume y=v= Ae; 
X = a, cos bx + ae sin bz, assume y=v=A,cosba+ Aosin be. 


Special case. If y= X is a particular solution of (G), assume for v 
the above form multiplied by x (the independent variable). 

The method consists in substituting y = v, as given above, in (A), 
and determining the constants A, B, Ai, Az, so that (A) is satisfied. 


ILLUSTRATIVE EXAMPLE 4. Solve 


(25) a= de OY = Ae. 


Solution. First Step. The complementary function wu is found from the com- 
plete solution of 


(26) — —2—~-—3y=0. 


By Illustrative Example 1, above, therefore 
(27) Yy =U = ce8* -F ee. 


Second Step. Since y = X = 2 x is not a particular solution of (26), assume for 
a particular solution of (25) 


(28) y=v=A+ Bx. 

Substituting this value in (25) and collecting terms, the result is 

(29) —-2B-8A-33Br=22. 

Equating coefficients of like powers of x, we get 

—2B-3A=0, -8B=2. 

Solving, A = 4, B = — 3, and substituting in (28), we obtain the particular 
solution 

(30) y=vu=$— 3x. 

Third Step. Then, from (27) and (30), the complete solution is 


y=uUutv=cye3* + ce*+$—Fa. Ans. 
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ILLUSTRATIVE EXAMPLE 5. Solve 


AY fg WP a a = 8 ore 
(31) qx re By Soe 
Solution. First Step. The complementary function is (27), or 
(82) y =U = cye3* + coe~*. 


Second Step. Here y= X =2e™ is a particular solution of (26), for it is 
obtained from the complete solution (82) by letting c; = 0, co = 2. Hence assume 
for a particular solution v of (31), 


(33) = Div ADea. 
Differentiating (83), we obtain 
CY 4 Set Cte ae 
(384) Rs Ae-*(1 — 2), ere Ae*(x — 2). 
Substituting from (83) and (34) in (31), we obtain 
(85) Ae*(~ — 2) —2 Ae*(1 — x) —3 Ave * =2 ce. 


Simplifying, we get — 4 Ae-* = 2 e-*, and hence A = — 4. Substituting in (33) 
we obtain 


(36) y=v=—4$ xe". 
Third Step. The complete solution of (31) is, therefore, 
y=U+v=cye3* + coe-* —4 xe-*. Ans. 


ILLUSTRATIVE EXAMPLE 6. Determine the particular solution of 


d?s =a 
(87) qe + 48=2 cos 2, 
such that s=0 and a =2 wheni=0. 


Solution. Find the complete solution first. 
First Step. Solving 


d?s Se 
(38) #2 + 45=0, 
we find the complementary function 
(89) s=u=c, cos2t+cesin2t. 


Second Step. Considering the right-hand member in (37), we observe that 
s = 2 cos 2 tis a particular solution of (88) resulting from (89) when ¢; = 2, co = 0. 
Hence for a particular solution s = v of (87) assume 


(40) s=v=t(A; cos2t+ Aosin2 t). 
Differentiating (40), we obtain 


& = A, cos2t+ Azsin 2 t—24(A; sin 2 ¢— As cos 2 0). 


ds 
dt? 


(41) 
=—4A,sin2t+4A2.cos2t—4t(Ai cos2t+ Aosin2t). . 


* 
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Substituting from (40) and (41) in (87), and simplifying, the result is 
(42) —4A,sin2t+4Ascos2t=2 cos2t. 


This equation becomes an identity when A; = 0, 42=4. Substituting in (40), 
we get 


(43) s$=0= 5 tsin2t. 
Third Step. By (39) and (43) the complete solution of (37) is 
(44) s=¢c, cos2t+cosin2i+4tsin2t. 

We must now determine c; and cz so that 
(45) s=0 and & =2 when 1 = 0. 
Differentiating (44), 
(46) B= —2esin2Qt+2czcos2t+4sin 2+ t cos 2 t. 


Substituting the given conditions (45) in (44) and (46), the results are 
QS ASA Op Rater oy ih eS ah, 

Putting these values back in (44), the particular solution required is 

(47) s=sin2t+4tsin2¢t. Ans. 


PROBLEMS 


Find the complete solution of each of the following differential 
equations: 


je ees = inst+e+e. 
1. Gi a Ans. w=c, cossi+tcsindito+tre 
@x_odt 9. Bef —o__2¢ 
2. ae er B= A abl. x = c1e*" + coe = 5 a 

2 
3. TE — 6 + 13 2 = 89, x = e8"(c, cos 24 +c sin 21) +3. 
dx dx a 
4.7 4G, t Tea 14. a = e?'(c, cos V3 t + co sin V3 t) +2. 
dy 5 W _ 9, — o2t Les ieee 
5. Fe 27 3 Y =e", Ue Ce TACs eae 

2 
6. oe = ve —Z2y =e, y = ce?" + coe! + te??, 

2 
7. 2490 = 9 oH, =e cos 3 t+ cz sin 3 t+ 5 et 
dx : 
8. G2 + 9% = 5 cos2t. x=c, cos 3 t+ ce sin 3 t+ cos2t. 
aa ts : Las 
9. Fa + 9e=8 cos di. %=¢ cos3t+ csin3di+ > tsing t. 


eS 


10. 


iT: 


12. 


13. 


14. 


15 


16. 
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dx er 
ae 2 t= 8 cos8t. 


dx = 
TD +4x=10sin3t. 


C2 +40=8sin2t. 
@y _ of¥_9,,_ 

1D at 3y=8 cos 2t. 
dx da xt : 
a2 + og + 187=380 sint. 
d2s ds * : 
Gp at O8= 10 sint. 
dx dx he. : 
a2 ap te tT sin 2t. 
d2s ds f. 

de 44+ 3s=4. 

Ca dx = 
Padi Oe 

d? 

qe {v= 2—2 

2 

tds 21, 

ax 5d%_o._ ost 
WP 25 Sp Se 
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Ans. x = c,e3! + coe 3! — Fos 3 ie 
x=c,cos2t+cesin2t{—2sin3t. 


x=c,cos2t+cosin2¢t—2tcos2t. 


en eyes? csr bes win OY 


56 
—_ — Zits 
65 °O8 t 
x = e3"(c, cos 2 t+ ce sin 2 #) 
+2sint—cost. 


s=e *(c, cos2t+ ce sin 2 t) 
+2sin#+ cost. 


x =e *(c, cos 2 ¢ + c2 sin 2 t) 
+4cos2t¢+sin 2 ¢. 
ax dx 


MOLD Ly peed ake —e-?. 
22. 2 BES GY 


ds — pot 
23. TE Sis 62". 


ay 

24. 2 qe 
d2x 
25. 4 We 
d?s 
* dt? 


Sst 
Al 
2 


26 —16s=2cos4t. 


In the following examples find the particular solution which satisfies 
the given conditions: 


27. 


28. 


29. 


30. 


31. 


Reef) Pde us ble atom 
Pe 4s=4; s=1,7-=0, when t=0. ASS) == 620-|-1e ; 
fo 4 45=8t; s=0, S=4, when t=0. 

Ans. s=sin2t+2t. 
2 
386; s=1, S=1, whent=0 

INES BSE ae is 

dy _ -dy io ous = ee) 
de? Oat OY 263 val, 7 = 1, when c= 0. Ansiy =e. 
d2x fees Wee Oe a 
qa + t= sin 2t; Ap) di — 9» When t = 0. 


Ans. x=%sint—3sin2t. 
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32.242 =2cost; r= 2, 2 =0, when i =0. 
me oe eee Ans. 2 = 2st aa 
ao) i x; y=0, 7 = 1, when x= 0. 

31, Teo pad; nad, S=2, when t=0. 

36.428 4 rset; 2= 0, = —2, when! =0. 

36. $4 45=4sint; s=4,2=0, when = 0. 

a7. 3 + 4s=2c0s2t; s=0, S=4, when t=0. 

38. TY gy der; y= 0, = 0, when 2 =0. 

39, 8 + s=sint + cos2t; s=0, =0, when t=0. 

40. 34 sse'4+2; s=0, S=0, when! =0. 


207. Applications to problems in mechanics. Many important prob- 
lems in mechanics and physics are solved by the methods explained 
in this chapter. For example, problems in rectilinear motion often 
lead to differential equations of the first or second order, and the solu- 
tion of the problems depends upon solving these equations. 

Before giving illustrative examples it is to be recalled (Arts. 51 
and 59) that 

ds d?s__ dv dv 


(1) Cai diiois OF dit ga dima eas 


where v and a are, respectively, the velocity and acceleration at any 
instant of time (= ¢t), and s equals the distance of the moving point 
at this time from a fixed origin on the linear path. 


ILLUSTRATIVE EXAMPLE 1. In arectilinear motion the acceleration is inversely 
proportional to the square of the distance s, and equals — 1 whens=2. That is, 


(2) Acceleration = a = — <. 
Also, 1» =5, s=8, when t= 0. 
(a) Find v when s = 24. 


Solution. From (2), using the last form for a, we obtain 
(3) Uae terte 


Multiplying both members by ds and integrating, the result is 


2 . 
(4) oe eee OY ori ere, 
2 8 s 


¥ 
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Substituting in (4) the above conditions » = 5, s = 8, we find C’ = 24. Hence 
(4) becomes 
(5) y= : +24, 


From this equation, if s = 24, » = 4V219 = 4.93. Ans. 
(b) Find the time which elapses when the point moves from s = 8 to s = 24. 
Solution. Solving (5) for v, we get 
(6) dee pa ve NETS e 
dt 8 
Separating the variables s and ¢ and solving for ¢ with limits as given, s=8, 
s = 24, we find, for the elapsed time, 


(7) = 3.20. Ans. 
my mele’ aaa: +38? 
Note. Using the first form in (1) for a, (2) is 
Wt ee eee 
di ~— 2’ 


which is of the form (F), Art. 205. The method of integration here is the same as 
in Art. 205. 

An important type of rectilinear motion is that in which the ac- 
celeration and the distance are in a constant ratio and differ in sign. 

Then we may write 

(8) a=— k?s, 
where k? = magnitude of a at unit distance. 

Remembering that a force and the acceleration caused by it differ 
in magnitude only, we see in the above case that the effective force 
is directed always toward the point s = 0 and is, in magnitude, di- 
rectly proportional to the distance s. The motion is called simple 
harmonic vibration. 

From (8), we have, ies io 


(9) TS + ks = 


a linear equation in s and t of the second order with constant coeffi- 
cients. Integrating (see Illustrative Example 2, Art. 206), we obtain 
the complete solution, 


(10) s=c, cos kt + ce sin kt. 

From (10), by differentiation, 

(11) v= k(— e sin kt + ce cos kt). 

It is easy to see that the motion defined by (10) is a periodic 
oscillation between the extreme positions s= 6, and s=— 6), de- 
termined by 

(12) b= Ve? + co”, period = =F. 
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In fact, we may replace the constants ¢; and cz in (10) by other 
constants b and A, such that 


(13) ci=bsin A, ce=bcosA. 
Substituting these values in (10), it reduces to 
(14) s=bsin (kt+ A), by (4), Art. 2 


and now the truth of the above statement is manifest. 

In the following examples we give cases when the simple harmonic 
motion is disturbed by other forces. In all cases the problem de- 
pends upon the solution of an equation of the form (G) and (4), 
discussed above. 

ILLUSTRATIVE EXAMPLE 2. In a rectilinear motion 

(15) a=—2s-—». 


Also; v= 2; s= 0; when t= 0. 
(a) Find the equation of motion (s in terms of ft). 


Solution. Using (1), we have, from (15), 


a?s ds . 5 
(16) Srna eer: 5 ==i(l), 


an equation of the form (G). The roots of the auxiliary equation r? +r + # =0 are 
Se) 4 t= —4—V=1, 
Hence the complete solution of (16) is 
(17) s =e 2'(c, cost +c sin t). 


By the given conditions, s= 0 when !=0. Substituting these values in (17), 
we find c; = 0, and hence 


(18) 8 = ce 2 sin t. 
Differentiating to find v, we get 
(19) v = coe *'(— 3 sin t + cost). 


Substituting the given values v = 2 when t= 0, we have 2 = co. 
With this value of c2, (18) becomes 


(20) s=2e-?'sint. Ans. 
(b) For what values of ¢ will v= 0? 


Solution. When v=0, the expression in the parenthesis of the right-hand 
member of (19) must vanish. Setting this equal to zero, we readily obtain 


(21) tany—i2e 
For any value of ¢ satisfying (21), v will vanish. These values are 


(22) t=1.10+ nz. (n = an integer). Ans, 


7s 


ORDINARY DIFFERENTIAL EQUATIONS 399 


Successive values of ¢ from (22) differ by the constant interval of time 7. 
Discussion. This example illustrates damped harmonic vibration. In fact, in 
(15) the acceleration is the sum of two components 


(23) a=— 3s, a=—v. 
The simple harmonic vibration corresponding to the component a; is now dis-_ 
turbed by a damping force with the acceleration dz, that is, by a force proportional 


to the velocity and opposite to the direction of motion. The effects of this damping 
force are twofold. 


First, the interval of time between successive positions of the point where v = 0 
is lengthened by the damping force. In fact, for the simple harmonic vibration 

(24) ON $ 8, 
we have, by comparison with (8), k = 1/5 = 1.12, and the half-period, by (12), is 
0.89 7. As we have seen above, for the damped harmonic vibration the correspond- 
ing interval is 7. 

Second, the values of s for the successive extreme positions where v = 0, instead 
of being equal, now form a decreasing geometric progression. Proof is omitted. 


ILLUSTRATIVE EXAMPLE 3. In a rectilinear motion 
(25) a=—48s+2cos2t. 
isomsi— 0,7 —2, when ¢= 0. 


(a) Find the equation of motion. 

Solution. By (1), we have, from (25), 

(26) Te $45=2cos2t, 

The particular solution required was found in Illustrative Example 6, Art. 206, 
and is given by equation (47), p. 394. Hence 

(27) s=sin2i+4¢tsin2¢t. Ans. 

(b) For what values of ¢ willy = 0? 

Solution. Differentiating (27) to find v, and 
setting the result equal to zero, we get 

(28) (2+)cos2t+4sin2t=0; 
or, dividing (28) through by cos 2 t, 

(29) ttan2¢+2+i=0. 

The roots of this equation may be found as ex- 
plained in Arts. 87-89. The figure shows the curves 
(see Art. 88) 

(30) =itan2t, y=—2-4, 
and the abscissas of the points of intersection are, approximately, 

t = 0.88, 2.36, ete. Ans. 


Discussion. This example illustrates forced harmonic vibration. In fact, in (25) 
the acceleration is the sum of two components 


(81) &=—48, d2=2cos2t. 


The simple harmonic vibration corresponding to the component a; with the 
period 7 is now disturbed by a force with the acceleration a2, that is, by a periodic 


Y 


| { 
| | 
! 
| 
| { 
| | 


38T 


a. 
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force whose period (= 7) is the same as the period of the undisturbed simple 
harmonic vibration. The effects of this disturbing force are twofold. 

First, the interval of time between successive positions of the point where 
» = 0isno longer constant, but decreases and approaches 4 7. This is clear from 
the above figure. 

Second, the values of s for the successive extreme positions where v = 0 now 
increase and eventually become, in numerical value, indefinitely great. 


PROBLEMS 


Tn each of the following problems the acceleration and initial conditions 
are given. Find the equation of motion. 


Pa ]—As7 s— 0,7 — 10, whens —0. 2A7s.es — Dislneae 


Oey = —A Ses 6,0 — 0 a wneni 0s $= 8 Cosiais 

Se i— AS Si a — LO Hen a Oe s=2cos2t+5sin2t. 
4.a=—s+k; s=0,v=0, whent=0. s=k(1 — cost). 

5. d=—2)— 58s s=5,0=— 5, whent=0. s=d.e—2 Cosiem 
6.a=—27—5s; s=0,0=12, whent=0. s=12 es*smicee 
7.a=sin2i—s; s=0,0=1, whent=0. s=2sint—Jsin2t. 
8.a=sin2t—4s; s=0,v=0,whent=0. s=fsin2t—Ztcos2t. 
9.a=—8; Si (et ew eM i 05 


4 
1050 —9C — 5) ees — 070 — Oe wnend —10% 


120. —— A Sees — 0 i aw Nene 
125¢0'= cos -- 4s3s = 05 = 0) when 103 
13. = COS A AS > 8 0.0 = 0, wheni— 0; 
14, ¢4=>—47— 13's: s=0; = 6; when 4— 03 
15. The acceleration of a particle is given by 
a=—4s+3sini. 


(a) If the particle starts from rest at the origin, find its equation of 
motion. Ans. s=sint—4sin2t. 


What is the greatest distance from the origin reached by the particle? 
(b) If the particle starts from the origin with velocity v = 4, find its 


equation of motion. Ans. s=sint+ $sin2t. 


What is the greatest distance from the origin reached by the particle? 
16. Answer the questions of the preceding problem if the acceleration 


is given by a=—46—8 sin te. 


Ans. (a)s=2tcos2t—sin2t; (b)s=2tcos2t+sin2t. 


i 
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17. A body falls from rest under the action of its weight and a small 
resistance which varies as the velocity. Prove the following relations: 


a=g-—kv. 

=f (1—e-*). 

ee Se Ts —kt 

S=j73 (kite —1). 
ere: _ ko) _ 
ks +0 +2 log(1 *)=0. 


18. A body falls from rest a distance of 80 ft. Assuming a = 32 —1, 
find the time. Ans. 3.47 sec. 


19. A boat moving in still water is subject to a retardation propor- 
tional to its velocity at any instant. Show that the velocity ¢tsec. after 
the power is shut off is given by the formula v = ce~*', where c is the ve- 
locity at the instant the power is shut off. 


20. At a certain instant a boat drifting In still water has a velocity of 
4 mi. per hour. One minute later the velocity is 2 mi. per hour. Find 
the distance moved. 


21. Under certain conditions the equation defining the swing of a 

galvanometer is 26 ie dé 

dt? Pat 

Show that it will not swing through the zero point if u>k. Find the 
eomplete solution if u< k. 


+ k?0=0. 


208. Linear differential equations of the nth order with constant coef- 
ficients. The solution of the linear differential equation 


ay *y 
: = 0, 
) xn Seek a oe ee 
in which the coefficients p1, po, - - -, Pn are constants, will now be dis- 
cussed. 


The substitution of e for y in the first member gives 
Neer wite 2 efor eae ay, Jem 
This expression vanishes for all values of r which satisfy the 
equation 
(1) ee et is Pate bs — OS 
and therefore for each of these values of 7, e is a solution of (J). 
Equation (1) is called the auxiliary equation of (I). We observe that 


the coefficients are the same in both, the exponents in (1) correspond- 
ing to the order of the derivatives in (J), and y being replaced by 1. 
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From the roots of the equation we may write down particular 
solutions of the differential equation (J). The results are those of 
Art. 206 extended to cases when the order exceeds two, and are 
proved in more advanced textbooks. 


Rule to solve the equation (/) 


First STEP. Write down the corresponding auxilary equation 
(1) rb piel + por2 fs y= 0. 


SECOND STEP. Solve completely the auxiliary equation. 
THIRD STEP. From the roots of the auxiliary equation write down the 
corresponding particular solutions of the differential equation as follows : 


AUXILIARY EQUATION DIFFERENTIAL EQUATION 


(a) Hach  distonct 
root V1 
(b) Hach distinct pair ‘ (two particular solutions e” cos bx, 
of imaginary roots a + be } gives + eax gin be. 
s (or 2s) particular solutions ob- 


real : 
} gives a particular solution e™*. 


(c) A multiple root ie es) oe tained by multiplying the par- 
ring s tumes 9 tecular solutions (a) (or (b)) by 
LE eee ane 


FOURTH STEP. Multiply each of the n* independent solutions thus 
found by an arbitrary constant and add the results. This result set equal 
to y gives the complete solution. 


dey d?y 
ILLUSTRATIVE EXAMPLE 1. Solve ae as +4y=0. 


Solution. Follow the above rule. 


First Step. r3 —3 r2 +4 =0, auxiliary equation. 
Second Step. Solving, the roots are — 1, 2, 2. 
Third Step. (a) The root — 1 gives the solution e~”. 
(c) The double root 2 gives the two solutions e?*, xe?*. 
Fourth Step. The complete solution is 


y = cye-* + c2e2* + c3xe2%. Ans. 
diy, dy dy dy Ss 
ILLUSTRATIVE EXAMPLE 2. Solve oa 4 FRG +10 ial 12 = +5y=0. 
Solution. Follow the above rule. 
First Step. r*—4 73 +107? —127r+5=0, auxiliary equation. 
Second Step. Solving, the roots are 1, 1,1 +21. 


* A check on the accuracy of the work is found in the fact that the first three steps 
must give 7 independent solutions. 
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Third Step. (b) The pair of imaginary roots 1 +27 gives the two solutions 
Cos 2x, €* sin 2 a. @G=1, p=) 
(ec) The double root 1 gives the two solutions e”, xe*. 
Fourth Step. The complete solution is 
Yy = cye* + Coxe* + cze* cos 2 © + c4e* Sin 2 x, 
or y = (C1 + cow + €3 cos2%+c4sin2 x)e*. Ans. 


The linear differential equation 


dy q"- aa aay 
+ es eee ny = 
in which 71, po, ---, Pn are constants, and X is a function of z or a 


constant, is solved by methods like those used in Art. 206 for equa- 
tion (H). The three steps described on page 391 are to be followed 
here also. That is, we solve first the equation (/), obtaining 


(2) y=4U, 
the complete solution of (1). Then w is the complementary function 
for (J). 

Next we find in any manner a particular solution of (J), 


(3) y=. 
Then the complete solution of (/) is 
(4) y=ut+n. 


In finding (8), methods of trial may be used analogous to those 
given on page 392 for »=2. The rules given there for the general 
case apply also for any value of n. In any case we may follow the 


Rule to find a particular solution of (J) 


First STEP. Differentiate successively the given equation (J) and 
obtain, either directly or by elimination, a differential equation of a 
higher order of Type (1). 

SECOND STEP. Solving this new equation by the rule on page 402, 
we get its complete solution 

y=ury, 
where the part wu is the complementary function of (J) already found 
in the first step,* and v is the sum of the additional terms found. 

THIRD STEP. To find the values of the constants of integration in 
the particular solution v, substitute 


y= 


* From the method of derivation it is obvious that every solution of the original 
equation must also be a solution of the derived equation. 
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and its derivatives in the given equation (J). In the resulting identity 
equate the coefficients of like terms, solve for the constants of integration, 
and substitute their values back in 
y=uUr?, 
giving the complete solution of (J). 
This method will now be illustrated by means of examples. 


Note. The solution of the auxiliary equation of the new derived differential 
equation is facilitated by observing that the left-hand member of that equation is 
exactly divisible by the left-hand member of the auxiliary equation used in finding 
the complementary function. 


ILLUSTRATIVE EXAMPLE. Solve 


(5) y’ —3y +2 y= xe. 
Solution. We first find the complementary function wu. Solving 
(6) y"—3y +2y=0, 
the result is 
(7) y =U = cye?™ + C7. 
First Step. We now differentiate (5), obtaining 
(8) YS Yin Ay! eee 
Subtracting (5) from (8), the result is 
(9) yf — 4 OY a ee 
Differentiating (9), we obtain 
(10) yiv—4y'" +5 y"’ —2y' =e. | 
Subtracting (9) from (10), we get 
(11) yiv By!" +9y"—Ty' +2y=0, 7 


an equation of Type (J). 
Second Step. Solve (11). The auxiliary equation is 


(12) r¢—5734+97r2?-—Tr+2=0. 


The left-hand member must be divisible by r? — 3 r+ 2, since the auxiliary 
equation for (6) is r? —-3r+2=0. In fact, we find that (12) may be written 


(13) (r? —3r + 2)(r —1)?=0. 

The roots are r= 1, 1, 1, 2. Hence the complete solution of (11) is 
(14) y = ce2* + e* (co + 3% + C4”). 

Third Step. Comparing (7) and (14), we see that 

(15) y =v = e* (cx + 4x?) 


will be a particular solution of (5) for suitable values of the constants cz and ¢4. 
Differentiating (15), we obtain 


(16) y’ =e7(c3 + (cs +2 cs)a + cs), 
y’’ = e*(2(c3 + es) + (e3 + 4 c4)@ + C42”). 
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Substituting in (5) from (15) and (16), dividing both members by e? and reduc- 
ing, the result is 
(17) 2c,—c3 —2 ese =2. 


Equating coefficients of like powers of x, we obtain —2c,=1, 2c,—c3 =0, 
whence we find cz; = — 1, cs = — 3. Substituting these values in (15), the particular 
solution is 


ee (8) y=v=e7(—2—3 2), 
and the complete solution is 


= y=u+0=cye?® + coe? — e?(x +4 22). Ans. 


PROBLEMS 


Find the complete solution of each of the following differential 
equations: 


1. 4353 —45=0. Ans. s=ce'+ce—'+c3 cos2t+c4sin 2 t. 
g, £2 4 FF = 0, % = C1 + Cot + cge?* + cge—?', 

3, 2 +e 12 =0 © = Cy + ce3* + cge~4*, 

4. oe = 4 = 0. y = c1 + coe? + cge—2, 
ee 4 9 


dé dt Ans. $=c + cpeV2! + cge— V2t + cg cos V2 t+ e5sin V2 t. 


Ans. y= ce¥22 + coe—V27 + cs cos2n+cssin2 x. 
, 2 
; 7, GP _ 39 FP 4 07 p=0. 


By e Ee Ps Ans. p= ee88 + coe 38 + exe 3% 4 cye—V32, 
s $s 
8. a te aa tsa ts=0- Ans. s=e-—t(e, + cot + cgl?). 
og SY _ op PY, ody _ ody, 
Sa aes tae Fae t=O 


m a a Ans. y=€(c1 + cox) + ¢3 cosx+cxsin x. 
aq 2S {9 as s ie peek 

(10.72 +38 a5 t8 Get Ga Ans. s=c; + e-* (co + cst + cat?). 
1. S44 212 Th + nty =0. 

a Ans. y = (¢1 + cox) cos nx + (c3 + c4x) sin nz. 


=e 


~2#e 4 dp _ - (c &). 


: 
- PS, 
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14. Ae + x3. Ans. y = ce" + c2e¢~7 + ¢3 cos & + C4 Sin & — 23, 
@s_d’s_ g ds _ zs 3t Sree 

15. a aP 6 =. $= cy + c2e3! + se t. 
d’y _ dy ae 

he dx? i beet ; xen® (2n—8)e* __ 


— x 2x = 
Ans. y = ce" + c2€ ee Pe PE (n2 —3 n+ 2)? 
3t( 2 
17 ds _ 9 W 4. 09 g = 1281, Ans. s = cet! + cet + “CO ESIEE SE), 


* dt? dt 
d?s : 
18. —+4s=tsin?t. - 
dt? a2 : t_teos2t_ #@sin2t_ 
Ans. s=¢ cos2t+ cosin2t+ 9 —. 
4 2 
19. 3-524 45=0 
4 
20.2 +592 445=0 
dy dy ,dy Sea 
21. 73 qa? 47,t4yau 8. 
4 3 2 
99, UY _ 3 Hy 3 Gy _ dy 0 


MISCELLANEOUS PROBLEMS 


Find the complete solution of each of the following differential 
equations: 


dy (Ee = 
Le ae ti Dee Lee Ans. c®¥=2a+1. 
2 (Ft) = 27 y. y= (+e)% 
dy\? _ 2— — 3 
3. (7 2 If 5 YY = (Go) 
4, 4(W\*— 9 3 
3 (4) = Ls Y= LA Ce 


2 
5. 44 4y=5sin3 t— 10 cos3t. : 
: Ans. y=c,cos2t+cosin2t+2cos3t—sin3t. 
6 Be dy ade 4 ae, 
é Ans. y=c,cos2t+cosin2¢+ 4 e+ 2-2, 
7. U4 4y=16 —5sin dt. 
Ans. y=c, cos2t+e.sin2¢+sin3¢+4. 
d?y _ 2t ] tf. 
8. qe + *y=8e + 15 sing 
Ans. y= cos2t + cesin2¢-+ e% + 4 sin 5: 
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9.ydx+ (a+ y)dy=0. Ans. y2 +2 xy=c. 


10. = + ==. Fe eats 
dt sant 


GS 18? = (cit + cz)? + 4. 


y 


ize sin (4) dy — y sin (4) dx+xdx=0. Ce= es), 


13. +stant= tant. s=1+ccost. 


14. —~ -—-——-6y=6e-—8e% Ans. y= ce?! + coe 2? 4+ eft 4+ 2 e-¢, 


Gee LE of pat BP ea: Base 
15. 7 25 30 = 4 1, x = c,e3* + coe—* + te3t* + 4, 


2 
fee ea ew eh 


dt? dt neo : ‘ 2 
Ans. x=e"'(c, cos2t+cesin2t)+e%+He-t, 
17. (x? + y?)dx — 2 cy dy = 0. Ans. cx = x? — y?. 
ds — {3 oat 2 — t2 
18.7 + 2st= 0. Ta Unters tae 
3 2 
fu _ 3 TU 4 2 + oy =0. = : 
Ans. y=cie 2+ e%(ce cos x + ¢3 sin 2). 
ds ast 
oa 1 it 
d?s ds = : 
21. Fa +t 44, t+ 18s=4cos3t 12 sin 3 t. 
dx dat 
ai? » dt 
d*s , ds a : 
23. 72 + 4, 6s=6t+ sini 
dy , 2Y_29,9,4 
Ea 5 = 3 wp. 
oy, Ue Eee OT ede ene dy 20: 
ate sel 977 


26. (4y +30) H+ y=2x. a8. U4 y tan = 1. 


1952 


6x=—5e **—6i—18. 


Solve each of the following differential equations by making the trans- 
formation suggested : 


ds 


Al ue tt i 
, gg, — 4 st — 8° — 0. ee es Ans. 4 


Apr oe ee 
28s 3 
80. (t2 + t)ds = (2 + 2 st + s)dt. Let s=vt. Ans. s=ct(1+) —#£ 


$1. (8 + 2 st)s dt = (8 — 2 st)tds. Let st =». 
82. (e+ ye Bare+2y 45. Letx+y=v. 


CHAPTER XXII 


PARTIAL DIFFERENTIATION 


209. Functions of several variables. Continuity. The preceding 
chapters have been devoted to applications of the calculus to func- 
tions of one variable. We now turn to functions of more than one 
independent variable. Simple examples of such functions are af- 
forded by formulas from elementary mathematics. Thus, in the 
relation for the volume v of a right circular cylinder, 

(1) v= 7x7, 

v is a function of the two independent variables « (= radius) and 
y (=altitude). Again, in the formula for the area u of an oblique 
plane triangle, 

(2) u=4 ry sina, 

u is a function of the three independent variables x, y, and a, rep- 
resenting, respectively, two sides and the included angle. | 

Obviously, in (1), as well as in (2), the values which can be as- 
signed to the variables in the right-hand member are entirely in- 
dependent of one another. 

The relation 

(3) z= f(x, y) 
can be represented graphically by a surface, the locus of the equation 
(3) obtained by interpreting x, y, z as rectangular codrdinates, as in 
solid analytic geometry. This surface is the graph of the function 
of two variables, f(x, y). 

A function f(x, y) of two independent variables x and y is defined 
as continuous for x = a, y = b, when 

(A) lim f(x, y) =f(@, 6), 

yoob 
no matter in what way x and y approach their respective limits a 
and b. 

This definition is sometimes roughly summed up in the statement 
that a very small change in one or both of the variables produces a 
very small change in the value of the function.* 


* This will be better understood if the student again reads over Art. 17 on continuous 
functions of a single variable. 
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We may illustrate this geometrically by considering the surface 
represented by the equation 


(3) z= f(x, y). 


Consider a fixed point P on the surface where x =a and y= b. 

Denote by Az and Ay the increments of the variables x and 
y, and by Az the corresponding increment of the function z, the 
coordinates of P’ being 


(o-+- Ax, y + Ay, z+ Az). 
At P the value of the function is 
Ze f(a, 6) =P} 


If the function is continuous at P, then how- 
ever Ax and Ay may approach zero as a limit, Az 
will also approach zero as a limit. That is, M’P’ will approach coin- 
cidence with MP, the point P’ approaching the point P on the sur- 
face from any direction whatever. 

A similar definition holds for a continuous function of more than 
two variables. 

In what follows, only values of the variables are considered for 
which a function is continuous. 


210. Partial derivatives. In the relation 


(1) z=f(x, y), 


we may hold y fast and let x alone vary. Then z becomes a function 
of one variable x, and we may form its derivative in the usual manner. 
The notation is 


a = partial derivative of z with respect to x (y remains constant).* 
Similarly, 
a = partial derivative of z with respect to y (x remains constant).* 


Corresponding symbols are used for partial derivatives of functions 
of three or more variables. 

In order to avoid confusion the round @ 7} has been generally 
adopted to indicate partial differentiation. 


* The constant values are substituted in the function before differentiating. 
+ Introduced by Jacobi (1804-1851). 
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ILLUSTRATIVE EXAMPLE 1. Find the partial derivatives of z= ax? + 2 bry + cy?. 


Solution. = = 2 ax + 2 by, treating y as a constant, 
= =2 bx +2 cy, treating x as a constant. 
ILLUSTRATIVE EXAMPLE 2. Find the partial derivatives of wu =sin (ax + by + ez). 
Solution. = =a cos (ax + by + cz), treating y and z as constants, 
= b cos (ax + by + cz), treating x and z as constants, 
“ =c cos (ax + by + cz), treating y and «x as constants. 
Referring to (1), we have, in the notations commonly used, 
2 2 fu, y) =2=f.6, W=h=e 
BF He, W) = Ge = bul W = Sa = 


Similar notations are used for functions of any number of variables. 
Referring to Art. 24, we shall have 


fe + Ax, yo) — f@, yo) 


(2) fx(X, Yo) = iim ae 
(3) f,(to, y) = lim Lay t Aw — fo, y), 
y ? REE Ay 


211. Partial derivatives interpreted geometrically. Let the equation 
of the surface shown in the figure be 


z= f(x, y). 

Pass a plane EFGH through the 
point P (where x = a and y= b) on 
the surface parallel to the XOZ- 
plane. Since the equation of this 
plane is esis 
the equation of the curve of inter- 
section JPK with the surface is 


z= f(x, b), 
if we consider EF as the axis of Z and HH as the axis of X. In this 
plane aid means the same as de. and we have 
ox dx 
(1) 2 tan MTP =slope of curve of intersection JK at P. 


Ox 
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Similarly, if we pass the plane BCD through P parallel to the 
YOZ-plane, its equationis =, _ a, 


and for the curve of intersection DPI, = means the same as ae. Hence 
7] 


(2) s =— tan MT’P =slope of curve of intersection DI at P. 


— EXAMPLE. Given the ellipsoid Tm D 3 oe ra =1; find the slope 


of the curve of intersection of the ellipsoid made (a) by the plane y = 1 at the point 
where « = 4 and zis positive; (b) by the plane x = 2 at the point where y = 3 and 
z is positive. 

Solution. Considering y as constant, 


2x, 2202 _ Oz _ 
VINEE) ee ramen 
2y 2202 _ Bee seu: 
When xz is constant, ont r Bead or Pei 
— ee ee oe Oe oe | 2 
(a) When y =1 and 2 =4,2=,/3 i 5 Ans. 
(b) When x =2 and y = 3, 2= =. 13 = 3 V2. Ans. 
PROBLEMS 
Verify the following differentiations : 
Pits, y) = 22 +2 xy — y?. Ans. f(x,y) =327?+4 xy; 
fu(@, y) =22?—-2y. 
2.2= Ax? + Bry + Cy? + Dx+ Eyt+ F. G2 <2 Aw + By + D; 
Oz _ 
By Beau+2 Cy+ E. 
at 
3 AC) = ee Gy tL, 
lg iat Lo n=% 
fy(z, ae 
y(Z, y) = (x rr 
4,.u= xy + yz + 2x. Uz =Y + 2; 
Uy =xX+ 2; 
Uz=ytu. 
5. f(z, y) = xye™. f.(@, y) = y(xy + 1)e"; 
es y) = «(xy + 1)e. 
6. p =sin 0 cos ¢. oo = cos 8 cos ¢; 
2 = — sin 0 sin ¢. 
Bt tt Op _ 6» 
7. p=€ sin 2 @. 36 e’ sin 2 o; 


OP _ 9 ¢ 
oP oe cos 2 ¢. 
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Find the partial derivatives of the following functions: 


8. f(xy) = x? —3 xy + y%. Wf G; y) = 22 cose 
= tN Y ie 2: 12. p = cos 0 tan ¢. 
e y\. — sin 0, 

10.2 = xz log (¥) i. /@ com 


14: If f(x, y) =a? + 2 zy + 2 y?, show that f,(2, 1) = 6, fy(2y ree 
15. li jG, y) =z log y, show that j,(3, 1) =0, 7,6, 1) =a 

— e—9 gj PL te: a\e 
16. If p = e—® sin ¢, show that p, (0, z\= 1, py (0, z) 0. 


17. If 2= at — 2 ty + xy, show that 2 + y = 42, 
= Ou Ou 
18. If w= Sh» show that #5 rel dew aa 
19. If wu = x?y + y22 + 22x Sis ee eg (7+ y+z2)?. 
i On. dy = 02 
_ ey ou Ou 
20 toh = ae ae me U. 


21. Given the paraboloid z= = + y?. Find the slope of the curve of 
intersection of the surface made (a) by the plane y = 1 at the point where 
x =2; (b) by the plane x = 2 at the point wherey = 1. Ans. (a)1; (b) 2. 


22. Given the surface xyz = a?. Find the slope of the curve of inter- 
section of the surface made by the plane y =a at the point where x =a. 
Ans. —1. 


212. The total differential. We have already considered the dif- 
ferential of a function of one variable in Art. 91. Thus, if 


y=f(x), 
we defined and proved 
_ —~Y ny — WY 
(1) y=) Ke — ra Np os dx. 


We shall next consider a function of two variables. Consider the 
function 


(2) u= f(x, y). 


Let Ax and Ay be the increments of x and y respectively, and let 
Au be the corresponding increment of wu. Then 


(3) Au = f(x + Ax, y + Ay) — f(a, y) 


is called the total increment of wu. 
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Adding and subtracting f(x, y + Ay) in the second member, 
(4) Au = [f(x + Az, y+ Ay) — f(x, y + Ay)] 

_ Applying the Theorem of Mean Value (D), Art. 116, to each of 
the two differences on the right-hand side of (4), we get, for the 
first difference, 

(5) f(@ + Az, y+ Ay) — f(x, y+ Ay) = fa(u + 61 Ax, y + Ay)Az. 


[2 =x, Aa = Az, and since «x varies while y + Ay Oued 
constant, we get the partial derivative with respect to 2. 


For the second difference, 
(6) f(x, y + Ay) —f(%, y) = fy(x, y + O2 Ay) Ay. 


e = y, Aa = Ay, and since y varies while x remains con- 
stant, we get the partial derivative with respect to Hi 


Substituting from (5) and (6) in (4) gives 

(|) Au=f.(x + 0, Ax, y + Ay)Ax + f,(x, y + O2 Ay) Ay, 
where 6; and @2 are positive proper fractions. 

Since f,(x, y) and f,(x, y) are continuous functions of x and y, the 
coefficients of Ax and Ay in (7) will approach f,(x, y) and f,(x, y), 
respectively, as limits when Ax and Ay approach zero as common 
limits. Hence if « and e’ are infinitesimals such that 


lime = 9; lim, €’ ==.0; 
Ax 0 Ax 0 
Ay> 0 Ay 0 
we may write 
(8) f(x + Ax, y+ Ay) = f(z, y) +6, 
(9) J@, 9-F 62 Ay) = fy(z, y) + €’, 


and (7) will become 

(10) Au = f,(x, y) Av + f(a, y)Ay + eAx + «Ay. 

We then define as the total differential (= du) of u 

(11) du = f,(x, y)Ax + fy(x, y)Ay. 

The right-hand member in (11) is the “principal part”’ of the right- 
hand member of (10), that is, dw is a close approximate value of Au 
for small values of Ar and Ay (compare Art. 92). Obviously, if 
u%=2, (11) becomes dx=Azx. If w=y, (11) becomes dy = Ay. 
Substituting, then, in (11) for Av and Ay their corresponding dif- 
ferentials, we obtain the important formula 

= CTR Ta 
(B) du=f, (x,y) dx+fy (x,y) dy= ay ott a dy = ay ae t By Oe 


which should be compared with (1) at the beginning of this article. 
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If uw is a function of three variables, its total differential is 


Ouse Out mace 
(C) abt open toe arn an pete 


and so on for any number of variables. 
A geometric interpretation of (B) is given in Art. 223. 
ILLUSTRATIVE EXAMPLE 1. Compute Aw and du for the function 
(12) u=222 +3 y?, 

when x = 10, y= 8, Ax = 0.2, Ay = 0.8, and compare the results. 


Solution. Substitute in (12) for x, y, u, respectively, « + Ax, y + Ay, u + Au, 
and proceed as below (compare Art. 27). 


u+ Au =2(2 + Ax)? + 8(y + Ay)? 
=22724+3y2+42Ac4+6 y Ay + 2(Az)? + 3(Ay)?. 


We — 20 128) 
(18) Au=42 Axr+6y Ay + 2(Ax)? + 8(Ay)?. 
Differentiating (12), we find 
“= Ante . =16)9s 
Substituting in (B), the result is 
(14) du=4adx+6 ydy. 


Remembering that Ax = dx, Ax = dy, we see that the right-hand member in 
(14) is the ‘principal part”’ of the right-hand member in (13), for the additional 
terms are of the second degree in Ax or Ay. This statement illustrates (10) and 
(11) above (namely, « = 2 Az, e’ =3 Ay). 

Substituting the given values in (18) and (14), we get 

(15) Au =8 + 14.4 + 0.08 + 0.27 = 22.75; 

(16) du=8+144 = 22.4. 


Then Au — du = 0.85 = 1.6% of Au. Ans. 


ILLUSTRATIVE EXAMPLE 2. Given wu = arc tan se find du. 


F Ou Yy Ou zo 
S 1 . SS SS SS -) —_— = . 
olution ae PYTER IO FW eer O 
Substituting in (B), du = a Ans. 
PROBLEMS 


Find the total differential of each of the following functions: . 
l.z=2? —2xry4+8 y?. Ans. dz = (8 22-2 y)dr+ (6 y — 2x)dy. 


Peas du = —2yde+2 dy 
ry (x — y)? 
Sa oye du = yz dx + zx dy + xy dz. 
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p= O'sin o: Ans. dp =sin 6 d+ 6 cos dd¢. 
5 w= are sin (4). 


. Tf xv? + y? + 22 = a?, show that dz = — 
. Find dz if xy + yz + 2x = a?. 


4 

5 

6.u= («+ y) log (a@— y). 

7 xdx + y dy. 
Zz 

8 


9. Compute Au and du for the function w= 2? — xy + y? when 
any — — 2, Ax = 0.2, Ay = — 0.2. Anise Mi 3. (aya = 3.06 
10. Compute du for the function uw=x+ Vay when x=8, y=2 2, 
dz = 4, dy=}. Ans. {, 


11. Compute Aw and dw for the function u = x? — 4 y? when x=5, 
y= 3, Ae = — 0.1, Ay = 0.3. 


12. Compute dp for the function p=sin : cos @ when §= 2" o= 
Ne O.2, Ad = 0.1. 


Z, 
2 


213. Approximation of the total increment. Small errors. For- 
mulas (B) and (C) are used to calculate Aw approximately. Also, 
when the values of x and y are determined by measurement or ex- 
periment, and hence subject to small errors Ax and Ay, a close ap- 
proximation to the error in uw can be found by (B). (Compare 
Aris. 92, 93.) 


ILLUSTRATIVE EXAMPLE 1. Find, approximately, the volume of tin in a thin 
cylindrical can without a top if the inside diameter and height are, respectively, 
6 in. and 8 in., and the thickness is $ in. 


Solution. The volume » of a solid right circular cylinder with diameter x and 
height y is 


(1) v= Wey. 


Obviously, the exact volume of the can is the difference Av between the volumes of 

two solid cylinders for which x = 6}, y = 8x, and x = 6, y = 8, respectively. Since 

only an approximate value is required, we calculate dv instead of Av. 
Differentiating (1), and using (B), we get 


(2) dv =% ray dx + } wx? dy. 
Substituting in (2) x = 6, y= 8, dx = 4, dy =, the result is 
dv = 7k w = 22.4 cu.in. Ans. 


The exact value is Av = 23.1 cu. in. 


ILLUSTRATIVE EXAMPLE 2. Two sides of an oblique plane triangle measured, 
respectively, 63 ft. and 78 ft., and the included angle measured 60°. These meas- 
urements were subject to errors whose maximum values are 0.1 ft. in each length 
and 1° in the angle. Find the approximate maximum error and the percentage 
error made in calculating the third side from these measurements. 


Solution. Using the law of cosines ((7), Art. 2), 
(8) u2 = x22 + y2? — 2 xy cosa, 
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where x, y are the given sides, a the included angle, and u the third side. The given 
data are 


(4)2=638, y=78, a=60°= 3 dx =dy=0.1, da=0.01745 (radian). 
Differentiating (8), we get 

du _«%—y cosa du_y— cosa, du _ xy sin a 

Ox u oy uU da u 
Hence, using (C), 

ee (c — y cos a)dx + (y — x cosa)dy + xy sin ada 

U 
Substituting the values from (4), we find 
_ 2.4 + 4.65 + 74.25 
(HES 


The percentage error = 100 = = 1.6%. Ans: 


du = obi, As 


PROBLEMS 


1. The legs of a right triangle measured 5.3 ft. and 12.6 ft. respectively, 
with maximum errors in each of 0.1 ft. Find the maximum error and per- 
centage error in calculating (a) the area, (b) the hypotenuse, from these 
measurements. Ans. (a) 0.895 sq..ft., 2.7 %s  (b)_ 0. L38nitrOeSar ae 


2. In the preceding problem find the error in calculating the angle 
opposite the longer side from the given dimensions, and the maximum 
error in that angle in radians and degrees. 


»* 8. The radii of the bases of a frustum of a right circular cone measure 
5 in. and 11 in. respectively, and the slant height measures 12 in. The 
maximum error in each measurement is 0.1 in. Find the error and per- 
centage error in calculating from these measurements (a) the altitude; 
(b) the volume (see (12), Art. 1). ; 

Ans. (a) 0.28 in., 2.8%; (b) 32 7 cu. in., 45%. 


4. One side of a triangle measures 2000 ft., and the adjacent angles 
measure 30° and 60° respectively, with a maximum error in each angle 
of 30’. The maximum error in the measurement of the side is +1 ft. 
Find the maximum error and percentage error in calculating from these 
measurements (a) the altitude on the given side; (b) the area of the 
triangle. Ans. (a) 17.88 ft., 2.1%. 


~ 5. The diameter and altitude of a right circular cylinder are found by 
measurement to be 10 in. and 12 in. respectively. If there is a probable 
error of 0.2 in. in each measurement, what is the greatest possible error 
in the computed volume? Ans. 17 7, culin: 


6. The dimensions of a box are found by measurement to be 3 ft., 

4 ft., 54 ft. If there is a probable error of 0.01 ft., (a) what is the greatest 
possible error in the computed volume? (b) What is the percentage error? 
Ans. (a) 0.505 cu. ft.; (b) 434 %. 


' 


PARTIAL DIFFERENTIATION 417 


vy 


7. Given the surface z= 3 If, at the point where x = y = 4, 


x and y are each increased by =! jo» What is the approximate change in z? 
Ans. + 34. 


8. The specific gravity of a solid is given by the formula s = ‘ where 


P is the weight in a vacuum and w is the weight of an equal volume of 
tea How is the eee specific gravity affected by an error of 
= xy in weighing P and + =|. in weighing w, assuming P = 8 and w=1 
in the experiment, (a) if both errors are positive? (b) if one error is 
negative? (c) What is the largest percentage error? 

Ans. (a) 0.8; (b) 0.5; (c) 64%. 
9. The diameter and slant height of a right circular cone are found by 
measurement to be 10 in. and 20 in. respectively. If there is a probable 
error of 0.2 in. in each measurement, what is the greatest possible error 

in the computed value of (a) the volume? (b) the curved surface? 
(ai Chars 

M18 

10. Two sides of a triangle are found by measurement to be 63 ft. and 
78 ft. and the included angle to be 60°. If there is a probable error of 
0.5 ft. in measuring the sides and of 2° in measuring the angle, what is the 
greatest possible error in the computed value of the area? (See (7), Art. 2.) 
Ans. 73.6 sq. ft. 


s 


=e COs ITs sn) .o% == O14 Sods 


» where 


7 11. If specific gravity is determined by the formula s = a = W 


A is the weight in air and W the weight in water,’ what is (a) approxi- 


_ mately the largest error in s if A can be read within 0.01 lb. and W within 


0.02 lb., the actual readings being A = 9 lb., Les = 5lb.? (b) the largest 


relative error? . (a) 0.0144; (b) 3235. 
12. The resistance of a circuit was found by using the formula C = as 


mare C=current and E= ccieeoure force. If there is an error of 
“70 ampere in reading C and 55 volt in reading E, (a) what is the error 
in Rif the readings are C = 15. amperes and E=110 volts? (b) What is 
the percentage error? BUAre Ans. (a) 0.0522 ohms; (b)$7 %. 


a 13. If the formula sin (x + y) = sin x cos y + cos x sin y were used to 


calculate sin (x + y), what approximate error would result if an error of 
0.1 were made in measuring both x and y, the measurements of the two 


acute angles giving sin x = 2 and siny= +;? Ans. 0.0018. 


14. The acceleration of a particle down an inclined plane is given by 
a=gsini. If g varies by 0.1 ft. per second per second, and 7, which is 
measured as 30°, may be in error 0.01°, what is the error in the computed 
value of a? Take the normal value of g to be 32 ft. per second per second. 

Ans. 0.534 ft. per second per second. 
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15. The period of a pendulum is P=27 NE (a) What is the greatest 


error in the period if there is an error of + 0.1 ft. in measuring a 10-foot 

suspension and g, taken as 32 ft. per second per second, may be in error 

by 0.05 ft. per second per second? (b)What is the percentage error? 
Ans. (a) 0.0204 sec.; (b) 84%. 

16. The dimensions of a cone are radius of base = 4 in., altitude = 6 in. 
What is the error in volume and in total surface if there is a shortage of 
0.01 in. per inch in the measure used ? 

Ans. dV = 3.0159 cu. in.; dS = 2.818 sq. in. 

17. The length / and the period P of a simple pendulum are connected 
by the equation 4 77/= Pg. If 1] is calculated assuming P = 1 sec. and 
g = 32 ft. per second per second, what is approximately the error in 1 if 
the true values are P= 1.02 sec. and g = 32.01 ft. per second per second? 
What is the percentage error? 

18. A solid is in the form of a cylinder capped at each end with a 
hemisphere of the same radius as the cylinder. Its measured dimensions 
are diameter = 10 in. and total length = 30in. What is approximately 
the error in volume and surface if the tape used in measuring has stretched 
uniformly }% beyond its proper length? 


214. Total derivatives. Rates. Turn now to the case where x and yin 
(1) u=f(x, y) 


are not independent variables. Assume, for example, that both are 
functions of a third variable t, namely, 


(2) r=), y=V. 

When these values are substituted in (1), w becomes a function of 
one variable ¢, and its derivative may be found in the usual manner. 
We now have ; 

_ du _ de _ dy 

(8) du=—dt, dx= di di, dy= at dt. 

Formula (B) was established with the assumption that x and y 
were independent variables. We may easily show that it holds also 
in the present case. To this end, return to (10), Art. 212, and divide 
both members by At. Changing the notation, this may be written 

Au _ ou Ae Gu dy 4 (At 4 ¢ On), 

4) Ata oe Abst by Ape WA ue a 


Now when At — 0, Ax — 0 and Ay — 0. Hence (see Art. 212) 


lim:¢ = 0, lim € = 0. 
At-0 At 0 
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Therefore, when At — 0, (4) becomes 


du _Qudx , dudy 
D vas ath 
(?) dt Ox dt den Oy dt 


Multiplying both members by dé and using (8), we obtain (B). 
That is, (B) holds also when x and y are functions of a third variable t. 


In the same way, if U—= 52,4, 2); 
and x, y, z are all functions of ¢, we get 


(E) du _Oudx | Oudy , Ou dz 
dt Oxdt odydt  Oozdt’ 


and so on for any number of variables. 


In (D) we may suppose t= x; then y is a function of x, and wu is 
really a function of the one variable x, giving 


du_ du, Qudy 
oa dx Ox odydx 


In the same way, from (£) we have, when y and z are functions 
of x, 
(G) du_ Ou, dudy , Qudz 
axl 0x s0y dx a) 0z.dx 


The student should observe that a and = have quite different 


meanings. The partial derivative a is formed on the supposition 


that the particular variable x alone varies, all other variables being 


held fast. But a ie 
u u 
dx =e m (5): 


where Aw is the total increment of u due to changes in all the variables 
caused by the change Az in the independent variable. In contra- 


du are called total derivatives 


ee ‘ seals du 
v —, 
distinction to partial derivatives, Fait 


with respect to ¢ and x respectively. 


It should be observed that a has a perfectly definite value for any 


point (x, y), while a depends not only on the point (x, y) but also on the 


particular direction chosen to reach that point. 
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ILLUSTRATIVE EXAMPLE 1. Given wu = sin 7 c=e', y=; find a 
erg nO UL ame x OU a9 CR ayy 

SOE as Se er ll aA 

Solution ae ae cos = , ya P cos — y Nae =e at t 
t 

Substituting in (D), a = (t— 2) 5 = = C08 ae Ans. 
ILLUSTRATIVE EXAMPLE 2. Given u = e%(y — 2), y = asin 2, z = €0s a find o 
Solution. a = ae“(y — 2,) rie =a (er, ou — et; au ==) COS 0y @ = =—sinz. 


Substituting in (G), 


ue = ae"*(y — z) + ae cos « + e sin « = e*(a2 + 1) sing. Ans. 
a 

Norte. In examples like the above, wu could, by substitution, be found explicitly 
in terms of the independent variable and then differentiated directly; but generally 
this process would be longer and in many cases could not be used at all. 


Formulas (D) and (E) are useful in all applications involving 
time-rates of change of functions of two or more variables. The 
process is practically the same as that outlined in the rule given in 
Art. 52, except that, instead of differentiating with respect to ¢ 
(Third Step), we find the partial derivatives and substitute in (D) 
or (Z). Let us illustrate by an example. 


ILLUSTRATIVE EXAMPLE 3. The altitude of a circular cone is 100 in., and 
decreases at the rate of 10 in. per second; and the radius of the base is 50 in., 
and increases at the rate of 5 in. per second. At what rate is the volume 
changing? 


Solution. Let « = radius of base, y = altitude; then 


Gi sty Naw du _2 du _1 
u= 5 Txy = volume, ET or TLY; juan 


Substituting in (D), du _2 rey “ a : a 


rr) 
% a de _, dy _ 
But B50) y= 005 oa Abs 
du 2 


a =5 aw: 5000-5 — : m-+2500-10=15.15 cu. ft. per second, increasing. Ans. 


Tx. 
wx 


— 10. 


215. Differentiation of implicit functions. The equation 
(1) F(x, y) =0 


defines either x or y as an implicit function of the other. It repre- ? 


sents an equation containing x and y when all its terms have been 
transposed to the first member. Let 


(2) u=f(x, y); 
then m8 ia er = ou, by (F) 


‘or 
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and y is an arbitrary function of x. Now let y be the function of x 
satisfying (1). Then w= 0 and du =0, and hence 


Of , of dy _ 
8) ac By dn 
Solving, we get 
of 
dy __ Ox. S 
(H) eT a 0) 
oy 


Thus we have a formula for differentiating implicit functions. 
This formula in the form (8) is 6équivalent to the process employed 
in Art. 41 for differentiating implicit functions, and all the examples 
on pages 40 and 41 may be solved by it. 

When the equation of a curve is in the form (1), formula (A) 
affords an easy way of getting the slope. 

ILLUSTRATIVE EXAMPLE 1. Given x?y* + sin y = 0, find “, 
Solution. Let f(x, y) = «?y* + sin y. 


of = 4 Of a= 29/3 
Be ee Sy ke + cos y. 
Therefore, from (H), dy____2xy' Ans. 


dx 4x2y3+cosy 
ILLUSTRATIVE EXAMPLE 2. If x increases at the rate of 2 in. per second as it 
passes through the value x = 3 in., at what rate must y change when y = 1 in., in 
order that the function 2 xy? — 3 xy shall remain constant? 


Solution. Let u = 2 xy? — 3 x?y; then, since w remains constant, “ = 0. Sub- 


stituting this value in the left-hand member of (D), transposing, and solving for 


dy 
ai we get oe 
dy _ _ 9x dr 
(4) dt = dudt 
Oy 
OU _ 9,2 _ Ou _ ee 
Also, me) 6 xy, py ees Shee 


Now, substituting in (4), dy_ _ 2y? ~6 xy dr. 


But hr iy Spell, a = : 
Therefore, au = — 2,7, in. per second. Ans. 
Consider the surface whose equation is 
(5) FG 2) == 0. 

Let 


(6) r= $(t), y=x), 2=¥O 
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be such functions of ¢t that (5) is satisfied identically. Then equations 
(6) are parametric equations of a curve on the surface (5). If 


(7) u=F(z, y, 2), 


then, using (6), we have u = 0, and 
also du =0. Hence (£) becomes 
_ OR de , OR dy , OR dz 
(8) Oe Be dt ' Gy dt ' Cz dt 
for the curve on the surface (5) 
defined by (6). 
Let us take two special cases. 
In the figure the curve JPK is 
the plane section made by a plane 
y =constant. Hence in (8), dy = 0, and we obtain 


OF dx , GF dz 
(9) Oe di ee aaa =a 
From (9) we derive 
dz OF 
dt or 
aed dz ~~ OF 
dt Oz 


But the left-hand member is the slope of the curve JPK, by (A), 
Art. 81. Hence we obtain — 


OF 
ane gis» , = 
0) Ox «OF =e = +P 
Cz 
Proceeding in a similar manner, we may prove 
OF 
oz y 
oz 


Formulas (J) and (J) are to be interpreted as follows: In the 
left-hand members z is the function of z and y satisfying (5). 
the right-hand members F is the function of three variables, 2, y, 2, 
given in the left-hand member of (5). ; 


ILLUSTRATIVE EXAMPLE. By the equation 


F+¥+e 1=0, 
24 6 
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z is defined as an implicit function of # and y. Find the partial derivatives of this 
function. 


Sat Pe 
Solution. iia 2A oo 2D + 6 VV 
Qi ee Gl ae z 
H A ee! Co eH) —— — 
ad Ge I ey (tae 
Substituting in (J) and (J), we get 
Oz a y 


(Compare with the Illustrative Example in Art. 211.) 


PROBLEMS 
In Problems 1-5 find a. 
i! du 2 
= 72 Sear aie ee ashe LTS 3 2 
eee ry — ys 6, ay ; Ans a Puget ns 
. du x 
Sa — 2? — 247; «= 2 cost, y = sin t. Fo 7 6 sin at. 
ee ee ee du =10 


di (2e’—e-)2 
Bw Ac -1- 3 y+ Yy-s o— tan 2 t, y= sin ¢. 
pee et ot, = e, 6 = sin ft. 


In Problems 6-10 find dy by formula (#). 


dx 

2 2 dy _327—22ay+y? 
3 — 7? iC oe ._ SS 
Gai ey tay?t+y 0 Ans ae nee 

dy ay—x? 

3 o— fe) —-— = > 

7. “8 + y 3 axy = 0 ius 
eee YS dy _ yok : 
Bod x—Y ue dx 38y2—2ay4+1 
9. ysinx—xcosy=0. dy _ cosy — y COS x, 


} . dx sinx+xsiny 
10. 22 — 2 = 0. 


In Problems 11-15 verify that the given values of x and y satisfy the 


equation, and find the corresponding value of 


re <l¥ : 
; : dij 
2 Aye =0: r= =—2, Sa as 
11. 7? +3 2y — y?+12=0; x=2,y 2 Ans Fra 
ay = dy _ 
12. x3 + y3 —62y —19=0; x=2,y=-1. dn 


424 INTEGRAL CALCULUS 


13. Av? + 2 Bry + Cy? + Dx + Ey =0;x=0,y=0. Ans, = —2. 
1a ZN oy —14y4—8; £—58, J—2. 
15.22+4y+3e%=38; x=0,y=0. 
In Problems 16-20 find & and &. 
ms oy Oz x 
16.272+4y?+827=16. Ans. an ee 
02. ae 
oy 22 
args 02 3) aes 
17. sy + yz+ 2x =a’. an aes 
O2_ BR 
oy z+y 


Cz _ ayz— x? 
3 3 73 2 Ay —— ; 
18. 3° + y° +2 3 axyZ a ae 


19.22 +y?+224+2a2y+2y2+22er= a7. 

20.c+2Va2+2—4y=6. 

21. A point is moving on the curve of intersection of the sphere 
x? + y?+2?=49 and the plane y=2. When zx is 6 and is increasing 
4 units per second, find (a) the rate at which z is changing and (b) the 
speed with which the point is moving. 

Ans. (a) 8 units per second; (b) 4V5 units per second. 

22. A point is moving on the curve of intersection of the surface 
x? + xy + y? —2?=0 and the plane r—y+2=0. When z is 8 and is 
increasing 2 units per second, find (a) the rate at which y is changing, 
(b) the rate at which z is changing, (c) the speed with which the point 
is moving. Ans. (a) 2 units per second; (b) 4 units per second; 

(c) 4.44 units per second. 


23. The characteristic equation of a perfect gas is R@ = pv, where 0 
is the temperature, p the pressure, v the volume, and R a constant. At 
a certain instant a given amount of gas has a volume of 15 cu. ft. and is 
under a pressure of 25 lb. per square inch. Assuming R = 96, find the 
temperature and the rate at which the temperature is changing if the 
volume is increasing at the rate of 4 cu. ft. per second and the pressure 
is decreasing at the rate of qo lb. per square inch per second. 

Ans. Temperature is increasing at the rate of 4} degrees per second. 


24, A triangle ABC is being transformed so that the angle A changes 
at a uniform rate from 0° to 90° in 10 see., while side AC decreases 1 in. 
per second and side AB increases 1 in. per second. If at the time of ob- 
servation A= 60°, AC=16in., and AB=10in., (a) how fast is BC 
changing? (b) how fast is the area of ABC changing? 

Ans. (a) 0.908 in. per second; (b) 8.88 sq. in. per second. 


PARTIAL DIFFERENTIATION 425 
216. Change of variables. If the variables in 


(1) u=f(x, y) 
are changed by the transformation 
(2) r= (r,s), y=w(r,s), 


the partial derivatives of wu with respect to the new variables r and s 
can be obtained by (D). For, if we hold s fast, then x and y in (2) 
are functions of r only. Hence we have 


a du _ fu dx 5 du dy, 
Or 0% Or Oy oF 
all derivatives with respect to r now being partial. 


In the same way, 
(4) Ou Oudx , Oudcy 


ds 020s ' Oy ds. 
In particular, let the transformation be 
(5) c=a't+th, y=y' +k, 


the new variables being x’ and y’, and h, k being constants. Then 


Ox! oy’ Cae en KOU" 
Then we obtain, from (3) and (4), 
(6) Ou_ Ow Ou_ Ou. 


Ox Ox’ Oy oy’ 


Hence the transformation (5) leaves the value of the partial derivatives 
unchanged. 


If the values of x and y in (5) are substituted in (1), the result is 


(7) u=f(x, y) = Fr’, y’). 
The results in (6) may now be written 
(8) Fe, y) = Fee’, y’), fu@, y) = Pye’, y’). 
217. Derivatives of higher order. If 
(1) u=f(x, y), 
then 
2) Fe = fle, w), = fe, v) 
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are themselves functions of x and y, and can, in turn, be differentiated. 
Thus, taking the first function and differentiating, we have, 


O7u in ee 
(8) ox? = fala, y), a Cx = fux(X, y)- 


oy 

In the same manner, from the second function in (2), we obtain 
07u 

o an by 


O7u 
= fry (2, Y), Oye i ® y)- 


In (3) and (4) there are apparently four derivatives of the second 
order. It is shown below that 
Cum eeu 
Cy Ox Oxy 
provided, merely, that the derivatives concerned are continuous. 
That is, the order of differentiating successively with respect to x and y ts 
immaterial. Thus f(x, y) has only three partial derivatives of the 
second order, namely, 


(5) F-AZ;, Y), Fey, y) = fyx(2, Y), Fin, y)- 


This may be easily extended to higher derivatives. For instance, 
since (K) is true, 


eeu 7 ( = eu 0? (=) 0? () eeu 


(K) 


dx20y  Ox\Oudy) Ox dy dx Oxdy\odx) Oyox\dx) Oy Ox 
Similar results hold for functions of three or more variables. 
ILLUSTRATIVE EXAMPLE. Given u = x?y : 3 x22y3; verify oe = a 
Solution. ~ = 3 xr2y — 6 xy, — =3 x? — 18 xy?, 
Su = at — 9 aty?, Sogy = 32 — 18ayr. 


Hence the formula is verified. 


Proof of (K). Consider the function f(x, y). Changing z into 
x + Ax and keeping y constant, we get from the Theorem of Mean 
Value (D), Art. 116, 

(6) f(a+ Ax, y) — f(a, y) = Ax - f-(x+ 0, Az, y). (0< 6 <1) 


& =a, Aa = Ax; and since x varies while y remains a 
stant, we get the partial derivative with respect to z. 


If we now change y to y+ Ay and keep x and Az constant, the 
increment of the left-hand member of (6) is 


(7) [f(a@+ Ax, y+ Ay) —f(x, y+ Ay)]—[f(@ + Az, y) — f(z, y)]. - 
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The increment of the right-hand member of (6), found by the 
Theorem of Mean Value (D), Art. 116, is 

Seat fae 0; Ax, y-- Ay) —Axf.(c+ 6 Az,y) (< 6:< 1) 

= Ay Arfyc(x + 01 At, y+ OAy). (0< <1) 


i = y, Aa = Ay; and since y varies while x and Ax earl 
constant, we get the partial derivative with respect to y. 


Since the increments (7) and (8) must be equal, 
(9) [f+ Ax, y+ Ay) —f(z, y+ Ay)]-[f@ + Az, y) —f(a, y)] 
= Ay Axfyx(a + 6, Ax, y + O2 Ay). 
In the same manner, if we take the increments in the reverse order, 
= Ax Ayfiy (a + 03 Ax, y + 64 Ay), 
63 and @4 also lying between zero and unity. 
The left-hand members of (9) and (10) being identical, we have 
(11) fyo(@ + 01 Ax, y + O2 Ay) = fay(% + 03 Ax, y + O4 Ay). 
Taking the limit of both sides as Ax and Ay approach zero as 
limits, we have : 
(12) fuck, y) = faye, Y), 
since these functions are assumed to be continuous. 


PROBLEMS 


Find the second partial derivatives of each of the following functions: 
Ief@, y) = 27 +3 xy + 6 y?. 
Ans. frr(t, ¥) = 25 fay(@, y) =3; fwy(@, y) = 12. 
2. f(a, y) =x? +38 xy + 6 ry? — 3. 
Ans. fre(t, y) =624+6y; fry(@,y) =6x+12y; 
Sw(%, y) =124-6y. 


ea Cee Ay. es = 2 -ky) 
se ny ee Ox? (—y)?* dxoy  (e«—y)® ’ 
ic aa Cee 
dy? (a— y)3 


4, f(x, y) = & cos y — e” cos &. 
Seri 64 -- yer ev. 
6. If f(x, y) = x* — 8 x?y? + 3 y4, show that 
fox(2, —1) = 32, fry(2, —1) = 64, fy(2, — 1) = — 28. 
7. If f(x, y) =sin x log (y+ 1) + cos y log (1 — x), show that 
f-(0, 0) =—1, f,(0, 0) =0, frz(0, 0) =—1, fay(0, 0) = 1, fyy(0, 0) = 0. 


ae 
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8. If f(z, y) = x3 — 3 x?2y + 2 y?, find the values of 
faa(— iT 2), fay(- 152)s tne Ue 2). 


9.1If w=222-4272y+5ry?-—82xy+7y?, verify the following 
results : 


Ou jo Ou __, 0% _4, Ou 
On3 ~~". Oa ay” On ey?) 7) oy ee 
10. If wu = (ax? + by? + cz?)3, show that 
OP Ue Ou O8u 


0x2 Oy  OxdyOx Oy Ox? 


2 2 2, 
1. Ifu= 2, show that? OF + 2 ay oPat 20°u _ 


Ox2 Ox Oy y oy? ° 
12. If u=log V2? + y?, show that 2¥ + ¥ — 9 
Cn ey? 
2 2 2 
19) TiS ow that ee 


Vaz + y2 +2 Ox?" Oy? * O22 
| , 


CHAPTER XXIII 
APPLICATIONS OF PARTIAL DERIVATIVES 


218. Envelope of a family of curves. The equation of a curve gen- 
erally involves, besides the variables x and y, certain constants upon 
which the size, shape, and position of that particular curve depend. 
For example, the locus of the equation 

(eo)? +y=r? 

is a circle whose center lies on the x-axis at a distance of a from the 
origin, its size depending on the radius r. Suppose @ to take on a 
series of values while r is held fast; then 
we shall have a corresponding series of 
circles of equal radius differing in their 
distances from the origin, as shown in 
the figure. 

Any system of curves formed in this 
way is called a family of curves, and the 
quantity a, which is constant for any one curve, but changes in 
passing from one curve to another, is called a variable parameter. 
To indicate that a enters as a variable parameter it is usual to 
insert it in the functional symbol, thus: 

x ( Y; a) = 0. 
The curves of a family may be tangent to the same curve or group 
of curves, as in the above figure. In that case the name envelope of 
the family is applied to the curve or group of curves. We shall now 


explain a method for finding the equation of the envelope of a family 
of curves. Suppose that the curve whose parametric equations are 


. oS LLL 
envelope 


(1) r= (a), y=V(a) 
touches (that is, has a common tangent with) each curve of the family 
(2) f(x, y, a) = 0, 


the parameter a being the same in both cases. For any common 
value of a equations (1) will satisfy (2). Hence, by (£), Art. 214, 
since du = df = 0, and z is replaced by a, we have 


(8) f(x, y, eG") + f(a, uy, o¥"(at) + fa (t, y, a) = 0. 
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The slope of (1) at any om is 


/ (a 
(4) ua =iGe) (A), Art. 81 


and the slope of (2) at any point is 


dy fel, yy @). 
(5) in ae ery (H), Art. 215 


Hence if the curves (1) and (2) are tangent, the slopes will be 
equal (for the same value of a), giving 


Wa) _ _ fl, @) 
dia) ft, y,a) ~ 


(6) fr(x, y, a) (a) + fy(a, y, a)p'(a) = 0. 

Comparing (6) and (8) gives 

(7) fala, Y; a) = 0. 

Therefore the equations of the envelope satisfy the two equations 
(8) lees Y; a) =0 and fa(x, Y; a) = 05 


that is, the parametric equations of the envelope may be found by 
solving these equations for x and y in terms of the parameter a. 


General directions for finding the envelope 


First STEP. Dzifferentiate with respect to the variable parameter, 
considering all other quantities involved in the given equation as constants. 

SECOND STEP. Solve the result and the given equation of the family of 
curves for x and y in terms of the parameter. These solutions will be the 
parametric equations of the envelope. 

The rectangular equation may be fownd also by enna a between 
the equations (8). 


ILLUSTRATIVE EXAMPLE 1. For the family of circles at the beginning of this 


article, 
fw, y,@) =(e@-—a)?+y2—-r=0. 


Hence AG C= = 0); 


Eliminating a, the result is y2 — r? = 0, or y=r, y = —7, and these are the equa- 
tions of the lines AB and CD in the figure. 


ILLUSTRATIVE EXAMPLE 2. Find the envelope of the family of straight lines 
x cosa+ysina=p, a being the variable parameter. 


Solution. (9) xcosa+ysina=p. 
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First Step. Differentiating (9) with respect to a, 

(10) —xsina+ycosa=0. 

- Second Step. Multiplying (9) by cos a and (10) by sin a and subtracting, we get 
x =p cosa. 

Similarly, eliminating x between (9) and (10), 
y=psina. 


The parametric equations of the envelope are therefore 


[% =p cos a, 


eH) l\y=psina, 


a being the parameter. Squaring equations (11) and 
adding, we get 


x2 + y? = p*, 
the rectangular equation of the envelope, a circle. 


ILLUSTRATIVE EXAMPLE 3. Find the envelope of a line of constant length a, 
whose extremities move along two fixed rectangular axes. 


Solution. Let AB =a in length, and let 
(12) xecosa+ysina—p=0 


be its equation. Now as AB moves, both a and p will vary. But p may be found 
in terms of a. For AO= AB cos a= 4a cos @, and also 
p=AOsina=asina cosa. Substituting in (12), we get 


(18) wxceosa+ysina—asinacosa=0, 


where a is the variable parameter. Differentiating (13) 
with respect to a, 


(14) —xsina+ycosa+asin? a—acosr?a=0. 


Solving (13) and (14) for « and y in terms of a, the 
result is 


(15) 


<= asin? a, 
10, COS* Os 
the parametric equations of the envelope, a hypocycloid. 


The corresponding rectangular equation is found from equations (15) by elimi- 


nating a as follows: at: 
x3 = a3 sin?a, 


Adding, xs + ys =as, 
the rectangular equation of the hypocycloid. 


Many problems occur in which it is convenient to use two param- 
eters connected by an equation of condition. By using the latter, 
one parameter may be eliminated from the equation of the family 
of curves. It is, however, often better to proceed as in the following 
example. 


—— 
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ILLUSTRATIVE EXAMPLE 4. Find the envelope of the family of ellipses whose 
axes coincide and whose area is constant. 


Solution. (16) = — at v= ==! 


is the equation of the ellipse, where a and 
b are the variable parameters connected 
by the equation ii 


(17) mab =k, 


qab being the area of an ellipse whose \ 
semiaxes are a and b. Differentiating, 
regarding a and b as variables and x and 
y as constants, we have, using differentials, 


x2da , y?db 
as ae b8 


and bda + adb=0, from (17). 


= On tromeuglo)s 


Transposing one term in each to the second member and dividing, the result is 


2 y? 
ab? 
: v1 yl 
Therefore, using (16), Fails and ears 
whence a=+aV2 and b=+ yV2. 


Substituting these values in (17), we get the envelope zy = +34, a pair of 
conjugate rectangular hyperbolas (see figure). LY 


219. The evolute of a given curve considered as the envelope of its 
“(Arte 110), it is evident that the evolute of a curve 
may be defined as the envelope of its normals. It 
is also interesting to notice that if we find the 
parametric equations of the envelope by the 
method of the previous article, we get the coor- 
dinates x and y of the center of curvature; so 
that we have here a second method for finding the 
coordinates of the center of curvature. If we elimi- 
nate the variable parameter, we obtain the rec- 
tangular equation of the evolute. 


spoumstou fo adojaaua 


D 
Yen curve 


ILLUSTRATIVE EXAMPLE. Find the evolute of the parabola y? = 4 px considered 
as the envelope of its normals. 


Solution. The equation of the normal at any point (z’, y’) is 
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from (2), Art. 43. As we are considering the normals all along the curve, both 2’ 
and y’ will vary. Eliminating x’ by means of y’/? =4 px’, we find the equation of 
the normal to be 


See ates 
(1) D4 Sel ier er 
, Fee 
or xy’ +2 py —2 py’ —-*-=0. 
4p 


Setting the partial derivative of the left-hand member with respect to the 
parameter y’ equal to zero, and solving for x, we find 


_ Sy +8 p?, 
(2) Re eS 
Substituting this value of x in (1) and solving for y, 
mrs Ms 
(3) devier res 


Equations (2) and (8) are the codrdinates of the center of curvature of the pa- 
rabola. Taken together, they are the parametric equations of the evolute in terms 
of the parameter y’. Eliminating y’, we obtain 


27 py? =4(@ — 2 p)3, 
the rectangular equation of the evolute of the parabola. This is the same result we 
. obtained in Illustrative Example 1, Art. 109, by the first method. 


PROBLEMS 


S1, Find the envelopes of the following systems of straight lines and 
draw the figures: 


& (a) y= mz + m2. Ans. 22+4y=0. 

(bd) y= + m?, OT x2 = 4 43, 
(ce) y= m2 — 2m. PAO) ast 

a (d) y = m*x + —s wy? — x2? -—-22—-1=0. 
(e) et? + y4t-—1=0. 7? +42= 0. 


2. Find the envelopes of the following systems of circles and draw 
the figures : 
mea) (c— a)? +y?—4a= 0. Ans. y27—4x—-4=0. 
(b) (@@—t)? + Y—t)?=4. («— y)? =8. 
© 8. Find the envelope of the system of parabolas tx? + t?y = 1. 
Ans. s¢+4y=0. 
_@ 4. A circle moves with its center on the parabola y? = 4 az, and its 
circumference passes through the vertex of the parabola. Find the equa- 
tion of the envelope of the circles. Ans. The cissoid y?(x + 2a) +23 =0. 
5. Find the evolute of the ellipse 62x? + a2y2 = a?b?, taking the equa- 
tion of the normal in the form 
by = ax tan @ — (a? — 6?) sin ¢, 
the eccentric angle ¢ being the parameter. 


—b? pa gee. : ‘ - 
cos! 0, = sin? ; or (ax)? + (by)* = (a? — b?)*. 


a2 
Ans. c= 
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® 6. Find the evolute of the hypocycloid as + ye = a3, the equation of 


whose normal is : 
y cost — “SINT =acos2T, 


T being the parameter. Ans. («+ y)e + (x — y)® = 2a’. 
» 7. Find the envelope of the circles which pass through the origin and 
have their centers on the hyperbola x? — y? = c?. 
Ans. The lemniscate (x? + y?)? = 4 c?(x? — y?). 
8. Find the envelope of a line such that the sum of its intercepts on 
the axes equals c. Ans. The parabola ot + y? =}, 
9. Find the envelope of the family of ellipses 62x? + a?y? = a?b? 
when the sum of its semiaxes equals c. : a - 
Ans. The hypocycloid x3 + y3 = c3, 
10. Projectiles are fired from a gun with an initial velocity vp. Sup- 
posing the gun can be given any elevation and is kept always in the 
same vertical plane, what is the envelope of all possible trajectories, the 
resistance of the air being neglected? 


® 


Hint. The equation of any trajectory is Pa R 
gx? 
=z tana — ——*——"_» 
ae 2 U0? Cos? @& 
a being the variable parameter. é 2 : 
Ans. The parabola y = 2 — 9". 
Zien Doe 


11. Find the envelope of each of the following systems of curves and 
draw the figures: 


e@) yates: (c)n=¥+t, 
(b) y2 =t(x + 22). (d) (ex—t)?+4y2=8. 
Ey a, b= 
(e) 7+, =1, wheres + 5=1. 


220. Tangent line and normal plane to a skew curve. The student 
is already familiar with the parametric representation of a plane 
curve (Art. 81). In order to extend 
this notion to curves in space, let the 
coordinates of any point P(x, y, z) on 
a skew curve be given as functions of 
some fourth variable which we shall 
denote by t; thus, 


(1) SO p(t), y = vit), Q= x(é). 

The elimination of the parameter 
t between these equations two by two Y, 
will give us the equations of the 
projecting cylinders of the curve on the coérdinate planes. 


Ax,y+Ay, z+Az) 
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Let the point P(x, y, z) correspond to the value ¢ of the param- 
eter, and the point P’(a+ Az, y+ Ay, z+ Az) correspond to-the 
value t + At where Az, Ay, Az are the increments of x, y, z due to the 
increment At as found from equations (1). From analytic geometry 
of three dimensions, we know that the direction cosines of the secant 
(diagonal) PP’ are proportional to 


AD, weAY a Ae: 


or, dividing through by At and denoting the direction angles of the 
secant by a’, B’, y’; 


2) cosa cos 8’ *cos 
| Ac Ay Ae 
At At At 


Now let P’ approach P along the curve. Then At, and therefore 
also Ax, Ay, Az, will approach zero as a limit, and the secant PP’ will 
approach the tangent line to the curve at P as a limiting position. 


AT ee a; 
Now lim 7 ai ape o’(t), ete. 


Hence, for the tangent line, 


(A) dx Ge dz 
dt dt dt 


When the point of contact is Pi(%1, y1, 21), we use the notation 
da) _ dx 
(8) | File value of Ti 


and similar notation for the other derivatives. 
Hence, by (2) and (4), p. 5, we have the following result : 
The equations of the tangent line to the curve whose equations are 
(1) r=$(t), y=¥), 2=x(t) 

at the point Pi(x1, y1, 21) are 


Whe f= 21 Y= Wi, 2= Ay; 


> em WE a's Se a 3 | 
a EP E 
dt\i dt\i dt 


(B) 


1 


The normal plane of a skew curve at a point Pi(7, yi, 21) is the 
plane which passes through P; and is perpendicular to the tangent 
line at P;. The denominators in (B) are the direction numbers of 
the tangent line at P;. Hence we have the following result : 
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The equation of the normal plane to the curve (1) at Pi (21, y1, %) ts 


(C) 


ILLUSTRATIVE EXAMPLE. Find the equations of the tangent line and the equa- 
tion of the normal plane to the circular helix (6 being the parameter) 


dz 
= — ats 
dt Ke a 


dx 
dt 


x =a cos 8, 
(4) y = asin 6, 
rtp 
(a) at any point (71, y1, 21); (b) when 6=2 7. 
ae ae eat ee a! Feet ea 
Solution. Tas asin §@=— y, dp 1c 9 = 2, 767 


Substituting in (B) and (C), we get, at (11, y1, 21), 


(5) ==! —~Y¥— 2A, tangent line, 
aaa 3 Eat 5 
and 
— n(x —21) +ruly—y) +b —a) =0, 
normal plane. 
When 6=27, the point on the curve is T 
(a, 0, 2 bm), giving 
x-a_y—0_2-—2b7 VE x 
a ae : 


or z=a, by=az—2 abr, 


the equations of the tangent line, and 
ay + bz—2b?r=0, 
the equation of the normal plane. 
REMARK. For the tangent line (5) we have 
b b 
Vattye te = eye =a constant. 
That is, the helix cuts all elements of the cylinder x? + y? = a? under the same angle. 


: onl 
7 


cos y = 


221. Length of arc of a skew curve. From the figure of the pre 
eeding article we have 


cy CCP (4, (a (a. 
Let are PP’ = As. Proceeding as in Art. 95, we easily prove - 
®) (abies ae) atl) ee 
From this we obtain 
(D) s= [Ge + dy? + a2, 

0 


where x = 6(t), y=Y@, z= x(0), as in (1), Art. 220. 
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The direction cosines of the tangent line can now be given a simple 
form. For, from (A) of the preceding article, and by the above 
equation (2), using formulas in (2), p. 5, we have 


dx dy dz 
3 cosa=— cosB=—™ cosy=—: 
(3) ds B ds . ds 
ILLUSTRATIVE EXAMPLE. Find the length of are of the skew cubic 
(4) Git ey on eee ee 


between the points where t= 0 andi =4. 
Solution. Differentiating (4), we obtain 
(Sth, LSC, CS ee. 
4 
Substituting in (D),  s= J, VI+ 2 + dt = 23.92, 


approximately, by Simpson’s Rule, letting n = 8. 


PROBLEMS 


Find the equations of the tangent line and the equation of the normal 
plane to each of the following skew curves at the point indicated : 
Pe — ony te + 12 i723 $= 2. 
ial ey Mie et Sie 
Ans. Te a ee 


; ©+4y+42=40. 


I pA SE Wa ple Ball Te ; 2a+8y+22=15. 


2 3 Dia 
8.0=0,y=4,2=sinZ; t=1. 
Ans, 254 =¥—4,2=1; 22-y-1=0. 
ae 2 Sin t, y Ler 
INDE, QBS ies ==; 8 m7y—22+2=0. 
Poe a Magee 
bh2=—=3—?, y=8 —1, imias —el 
t biel Sy te 
hyighe= “arg Na = om 2S weil 
feu Isint, 4) — COSt, 2 — sect; ¢— 0: 
os = cos, c= sin: ele 


4 4’ 
9. Find the length of are of the circular helix 
x=acos0, y=asin@, 2=b0 
between the points where 6= 0 and 6=2 7. Ans. 2 7 Va? + b?. 


— 
> 
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10. Find the length of arc of the curve 


PSC CSnin 2S 


rls 


between the points where {= 0 andt=2 7. 


Ans. V4 72+1+44 log (27+ V4 7? +1). 
11. Find the length of are of the curve 
5=3 0 cos @, yYyoousng, 2=49 
between the points where 9=0 and @=4. Ans. 26 + 3° log 5= 82.70. 
12. Find the length of are of the curve 
=i, Siw BS ha 
between the points where {= 0 and t= 2. 
13. Given the two curves 
(5) R= Op eae. 2=-4; 
(6) x=1-—- 468, y=2cos6, z=sind—1. 


(a) Show that the two curves intersect at the point A(1, 2, —1). 
(b) Find the direction cosines of the tangent line to (5) at A. 


Ans. : cs ’ ite 
V18 V18 V18 
(c) Find the direction cosines of the tangent line to (6) at A. 


1 1 
Ans. — —=> 0, —=: 
v2 ae 
(d) Find the angle of intersection of the curves at A. Ans. 90°. 


14. Given the two curves 
T= 2— tae y= 4A oe 
x=sin 6, y=0, z=1— cos 8. 

(a) Show that the two curves intersect at the origin O. 


(b) Find the direction cosines of the tangent line to each curve at O. 
(ec) Find the angle of intersection of the curves at O. 


222. Normal line and tangent plane to a surface. A straight line is 
said to be tangent to a surface at a point P if it is the limiting position 
of a secant line through P and a neighboring point P’ on the surface 
when P’ is made to approach P along a curve on the surface. We 
now proceed to establish a theorem of fundamental importance. 


Theorem. All tangent lines to a surface at a given point lie in a plane. 
Proof. Let 
(1) R(ey, 2) = 0 


be the equation of the given surface, and let P(x, y, z) be the given 
point on the surface. If now P’ be made to approach P along a curve 
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C lying on the surface and passing through P and P’, then evidently 
the secant line PP’ approaches the position of a tangent line to the 
curve C at P. Now let the equations of the curve C be 

(2) t=¢(t), y=), 2=x(0). 

Then the equation (1) must be satisfied identically by these 
values. Hence, as in (8), Art. 215, 

OF dx , oF dy , oF dz 

8) ox dt ay, oy dt Be Oz dt 


This equation (see (8), Art. 4) shows that the tangent line to (2), 
whose direction cosines are proportional to 


= (0. 


ee die adie di. 
is perpendicular to a line whose direction cosines are proportional to 
Tip Ole OF 
) dx’ Oy 2 
Let Pi(x1, yi, 21) be a point on the surface and 
OF OF OF 
(5) Ox i oY fe 0z\1 


the values of the partial derivatives in (4) when r=”, y=, 
2=2,. The line passing through P; whose direction numbers are 
given by (5) is called the normal line to the surface at P;. Hence we 
have the following result : 


The equations of the normal line to the surface 


(1) F(a, y, 2) =0 
at Pi(%1, yi, %) are 
2G —" 3 Oy P= Ep 75 — 7 &| 
E a He, 2h. 
(E) ay a 
Ox 1 Oy 1 Oz 1 


The preceding argument shows that all tangent lines to the sur- 
face (1) at P; are perpendicular to the normal line at P;. Hence 
they lie in a plane. Thus the theorem is proved. 

This plane is called the tangent plane at (P1). 

We may now state the following result : 


The equation of the tangent plane to the surface (1) at the point of 
contact P(1, y1, 21) ws 


(F) 


(z — 21) = 0. 


ol en) + \w- ny +| Fl ¢ 


& 
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REMARK. If all the denominators in (Z) vanish, the normal line and tangent 
plane are indeterminate. Such points are called singular points and are excluded 
here. 


In case the equation of the surface is given in the form 
z= f(x, y), let 
(6) F(x, y, ee f(x, y) —z=0 


Then ei Ore Ue els 2. on 


= ~ Ox Ox = oy oy Oz 
Hence, by (£), we have the following result : 


The equations of the normal line to the surface z = f(x, y) at (X1, y1, 21) 
are 


(G) 


A AL YS ee ke 
dz] faz} 1 
Ox|1 Cy 1 


Also, from (F), we obtain 
Ca Kea 
OT Cy 1 


which is then the formula for the equation of a plane tangent at (21, Y1, 21) 
to a surface whose equation is given in the form z= f(x, y). 


(y—yi) —-(2—- 21) = 0, 


223. Geometric interpretation of the total differential. We are now 
in a position to discuss formula (B), Art. 212, by geometry, in a man- 
ner entirely analogous to that in Art. 91. 

Consider the surface 


(1) —Z=f(x, y), 
and the point (a1, yi, 21) on it. Then the total differential of (1) is, 
when t=, y="n, 
Oz 
gl An +|%2 +i 


using (B), Art. 212, and replacing dx and dy by their equivalents, Ax 
and Ay, respectively. Let us find the z-codrdinate of the point in 
the tangent plane at P; where 
x=a%+Ar, y=yt Ay. 
Substituting these values in (H) of Ae 222, we find 


Oz 
Oxl, 


(2) dz = =| Ay, 


(3) e- a= 
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Comparing (2) and (8), we get dz =z—z. Hence the 


Theorem. The total dif- 
ferential of a function f(x, y) 
corresponding to the incre- 
ments Ax and Ay equals the 
corresponding increment of 
the z-codrdinate of the tan- 
gent plane to the surface 
z= f(a, y). 


Thus, in the figure, PP’ 7 .|_¥ 
is the plane tangent to 
mariace PQ)*at P(x, y, 2). 


Let AB=Ax 


P(X,Y,Z) 


> 


a 
-------~-----}}--------- 


and CDi= Ay; re 
then dz=2—%2% = DP’— DE= EP’, 
Notice also that Az = DQ — DE = EQ. 


ILLUSTRATIVE EXAMPLE. Find the equation of the tangent plane and the equa- 
tions of the normal line to the sphere x? + y? + 22 = 14 at the point (1, 2, 3). 


~Solution. Let F(x, y, 2) =x? + y?+22—14; 
OF OF Ay OF _ 


then dn ay 2y; an 2 wel, yy 2, 2 = 8: 
OF OF OF 
—|= —|=4, |—| =6. 
Therefore Erie ce Em Ozh 6 
Substituting in (F), 2(¢—1) + 4(y—2) + 6(¢—3) =0, 
or x+2y+32=14, the tangent plane. 
mee te x—-1l_y-—2_ 2-3 
Substituting in (£), Se Ts oy late We 
giving 2=32 and 22=8 y, equations of the normal line. Ans. 
PROBLEMS 


1. Find the equation of the tangent plane and the equations of the 
normal line to each of the following surfaces at the point indicated : 


(a) x? ++ y2?+22=49; (6, 2, 3). es = a 
Me ecpaten Wee dg oe ee 


6 2 8 
(h) z=2?+y2—1; (2,1, 4). 4 Z 7 


4 2 ie 
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(ce) 27+ ay? +y3>+2+1=0; (2, —83, 4). 


A ane pF, BS 
Ans. 1824+15y+2+15=0; <=. nn 


13 15; aed 

(d) 2?+22y+y?+2—T=0; G,-2,6). | 1 9 6 
Ans. 22+2y—z2+8=0; =U-- =. 

(e) x2y? ++ 22-2 y?—10=0; (2,1, 4). 9 1 Hi 
Ans. 4x+y+z2—138=0; aa = a . 


(ey? — a2 a(S eae) 

(g) 2? + y? —27=25; (5, 5, 5). 

(h) 222+3y2+422?=6; (1,1, 4). 

Gi) =+y—27=8; (3, 4, 2). 
2. Find the equation of the tangent plane to the hyperboloid of two 


eam) Raaroed X12 Zz 
sheets = — a — a= lat (m, m1, a). An. “= aa ae 


3. Find the equation of the tangent plane at the point (a, yi, %) on 
the surface ax? + by? + cz2+d=0. Ans. axx+ byiy + cuz+d=0. 


4, Show that the equation of the plane tangent to the sphere 
e+y?+224+2L¢+2My+2Nz2+dD=0 
at the point (x, y, 21) is 
me+yytazet+ L(ir+m)+ Mytyn)+Net+ta)+dD=0. 
5. Find the equation of the tangent plane at any point of the surface 
x+y +2 =a', 

and show that the sum of the squares of the intercepts on the axes made 
by the tangent plane is constant. 


6. Prove that the tetrahedron formed by the codrdinate planes and 
any tangent plane to the surface ryz = a? is of constant volume. 


2 


7. The surface x? — 4 y2—4z=0 is cut by the curve nats y=, 


z= soe at the point (2, 2, — 3). What is the angle of intersection? 


19 ; 
Ans. are cos = Hf gee 
3V 1388 


8. The surface x?+y?+32?=25 and the curve r=2t, y= 3, 


z= — 2? intersect at the point on the curve given by t=1. What is 
the angle of intersection ? 


19 
P Ans. are cos = boo Aa 
TV 29 : 


9. The ellipsoid x? + 2 y? + 3 2? = 20 and the skew curve x = 3(#? + 1), 
y=t*+1, z=? meet at the point (3, 2, 1). Show that the curve cuts 
the surface orthogonally. 


A, 
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224. Another form of the equations of the tangent line and normal 
plane to a skew curve. If the curve in 
question be the curve of intersection AB 
of the two surfaces F (x, y, z) =0 and 
G(x, y, z) = 0, the tangent line PT at 
P(x, y1, 21) is the intersection of the 
tangent planes CD and CE at that 
point, for it is also tangent to both sur- 
faces and hence must lie in both tangent 
planes. The equations of the two tan- 
gent planes at P are, from (F), 


(2 — 21) = 0, 


OG Np Amiens Sea" | 0G 
PARC nm) +|% 


ae 0 


Taken simultaneously, these equations are the equations of the 
tangent line PT to the skew curve AB. 

If A, B, C are direction numbers for the line of intersection of the 
planes (1), then, by (6), Art. 4, 


bp OF| |0G| _|@F| \eG _|OF| |eG|_ |eF| |eG 
Oy\1| Oz}, | Oz 1 Oz \orl |dx|,\az|y 
oG| _|oF oG\ 
loy|, | Oy|1|Ox|1 
Then the equations of the tangent line CPT are 
Liebe Bical A II easel 3 
(3) A B C 


The equation of the normal plane PHI is 
(4) A(u — 1) + By—m1) + Ce—a) =0. 


ILLUSTRATIVE EXAMPLE 1. Find the equations of the tangent line and the 
equation of the normal plane at (r, 1, rv2 ) to the curve of intersection of the sphere 
and cylinder whose equations are, respectively, 2 + y2+22=47?, 27+ y%=2 re. 


Solution. Let F=2?+ y2+22-—4r? andG=22+y?—2 ra. 


} OF| _ oF OF V3: 
pe =2" eae rab tact 
aG| _ ee dG} _ 
es =o [e=2n [5|,= 0 
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Substituting in (2), we find 
A=-—4rv2, B=0, C=4r?. 
Hence, by (8), we have 


or i e+ V22=38r, 


the equations of the tangent PT at P to 
the curve of intersection. 

Substituting in (4), we get the equa- 
tion of the normal plane, 


— V2(2 —r) + 0(y—1r) + (2 —1rV2) =0, 


or V2 a — 2i=) 0). 


ILLUSTRATIVE EXAMPLE 2. Find the angle of intersection of the surfaces in the 
preceding example at the point given. 


Solution. The angle of intersection equals the angle between the tangent planes 
or normal lines. We have found direction numbers for these lines above in Illus- 
trative Example 1 (see (£), Art. 222). 


These are a=2r,b=27r,c=2rv2. 
GI, (i AQ. t= (I) 

Hence, by (6), Art. 4 

Ar cet 


cos 6= 2 me 6=60°. Ans. 


PROBLEMS 


1. Find the equations of the tangent line and the equation of the 
normal plane to each of the following curves at the point indicated: 
(a) x? + y? + 22 = 49,277 + 927 = 18; (8, 2;— 6). 


Ans. 2—# = *,246=0; 2x—3y=0. 


(b) 2= 27-4 y? —"1, 3 a2 2 2 42? = BOS 
aged A Bisaie ed Daeg My 2 “at Pus 
Ans. 5 =a oa oe lly—22+9=0. 
(c) 2? + y? — 22 = 16, 274+ 447+ 427 = 84> (2, 4, 2). 


Ans. ee 16x—5y+62=24, 


(d) 2° +948 2 = 32,207 + P20; Coe), 
Dealt TA Meal Wat Rar D/L t> 
Ans. ga Solel ; 6x—21ly+24+6=0. 
(e) 2? — yA — 27 = 1, 2? — y? + 2= 95 (8,2, 2): 
(f) +4y?—42=0,24+y+z2—24=0; (8, 3, 5). 
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2. The equations of a helix (spiral) are 
a? gy? = 13, 
2 
e— Lean 
Show that at the point (x1, y:, 21) the equations of the tangent line are 
e(x— %1) + yi(@— 2%) =0, 
c(y — Y1) — 41(2 — 21) = 0; 
and the equation of the normal plane is 
yix — xy —c(2 — 2;) = 0. 
3. The surfaces x?2y2+ 2x+23=16 and 3 22+ y2?—22=9 intersect 
in a curve which passes through the point (2, 1, 2). What are the equa- 


tions of the respective tangent planes to the two surfaces at this point? 
Ans. 83x+4y+62=22; 6x+y—z2=11. 


4.Show that the ellipsoid x?+3y?+22?=9 and the sphere 
x?+y?+22—8x—8y—62+ 24=0 are tangent to each other at the 
point (2, 1, 1). 

5. Show that the paraboloid 3 x2+2y2?—22z=1 and the sphere 
x? + y?+22—4y—22+2=0 cut orthogonally at the point (1, 1, 2). 


225. Law of the Mean. The applications of partial derivatives to be 
given now depend upon the Law of the Mean for functions of several 
variables. The result to be derived is based upon the discussion in 
Art. 116. We proceed to establish the formula 


(1) f(to +h, yo +k) =f(xo, yo) + hf-(x%o + Oh, yo + Ok) 
+ kf,(xo + Oh, yo+ 6k). (0< 8 <1) 
To this end let 


(2) F(t) =f(ao + ht, yo + kt). 
Apply (D), Art. 116, to F(é), with a=0, and Aa=1. Then we 
have 
(8) F(1) = F(0) + F’(@). O<@<1 
But from (2), by (D), Art. 214, since x = % + ht, y= yo + Kt, 
(4) F’(t) =hf.(xo + ht, yo + kt) + kfy(xo + ht, yo + ke). 
Then, from (2), we get 
(5) F(1)=f@o +h, yt k), FO) =f(xo, yo), 
and, from (4), 
(6) —-F'(0) =hfe(aro + Oh, yo + Ok) + kfy(xo + Oh, yo + Ok). 
When these results are substituted in (3), we obtain (1). 
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If we desire a formula analogous to (F), Art. 124, we must form 
F(t). Applying again (D), Art. 214, we get 


© felaio + ly Yo Hb) = hfe 0+ ht, Yo + Kt) + Rfva(to-+ ht Wo + Rt) 


© fulta + ht, yo + kt) = hf ry(Ho + At, yo + kt) + kfyy (ao + ht, yo + kt). 


Hence from (4), we have by differentiating with respect to ¢, 
+ k*fyy(Xo + ht, yo + Kt). 
From (F), Art. 124, letting b= 1, a= 0, x2 = 0, we get 


(8) F(1) = F(0) + F’(0) + é F’'(6). 


We may easily prove now the extended Law of the Mean for a 
function of two variables by substituting in (8) from (5), (4), and (7). 
Thus we get 


(9) fo th, yot+k) =f (xo, yo) + hfz(xo, yo) + kfy(xo, Yo) 
a 5 [h2fex(o + Oh, Yo-+ Ok) +2 hkifey (to + Oh, yo + Ok) 


+ kfyy (xo + Oh, Yo + Ok)]. (0 < Gaal), 

There is no difficulty in establishing the corresponding formulas 
for functions of more than two variables, nor in extending the laws 
in a manner analogous to that at the end of Art. 124. 

226. Maxima and minima of functions of several variables. In 
Art. 46, and again in Art. 125, were derived necessary and sufficient 
conditions for maximum and minimum values of a function of one 
variable. We now take up this problem when several independent 
variables are present. 

The function f(x, y) is said to be a maximum at x=a, y=) 
when f(a, 6) is greater than f(x, y) for all values of x and y in the 
neighborhood of a and b. Similarly, f(a, b) is said to be a minimum 
at x = a, y = b when f(a, b) is less than f(x, y) for all values of x and y 
in the neighborhood of a and 6. 

These definitions may be stated in analytical form as follows: 

If, for all values of h and k numerically less than some small 
positive quantity, 

(1) fiat+th, b+k) — f(a, b) =a negative number, 
then f(a, b) is a maximum value of f(x, y). If 

(2) fath, b+k) —f(a, b) =a positive number, 
then f(a, b) is a minimum value of f(x, y). 
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‘These statements may be interpreted geometrically as follows. 

A point P on the surface 
z= f(x, y) 

is A maximum point when it is “higher” than all other points on the 
surface in its neighborhood, the codrdinate plane XOY being assumed 
horizontal. Similarly, 
P’isa minimum point 
on the surface when 
it is ““lower”’ than all 
other points on the 
surface in its neigh- 


Z 


borhood. x 
Hence if 
a4 = f (a, b) ye 


is a maximum or mini- 
mum, the tangent plane 
at (a, b, z:) must be horizontal, that is, parallel to XOY. But the 
tangent plane (H), Art. 222, is parallel to XOY when the coeffi- 
cients of x and y are zero. Hence we have the following result : 


A necessary condition that f(a, b) shall be a maximum or minimum 
value of f(x, y) is that the equations 


Ol Reel 
(3) pelt By 7° 


shall be satisfied by x =a, y= 6. 


The conditions (3) may be obtained without use of the tangent 
plane. For, when y = b, the function f(z, b) can neither increase nor 
decrease when x passes through a (see Art. 45). Hence follows the 
first of equations (3). The same statement applies to the function 
f(a, y). Thus we have the second equation in (8). 

The method just expounded applies to a function of three variables 
f(x, y, z). That is, a necessary condition that f(a, b, c) shall be a 
maximum or a minimum value is that the equations 

DE Ae fl a ee 

(4) area, in ral 
shall have the common solution « =a, y= 6b, z= c. 

For necessary and sufficient conditions the problem is much more 
difficult (see below). But in many applied problems the existence of 
a maximum or minimum value is known in advance, and no test is 
necessary. 
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ILLUSTRATIVE EXAMPLE 1. A long piece of tin 24 in. wide is to be made 
into a trough by bending up two sides. Find the width 
and inclination of each side if the carrying capacity is a 
maximum. 

Solution. The area of the cross section shown in the 
figure must be a maximum. The cross section is a 
trapezoid of upper base 24—2x%+2a cosa, lower 
base 24 — 2a, and altitude x sina. The area A is given by 


(5) A=24xsina —2 4? sina +x? sin a cos a. 


(<— 24-27 —} 


By differentiation we have 


G4 — ed sina —4esina +22 ina 00s a. 
‘ 
G4 = 24x cosa — 222 cos @ + x?(cos? a — sin? a). 


Setting the partial derivatives equal to zero, we have the two equations 
2sin a(12 —2%+4 cosa) =0. 
x[24 cos a — 2 x cos a + x(cos? a — sin?a)] = 0. 


One solution of this system is a=0, «=0, which has no meaning in the 

physical problem. Assuming ~a40, «40, and solving the equations, we get 
ek oe 

COSICU spent i— ise 

A consideration of the physical problem shows that there must exist a maxi- 
mum value of the area. Hence this maximum value occurs when a = 60° and 
iS ie 

We now establish a sufficient condition. Assuming that equa- 
tions (8) hold, we obtain from (9), Art. 225, substituting x9 =a, 
and transposing, 


(6) fath b+k —f(a,b)= z Whats) +2 Hi y) 
+ Kfyy(a, y)h 


where we have set x = a+ 6h, y=b-+ 0k. By (1) and (2), f(a, 6) will 
be a maximum (or a minimum) if the right-hand member is negative 
(or positive) for all values of h and k sufficiently small in numerical 
value (zero excluded). Set 


(7) A = fire, Y)s B =f, Y)s C = fry (2, Y), 
and consider the identity 

(8) Ah? +2 Bhk + Ch? = ((Ah 4+ Bk)? + (AC — B2)K?]. 

The expression within the square brackets in the right-hand 
member in (8) is always positive if 


(9) AC Bie Gb, 


} 
= 
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and the left-hand member therefore has the same sign as A (or C, 
since, by (9), A and C must agree in sign). The question now is, 
therefore. to interpret the criterion (9) for the right-hand member in 
(6), in which, as already stated, h and k are numerically small. 
Assume that (9) holds when x =a, y= 06. Then, the derivatives in 


_ (7) being continuous, it will hold also for values of x, y near a, b. 


Also, the sign of A (or C) will be the same as the sign of f,,(a, 6) 
(or fy,(a, 6)). Thus we have established the following rule for find- 
ing maximum and minimum values of a function f (x, y). 


FIRST STEP. Solve the simultaneous equations 


OR, be 
pe eae cea 


SECOND STEP. Calculate for these values of x and y the value of 


_ Of wf at af , 
Ox? Oy? Ox Oy 


THIRD STEP. The function will have 


: hh of s j 

@ maximum value if A>0O and 7a? (or By? Ay: 

@ minimum value if A> 0 and o”f (or ey Sadlh 
Ox? oy 


If A is negative, it is not difficult to see that f(x, y) will have 
neither a maximum nor a minimum value. 

The student should notice that this rule does not necessarily give 
all maximum and minimum values. For a pair of values of x and y 
determined by the First Step may cause A to vanish, and may lead 
to a maximum or a minimum or neither. Further investigation is 
therefore necessary for such values. The rule is, however, sufficient 
for solving many important examples. 

The question of maxima and minima of functions of three or more 
independent variables must be left to more advanced treatises. 


ILLUSTRATIVE EXAMPLE 2. Examine the function 3 ary — x? — y? for maxi- 
mum and minimum values. 
Solution. f(x, y) =3 ary — x3 — 3. 
Bentsin, ©L=say—322=0, 2 =ser—3y7=0. 
Ox > Oy 
Solving these two simultaneous equations, we get 
Ce ig, 


y=0, y=a. 
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ef _ dafiy en) 07a ee 
Second Step. Apion 6r0; andy Bh, yt 6 y; 
Sea, SILER ye. 
A= Oy? Caer = S010y — 9) a2: 
Third Step. When « =0 and y=0, A=—9a?, and there can be neither a 
maximum nor a minimum at (0, 0). af 
When « =a and y=a, A= + 27 a?; and since aa 6 a, we have the con- 


ditions for a maximum value of the function fulfilled at (a, a). Substituting « =a, 
y = ain the given function, we get its maximum value equal to a’. 


ILLUSTRATIVE EXAMPLE 3. Divide a into three parts such that their product 
shall be a maximum. 

Solution. Let + = first part, y = second part; thena—(«#+y)=a-—%Y—-y= 
third part, and the function to be examined is 


fv, y) =xy(a — 2 — 9). 


First Step. Sf — ay — 2 2y —y° =0, sh = ax — 2.ay — 2? =0, 
Solving simultaneously, we get as one pair of values + = a — a 
02f 02f 02f 
: —_~=—2y, ~—{=a—-—24—-—2y, ~4=-2%; 
Second Step Ou? ATER a y ay? 


A=4ay—(a—2%"%—2y)?. 


_4 Se rice 2 = 
Third Step. When x = 3 and y = 3” N= 3° and since a 3° it is seen 
that our product is a maximum when z = » y= a Therefore the third part is 
3 
also : » and the maximum value of the product is oe 


PROBLEMS 
1. Discuss for maxima and minima the following functions: 
(a) v+ay+y2?—-6x—-—4y. Ans. x= $3, y = } gives min. 
(b) 227 -62ay+y23+382+6y-—T7. x= 41, y=5 gives min. 
Qos oD ge a 
WILL seat st Cy 5 gives min. 
»(d) x2? + ay + y? —x—5y42. x=-—1,y=83 gives min. 
(e) sin x + sin y + sin (x + y). r= y = 3 gives max. 
(f) ©? —6 xy + y?. x = y = 2 gives min. 


(g) 23 + y? — 2?y? — 3(a? + y?). 
(th) wt + yt —2 2? +4 zy — 2 y?. 
2. Find the minimum value of x? + xy + y? — ax — by. 
Ans. 4(ab — a? — b?), 


2 
(av + by + 0)? 5, go 4 pa 


3. Show that the maximum value of PS EET ICR | 
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4. Find the rectangular parallelepiped of maximum volume which 
has three faces in the coérdinate planes and one vertex in the plane 


ope 2 — 1. Ans. Vohine =o. 
ene OC 9 
5. Find the volume of the largest rectangular parallelepiped that can 
: : : al SPE Pe 8 abc 
be inscribed in the ellipsoid = _ be ~ as ake Ans. aye) 


6. A pentagon is composed of a rectangle surmounted by an isosceles 
triangle. If the perimeter of the pentagon has a given 
value P, find the dimensions for maximum area. 

Ans.” a= 30°, 2 He tne ae 
2+2seca—tana ¥Y 
y =F —x(1 + seca). = 

7. If x, y, z are the lengths of the perpendiculars dropped from any 
point P to the three sides a, b, c, respectively, of a triangle of area K, show 

4 K? . 
a2 + b2 + c2 

8. Find the point within a triangle such that the sum of the squares 
of its distances to the vertices shall be a minimum. 

Ans. The point of intersection of the medians. 


that the minimum value of x? + y? + 2? is equal to 


- 9. A floating anchorage is to be made with a cylindrical body and 
equal conical ends. Find the dimensions that make the surface least for 
a given volume. 


C— 73 — Z. 


11. If (24+ y)?+ y¥+z)?+ (¢+2)2=838, show that the greatest and 
least values of z are } and — 3. 


227. Taylor’s theorem for functions of two or more variables. The 
expansion of f(x, y) is found by using the methods and results of 
Arts. 194 and 225. We consider 

(1) FQ) = fle + ht, y + kt), 
and expand F(t) as in (5), Art. 194. The result is 


(2) F(t) =~ F(0) an PO Gt F’’(0) a vee t Fa-h (0) — +R. 


We obtain the values of F(0), F’(0) F’’(0), by substituting t = 0 
in (2), (4), (7), Art. 225. By differentiating (7), and putting t= 0, 
the expressions for F’’’(0) ete. will result. These are omitted here. 
Note, however, that F’’’(0) is homogeneous and of the third degree 
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inh and k. A similar property holds for higher derivatives. If these 
values are substituted in (2), and we set t= 1, the result is 


(3) f(a thy+k) =f, y) + hf, y) + kf@, y) 
+ pp feel, Y) +2 hkfey (x, y) + kf yy (x, YI +--+: +R. 


The expression for R is complicated and will be omitted from this 
point on. 

In (3) write x = a, y= 5, and then replace h by (x — a) and k by 
(y—b). Theresult is Taylor’s theorem for a function of two variables, 


(D f(x,y) =f(a, b) + fe (a, b)(x — a) + fy (a, b)(y— b) 
+ pg Lesa, BY — a)? + 2faalas ay B) 


+ furla, d)(y— b))] + +>. 


Finally, setting a = b = 0, we obtain an expansion corresponding 
to Maclaurin’s series (A), Art. 194, 


(J) f(x, y) =F, 0) + f. (0, 0) x + f, (0, Oy 
i B [fxx(O, 0)x? + 2 fry (0, O)xy + fyy (0, O)y?] + pa: 


The right-hand member in (J) may be written as the infinite series 
(4) Wott tig to 


where uo = f(0, 0), 
us = fz(0, 0)x + fy(0, 0)y, 
U2 = PAU O)e4 = 2 fay (0, O)xy + fuy(0, 0)y?, 
ete. 


These terms in (4) are homogeneous polynomials in (x, y). The 
degree of each is equal to the subscript. That is, by (J) the function — 
is expanded into a sum of polynomials homogeneous in (z, y) and of 
ascending degree. Similarly, in (J) the terms in the expansion are 
polynomials homogeneous in (x — a, y — 5). 

Formula (J) is called the expansion of f(x, y) at the point (a, b). 

Reference must be made to more advanced treatises for proof of 
the problem of determining those values of (x, y) for which the 
expansions (J) and (J) hold. 

By breaking off series (4) at any term, an approximate formula for 
f(x, y) is obtained for values near (a, b) or (0,0). Compare Art. 200. 


| on 
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ILLUSTRATIVE EXAMPLE. Expand 
xy? + sin xy 
at the point (1, 4 7) up to terms of the third degree. 
Solution. Here a=1,b=47, 
and f(x, y) = xy? + sin zy, 
f.(z, y) =y? + y cos xy, 
fy(@, y) =2 xy + 2 cos xy, 
fez(£, y) = — y? sin xy, 
fry(@, y) =2 y + cos cy — xy sin xy, 
fyy@, y) =2 x2 — x? sin xy. 
Substituting « = 1, y = 4 7, the results are 
(0, 45) = or? +1, 
iA ey oor eee 
f(, z T) =, 


ikl, 4 T) ies a ure 
fry (1, 3 T) = 3 Ty; 
fig lee) =k 


Substituting in (J), we get 
ay? +sinzy=1+ 57? + 5 07(e—1) + 7(y—3 7) 


+ [-g ee —1P +5 we (y—F x) +(y—5x) |+---. Ane: 


Formulas for expanding a function of three variables f(x, y, z) are 
readily derived, and are left as problems. 


PROBLEMS 
1. From (1) above, show that = 
; ct) + °f Safe o3f 
mr — BS 2 2 3 6 
a (0) = he ee aac: + 3hk Andy? +k Bylo 
2. Verify the ee expansion : 
24,2 
sin x siny =33¥ 428 ru ath 
— to 15 vty? + 15 xiyt + y? |, 


6 


8. Expand cos x cos y in powers of x and y. 
4. Verify the following expansion: 
a? log (1+ y) =y + 4(ry log a — y? + xy log?a — ry2loga) + ZyF +-°+. 
5. Expand x3 + xy? at the point (1, 2). 
6. Verify the following expansion: 
e+ 3 22y¥ +3 cy? + 4? 
: [3 
7. Verify the following approximate formulas for small values of x and y: 
(a) e* siny=y+ xy. (c) en 
(b) e*log 1 +y)=y+ zy. 


sin (7+ y) =2+y— oie ws 


yo itie@—»- 


CHAPTER XXIV 
MULTIPLE INTEGRALS 


228. Partial and successive integration. Corresponding to partial 
differentiation in the differential calculus we have the inverse process 
of partial integration in the integral calculus. As may be inferred 
from the connection, partial integration means that, having given a 
differential expression involving two or more independent variables, 
we integrate it, considering first a single one only as varying and all 
the rest constant. Then we integrate the result, considering another 
one as varying and the others constant, and so on. Such integrals 
are called double, triple, ete., according to the number of variables, 
and are known as multiple integrals. 

In the solution of this problem the only new feature is that the 
constant of integration has a new form. We shall illustrate this by 
means of examples. Thus, suppose we wish to find uw, having given 


Ou _ 
ee 2x+y+8. 
Integrating this with respect to x, considering y as constant, we 
have 


u=xv+2y+3u-+ d, 


where @ denotes the constant of integration. But since y was re- 
garded as constant during this integration, @¢ may involve y. We 
shall then indicate this dependence of ¢ on y by replacing ¢@ by the 
symbol ¢(y). Hence the most general form of w is 
uU=v+ay+3u+ oly), 


where $(y) denotes an arbitrary function of y. 
As another problem let us find 


U aiifee + y?)dy dx. 


This means that we wish to find uw, having given 


OU _ 12 2 
i tyme 


454 
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Integrating first with respect to y, regarding x as constant, we get 


ORE eo hy 


where y/(«) is an arbitrary function of x. 

Now integrating this result with respect to x, regarding y as con- 
stant, we have sok 
w= b+ + Va) +oW), 


where ®(y) is an arbitrary function of y, and 
WV (x) = f year. 


229. Definite double integral. Geometric interpretation. Let f(z, y) 
be a continuous and single-valued function of x and y. Geometrically, 


(1) z= f(@, y) 


is the equation of a surface, as KL. Take some area S in the XOY- 
plane and construct upon S as a base the right cylinder whose 
elements are parallel to OZ. Let this cylinder inclose the area S’ 
on KL. Let us now find the volume V of the solid bounded by 
S, S’, and the cylindrical surface. We proceed as follows: 

At equal distances apart (= Az) in the area S draw a set of lines 
parallel to OY, and then a second set parallel to OX at equal distances 
apart (= Ay). Through these lines pass planes parallel to YOZ and 
XOZ respectively. Then 
within the areas S and S’ 
we have a network of 
lines, as in the figure, that 
in S being composed of 
rectangles, each of area 
Az Ay. This construction 
divides the cylinder into 
a number of vertical col- 
umns, such as MNPQ, 
whose upper and lower 
bases are corre- 
sponding portions 
of the networks 5 
in S’ and S re- 
spectively. As the upper bases of these columns are curvilinear, we 
of course cannot calculate the volume of the columns directly. Let 


a 
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us replace these columns by prisms whose upper bases are found thus: 
each column is cut through by a plane parallel to XOY passed through 
that vertex of the upper base for which x and y have the least 
numerical values. Thus the column MNP2@ is replaced by the right 
prism MNPR, the upper base being in a plane through P parallel 
to the XOY-plane. 

If the coordinates of P are (x, y, z), then MP=z= f(a, y), and 
therefore 


(2) Volume of MNPR = f(a, y)Ay Az. 


Calculating the volume of each of the other prisms formed in the 
same way by replacing x and y in (2) by corresponding values, and 
adding the results, we obtain a volume V’ approximately equal to 
Vee that is, 


(3) Vv’ =>) > fla, y)Ay Az; 


where the double summation sign papa) indicates that values of 
two variables x, y must be taken account of in the quantity to be 
summed up. 

If now in the figure we increase the number of divisions of the 
network in S indefinitely by letting Av and Ay diminish indefinitely, 
and calculate in each case the double sum (3), then obviously V’ will 
approach V as a limit, and hence we have the fundamental result 


(4) V=lim DXS@, wdy dc. 


Ay> 0 


We show now that this limit can be found by successive integration. 
The required volume may be found as follows: Consider any 
one of the slices into which the solid is divided by two successive 
planes parallel to YOZ; for example, the slice whose faces are FIHG 
and JTL’K’. The thickness of this slice is Ar. Now the values of z 
along the curve HI are found by writing x = OD in the equation 


z=f(x, y); that is, along HI 
z= f(OD, y). 


DG 
Hence the area FIG = a f(OD, y)dy. 
DF 


The volume of the slice under discussion is approximately equal 
to that of a prism with base FIHG and altitude Ax; that is, equal to 


DG 
Az - area FIHG = Ac f f(OD, y)dy. 
DF 
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The required volume of the whole solid is evidently the limit of 
the sum of all prisms constructed in like manner, as x (= OD) varies 
from OA to OB; that is, 


OB DG 
- 6) V= jb de ik f(a, y)dy. 
OA DF 
Similarly, it may be shown that 
OV EU 
(6) i= sf dy af fla, de. 
Oc EW 


The integrals (5) and (6) are also written in the more compact form 


OB 7DG OV pEU 
if if f(x, y\dydx and f i f(x, y)dx dy. 
OA DF OC EW 


In (5) the limits DF and DG are functions of x, since they are 
found by solving the equation of the boundary curve of the base of 
the solid for y. 

Similarly, in (6) the limits HW and EU are functions of y. Now 
comparison of (4), (5), and (6) gives the result 


(A) V= lim SY f(x, y) Ay» Ax = tt “|, Se way ax 
Ay-0 


by U4 
= df J (x, y)dx dy, 
bg vo 


where 2; and v2 are, in general, functions of y, and uw; and we functions 
of x. The second integral sign in each case applies to the first dif- 
ferential. 

Equation (A) is an extension of the Fundamental Theorem of 
Art. 156 to double sums. 

Our result may be stated in the following form: 


The definite double integral 


i ap f(a, ydy dex 


may be interpreted as that portion of the volume of a right cylinder which 
ts included between the plane XOY and the surface 


z= f(x, y), 
the base of the cylinder being the area in the XOY-plane bounded by the 


a Y=MW, Y=U, C=, L=Aa2. 


A similar statement holds for the second integral. 
It is instructive to look upon the above process of finding the vol- 
ume of the solid as follows: 
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Consider a column of infinitesimal base dy dx and of altitude z as 
an element of the volume. Summing up all such elements from 
y = DF to y= DG, zx in the meanwhile being constant (say = OD), 
gives the volume of a thin slice having FGHI as one face. The 
volume of the whole solid is then found by summing up all such 
slices from x = OA to x = OB. 

In successive integration involving two variables the order of 
integration denotes that the limits on the second integral sign cor- 
respond to the variable whose differential is written first, the differ- 
entials of the variables and their corresponding limits being written 
in the reverse order. Before attempting to apply successive integra- 
tion to practical problems it is best that the student should acquire 
by practice some facility in evaluating definite multiple integrals. 


ILLUSTRATIVE EXAMPLE 1. Find the value of the definite double integral 
ce La <4 (x + y)dy dx. 


Solution. fe I,” "(a + y)dy dx 


Interpreting this result geometrically, we have found the volume of the solid of 


cylindrical shape standing on OAB as base and bounded at the top by the surface 
(plane) z=2+y. 
The solid here stands on a base in the XOY-plane bounded by 


y = 0 (line OB) Ma: 
y = Va? — x? (quadrant of circle AB) } trom yim 
x = 0 (line OA) 


x =a (line BE) 
b 
ILLUSTRATIVE EXAMPLE 2. Verify f ; 1 “(a — y)x? dy dx = 
b 40 


Shunk 2b y? |e 2bq2 7 a2b3 
= 2 — eRe a = = = =a 
Solution. i Nb (a — y)x?dy dx 3; [ew a bes JS, 2 


V a2 — x2 
ILLUSTRATIVE EXAMPLE 3. Verify Heads “a “dy de = 22 
0 Y—Va?—2 


7a 
6 


Va2— x? a Va? — x2 
Solution. if f _- dre f [zw] Ja—a™ 
=f" 22Va?—2x?dr= [- 3(a — 2*) 15a 


0 
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In successive integration involving three variables the order of 
integration is denoted in the same way as for two variables; that 
is, the order of the limits on the integral signs, reading from the 
inside to the left, is the same as the order of the corresponding 
variables whose differentials are read from the inside to the right. 


3 2 
ILLUSTRATIVE EXAMPLE 4. Verify is je 1 “ey? da dy de = oe 
2 1 2 


Solution. SOL? SPavdedu de = f° "| faurde|ay ae =" f° 202 | dude 
=3 [" f'mvrdyde=3 "| [°xuedy |x 
=3 [ sek: zat dx = 2. 


In each problem in the following list involving a double integral, 
the solid whose volume equals the value of the integral should be 
described. 


PROBLEMS 

Verify each of the following integrations: 
1. f° fe + du dr = 8. 8. [7 fp sin dp d= ©. 
2. [° [rue — y)dy de = — 6. 9. [° [1°\Vat — Pas dt = 6°. 
af ['ydedy =e 10. f" ep 
4. f" [udu dr =F Ley Lady ae = 

5. f- is ube xyz de dy dx =4,4. 12. f" fi. "wae dy=1t 
8. ffi wae = — 1, 18. *x2dy dx = 13. 
of yee. 5 es y2dy dx = 192. 


6. "x2 dx dy = $7, 


m™ pa(l+cosé) . . = ae 
16. { a p? sin 0dpd@ = 4 3 


17. fe [°_,ptdp dd = (x—18) 2. 
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i bia bs abe 


19. (" f 22° ("de dy dx === 8 a 
20.[ fifo ‘ndadady = x5. 

y2 
en ea 
SAIS ere 


230. Value of a definite double integral taken over a region S. In the 
last article the definite double integral appeared as a volume. This 
does not necessarily mean that every definite double integral is a vol- 
ume, for the physical interpretation of the result depends on the 
nature of the quantities represented by 2, y, z. If x, y, z are the co- 
ordinates of a point in space, then the result is indeed a volume. In 
order to give the definite double integral 
in question an interpretation not neces- 
sarily involving the geometric concept of 
volume, we observe that the variable z 
does not occur explicitly in the integral, 
and therefore we may confine ourselves 
to the XOY-plane. In fact, let us con- 
sider simply a region S in.the XOY-plane, 
and a given function f(z, y). Within this 
region construct rectangular elements of 
area by drawing a network of lines, as in Art. 229. Choose a point 
(x, y) of the rectangular element of area Ax Ay, either within the rec- 
tangle or on its perimeter. Form the product 


f(x, y)Ax Ay, 


and similar products for all other rectangular elements. Sum up 
these products. The result is 


> D(a, y) Ax Ay. 


Finally let Ax — 0, and Ay — 0. 
We write the result 


Q) Tim DIS, Ardy =| fhe, wae dy, 
S 


Ay 0 
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and call it the double integral of the function f(x, y) taken over the 
region S. 

By (A) this double integral is evaluated by successive integration. 
It remains to explain the method of determining the limits of inte 
gration. This is done in the next article. 

231. Plane area as a definite double integral. Rectangular codrdi- 
nates. The problem of plane areas has been solved by single integra- 
tion in Art. 145. The discussion using double integration is useful 
chiefly because the determination of limits for the general problem 
of Art. 230 is made clear. To set up the desired double integral, 
proceed as follows: 

Draw a network of rectangles as before. THen, in the figure, 


(1) Element of area = Az Ay. 
If A is the entire area of the region S, obviously, by (1), Art. 230, 
(B) A= lim Sax Ay = af ay 
x-0 
Ay-0 Ss 


Referring to the result stated in Art. 230, we may say: 


The area of any region is the value of the double integral of the 
function f(x, y) = 1 taken over that region. 


Or, also, from Art. 229, 


The area equals numerically the volume of a right cylinder of unit 
height erected on the base S. 


The examples following will show how the limits of integration 
are to be found. 


ILLUSTRATIVE EXAMPLE 1. Calculate that portion of the area above OX which 
is bounded by the semicubical parabola y? = x* and the straight line y = z. 


Solution. The order of integration is indicated in the figure. Integrate first 


with respect to x. That is, sum up first the elements dx dy in a horizontal strip. 
Then we have 


AC AC 
fv dx dy = ay f AC du: = area of a horizontal strip of altitude dy. 
AB AB 


Next, integrate this result with respect to y. This corresponds to summing up 
all horizontal strips. In this way we obtain 


A =f” fr aeay. 
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The limits AB and AC are found by solving each of the equations of the bound- 
ing curves for x. Thus from the equation of the line, x = AB = y, and from the 
equation of the curve, « = AC = ys. To determine OD, 
solve the two equations simultaneously to find the point 
of intersection H#. This gives the point (1, 1); hence 
OD=1. Therefore 


A =f fPaeay “Sr na a 


4=,. Ans. 


i i) 


Or we may begin by summing up the elements dx dy 
in a vertical strip, and then sum up these strips. We 
shall then have 


lex 1 n 
A={ J aude = fi (e—x7)de=1-—2= 44. 
wv 


In this example either order of integration may be chosen. This is not al- 
ways the case, as the following example shows: 


ILLUSTRATIVE EXAMPLE 2. Find the area in 
the first quadrant bounded by the x-axis and the 


cig hey Ce) 2a al) ean ere 


Solution. Here we first integrate with respect 
to « to cover a horizontal strip, that is, from the 
parabola to the circle. We then have, for the 


entire area, 3 ~HI 
A= i jh dx dy, 
0 YHG 


since the point of intersection S is (1, 3). To find 
HG, solve y2 = 9 x for x. Then 
ell Ga eeaes 
To find HI, solve x? + y2 =10 for x. We get 
| <= HI =+V10 — ¥?. 


Hence 


Mitsu 
Zita ss ae dy =[¥ V0 y? + 5aresin-b — 5 9°] = 6.16. Ans. 


If we integrate first with respect to y, using ver- 
tical strips, two integrals are necessary. Then 


A=" (? dvdr + fp aay ds = 6.16: 


The order of integration should be such that the 
area is given by one integral, if this is possible. 


The examples above show that we set 


A=| fazdy or A= [fay de 
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according to the nature of the curves bounding the area. The figures 
below illustrate, in a general way, the difference in the summation 
processes indicated by the two integrals. 


Yy 


PROBLEMS 


1. Find by double integration the area between the two parabolas 
3 y?=252 and 527=9y, (a) by integrating first with respect to y; 
(b) by integrating first with respect to zx. 
Ja 


rk 


3 pow : 
Ans. @ ff dy dx =5; off 
0 [25x 
73) 


2 
® da a=; 
ay 
25 


2. Calculate by double integration the finite area bounded by each of 
the following pairs of curves: 


(a) yw=274+1,x+y=1. Ans. 4%. 

(b) y=9 — 22, y=2+7. 43, 

(ec) ry=4,x+y=5. 7% —4 log 4 = 1.956. 

(d) y2=5-—2, y2=42. 134. 

pe 7 8 7 — 62. 5a. 

Myr —3 7,44 = 23. 6. 

my y—r— 27, y=—6 2 — x3. 16. 

(th) 4y=273,2=y-—y?4+4. 102. 

et 2% — 9 4. : 

Gj) sy=2y—6,y+22r7=8. L(m) y= 2? + 2, y= 2 x? — 2. 
peak) 2?-+y?=102, 427+ 4? = 24. pa) 9y = @+3)?,¥=@—1)% 

0) y27=4—-—2,y?+2y=xc. AO) ea ene aes 


8. Calculate the ratio of the larger to the smaller of the two finite 
areas bounded by each of the following pairs of curves: 


24.3 

2 es ae eee 

faye ye — 12, 42 — 4 4: Ans. 134 
(b) y= 2sin x, y = 2 cos 5. :. 


4. Show that of the two finite areas bounded by the curves x? + y? = 25 
and x? = 4 y — 7, the larger is nearly five times the smaller. 
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232. Volume under a surface. In Art. 229 we discussed the volume 
of a solid bounded by a surface 


(1) ea f(a, Y), 
the XOY-plane, and a cylinder. The elements of the cylinder were 


parallel to OZ, and its base was a region S in the XOY-plane. The 
volume of this solid is, by (A), 


(2) Vee fz dx dy =| fre, y)dz dy. 
S Ss 


The order of integration and the limits are the same as for the 
area of the region S. The volume of a solid of this type is the “‘volume 
under the surface (1).’”’ The analogous problem for the plane, ‘‘area 
under:a curve,” has been treated in Chapter XIV. As a special case 
the volume may be bounded by the surface and the XOY-plane itself. 

Note that the element of volume in (2) is Zz 
aright prism with base dx dy and altitude z. 

ILLUSTRATIVE EXAMPLE 1. Find the volume 
bounded by the elliptic paraboloid 

(3) 4z2=16—4727? —y? 
and the XOY-plane. 


Solution. Solving (3) for z, we get 


(4) 2=4—277—fy?, 
Letting z = 0, we obtain 
(5) 4a? +4? = 16, os 


which is the equation of the perimeter of the base 
of the solid in the XOY-plane. Hence by (2), using RB 
the value of z in (4), 


2 p2V4—22 
(6) yaa if (4—2?—1 y?)\dydx=16 7. Ans. 


The limits are taken for the area OAB of the ellipse (5) lying in the first quadrant. 


ILLUSTRATIVE EXAMPLE 2. Find the volume of the 
solid bounded by the paraboloid of revolution 


(7) x? + y? = az, 
the XOY-plane, and the cylinder 
(8) x? + y? =2 ax. 


Solution. Solving (7) for z, and finding the limits 
for the area of the base of the cylinder (8) in the XOY- 
plane, we get, using (2), 


2a V2ar— 2? 7? + 2 3 
=2 a eh ae 3 
V a f a dy de =5ma%. Ans. y 


For the area ONA (see figure), MN = V2 ax — x?, (solving (8) for y), andOA=2 a. 
These are the limits. 
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PROBLEMS 


/ 
1. Find by double integration the volume of one of the wedges cut 
from the cylinder x? + y? = r? by the planes z = 0 and z = mz. 


Ans. 2" 1 CP mas dy des = 2m 


2. Find the volume bounded by the cylindrical surface y? = 1 — x, 

oS Same z=, and the plane z = 0. Ae af Segeed dx dy = te: 
8. Find by double integration the volume of a tetrahedron bounded 

by the codrdinate planes and the plane = + oc. +-==1. Ans. an 
4, Find the volume in the first oe, phnnded by the cylinder 

<* at shal and. .he planes 4 = 0; 24= (0) 7'= x: Ans. 9. 
5. Find the volume in the first octant bounded by the surfaces y? = z, 

e+ 2—1,7=0,2z=0. Ans. 3%. 
6. Find the volume cut from a sphere of radius a by a right circular 
cylinder which has b as the radius of its base and whose axis passes through 
the center of the sphere. ees a fas (ah — 2. 


7. Find the volume in the first octant bounded by the surfaces y? = 2, 


etyt+z2=2,y=0,z=0. Ans. 44. 
8. Find the volume in the first octant bounded by the surfaces 
y+2=1,2+y=1,c=0,2=0. Ans. 5. 


_/ 9. Find the volume common to the two cylinders x? + y? =r? and 


=F 
oe" Ans. we 
10. Find the volume in the first octant bounded by the surfaces 
my? —22=—0,22+2-—2=0,y=0,2=0. Ans. 3. 


11. Compute the volume of a cylindrical column standing on the area 
common to the two parabolas « = y?, y = x? as base and cut off by the 
surface z=12+ y— x?. Ans. $2. 

12. Find the volume bounded by the following surfaces: y2=2-2x-+ 4, 
me e=1, z= 0. pee 143-V2_ 


15 
& 18. Find the volume bounded by the following surfaces: x? + y? = 4, 
z+y=3,2=0. AS eal ce Te 


* 14, Find the volume bounded by the surface (2 ie + (2)*+ (2)= 1 and 
the coérdinate planes. 


abe 
Ans. “90° 

15. Find the entire volume bounded by the surface xs + ye + a=a'. 
he A 4 7a? 


35 
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233. Directions for setting up a double integral. We shall now state 
a rule for forming the double integral which will give a required 
property. Applications are made in the following articles. For 
single integration the corresponding rule is given in Art. 156. 


First Step. Draw the curves which bound the region, or area, con- 
cerned. 

SECOND STEP. At any point P(x, y) within the area construct the 
rectangular element of area Az Ay. 

THIRD STEP. Work out the function f(x, y), which, when multiplied 
by Az Ay gives the required property for the rectangular element of area. 

FOURTH STEP. The required integral ts 


a5 f(x, y)dx dy 


taken over the given region or area. The order of integration and limits 
are determined in the same manner as in finding the area itself. 

234. Moment of area and centroids. This problem is treated in 
Art. 177 by single integration. Double integration is often more 
convenient. 

We follow the rule of the preceding article. The moments of area 
for the rectangular element of area are, respectively, ; 

x Ax Ay, with respect to OY, 
y Ax Ay, with respect to OX. 
Hence for the entire area, using the notation of Art. 177, we have 


(C) M.=| [ydxdy, M,=| {xaxay. 


The centroid of the area is given by 


in [Mpg = AM 
1) Fe 5 rere tee Scene 
area area 


In (C) the integrals give the values of the 
functions 


f@y=y and f(z, y)=z, 
respectively, taken over the area. 
For an area bounded by a curve, the z-axis, and two ordinates 
(the ‘‘area under a curve”), we derive from (C) 


b ia) 
(1) Me= fo [Vudyae=3 [ yrax, 
a 0 a 
b y b 
My=[- [“edyde= fi zyae. 
a 0 a 
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These agree with (2), Art. 177. Note that y in (1) is the ordinate 
of a point on the curve, and its value in terms of x must be found 
from the equation of the curve and substituted in the integrand be- 
fore integration. 

ILLUSTRATIVE EXAMPLE. Find the centroid of the area in the first quadrant 


bounded by the semicubical parabola y? = x3 and the 
straight line y = x. 


Solution. The order and the limits of integration 
were found in Illustrative Example 1, Art. 231. Hence, 
using (C), 


M, = ff Pvdedy = ["U' — vay = a. 


_ pire St oe all oes eee 
My=f J nde dy =} (y® — y?)dy = oy 


Since A =are 


a 
we have, from (D), =49=048, y=7%5 =0.42. Ans, 


235. Theorem of Pappus. A useful relation between centroids and 
volumes of solids of revolution is expressed in the following theorem : 


If a plane area is revolved about an Y P 
axis lying in its plane and not crossing itt, 
the volume of the solid of revolution thus 
generated is equal to the product of the 
plane area by the circumference described 


by its centroid. 


Proof. By (C), Art. 234, we have, for 
the area of the figure ACBDA, 


b Yo b ky 
a y, a ee 


if MP; =y1, MP2=ye2. Substitute for M, its value from (D), 
Art. 284, and multiply both members by 2 7. The result is 


( 


q b 
(2) 2ay-A=a{ y,2dr— mf Y,* Ag. 


The first term in the right-hand member is the volume of the solid 
of revolution generated by the area under the curve ADB (by (£), 
Art. 160). The second term is the volume of the solid of revolution 
generated by the area under the curve ACB. The difference is there- 
fore the volume of the solid generated by the area ACBDA. The 
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left-hand member is the product of the area by the circumference 
described by its centroid. Hence the theorem is proved. We write 
the result 

(8) Vesely Ay 

If two of the quantities V, 7, A are known, the other can be found 
by (8). 

ILLUSTRATIVE EXAMPLE. Find the centroid of the trapezoid OMPB of the 
figure by the Theorem of. Pappus. 


Solution. Area OMPB = 3(3 + 5)8 = 32. Revolving the figure about OX, the 
solid formed is a frustum of a cone of revolution. Hence, by (12), Art. 1, since 
G—on te Ont — os 


999 
V, = 8% (05 4-9 4 16) = O22 a. 
3 3 
; ae ES SES | 
Hence, by (38), Y= EN ak yee 2.04. 


Revolving the figure about OY, the volume generated 
is the difference of the volumes of the cylinder generated 
by OCPM and the cone generated by the triangle BCP. 


_ 128m _ 882 
Sena 


Hence 


Vy = 320 3 


Hence, by the theorem, == 
The centroid is (44, 2.04). Ans. 


PROBLEMS 


Find the centroid of the area bounded by each of the following curves: 


Se tec AO im Ha 

10: 4yi=3) 325 2) 4. Sia: 
WS ES), Ope See, 
12. y2=82, 2+ 4 — 6. 

139/24 ae Di 
14, 7= 60 — 22, y ==. 


1. y= 23, y= 42. (Area in first quadrant.) Ans. (4%, $4). 
KM 249=62—23, y=. (8, 5). 
“S.y=4e—273,y=22-3. (1, 2). 
KR 4.22=4y,27-2y7¥+4=0. (1, 3). 
5B.y=a?,2xe—y+38=0. (1, 4,0). 
6.y= x? -—2x-—3,y=6x—2x?-3. (2; Dy 
> 1y=2,x2+y=2,y¥=0. (First quadrant.) (32, Pr). 
8. y2=2,0+y=2, 7= 0. (x's, 44): 


(gh 24). 
(o> $5) 
(18 — 15) 
(2, — 4). 
(7545 0). 

($, 5). 


—** ¥; 
a. 
: oa 


3 
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1b ¢—4y—y?, y=. Ang. (42, 3) 


16.y=42—-—277,y=22-3. (1, 2). 

17.7=42,27-—y=4. (3, 1). 

18.y=2?-—22-3,y=62-2°-3. (Zo 4): 
piglet 427 —1,7+y7=—1. (0.585. 0.585). 


20. x? + y? = 32, y7 = 4 2. 
: pay — Ay 247+ y = 4, 
ay 22. 27 + y?—10¢+=0, x? =y. 
q fee —y,2y=—6 7 — 2”. 
24. c? + y3 =a. (Area in first quadrant.) 


a? 


3 + 5 — — me Zz. As sf 
26. 2! + yt = at, r=0, y=0 (2, 2) 
_ 26. Find the centroid of the area under one arch of the cycloid 
a z= a(b— sin 9), y= a(1 — cos @). rere (xa a) 
rs 6 is 
_ 27. Using the Theorem of Pappus, find the centroid of a semicircle. 
7 Ans. Distance from diameter = 


28. Using the Theorem of Pappus, find the centroid of the area of the 


llipse % + © = 1 which lies in the first quadrant. Ans, (42, 42). 
29. Using the Theorem of Pappus find the volume of the torus gen- 
erated by revolving the circle (x — b)* + y* = a7(b > a) about the y-axis. 
= Ans. 2 107b, 
30. A rectangle is revolved about an axis which lies in its plane and is 


Co 
Yl vm 
YMo“~Y >» 
WMA, 
es 


=—@ PLA 
Cy. 
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The point of application of P is called the center of fluid pressure. 
We wish to find the x-coérdinate of this point. 

To this end we use the principle of force moments. This may be 
stated thus: 

The sum of the turning moments of a system of parallel forces 
about an axis is equal to the turning moment of their resultant about 
this axis. 

Now the fluid pressure dP on the rectangular element EP is, by 
Art. 179, 


(2) dP = Wry Az. 


The turning moment of this force about the axis OY is the product 
of dP by its lever arm OF (= 2), or, using (2), 


(3) Turning moment of dP = x dP = Wx?y Az. 


Hence we have, for the entire turning moment for the distributed 
fluid pressure, 


b 
(4) Total turning moment = iy Way dz. 


But the turning moment of the resultant fluid pressure P is xoP. 
Hence 


b 
(5) toP = wf xy de. 


Solving for vo and using (1), we get the formula for the depth of the 
center of pressure 


b 
f x2dA 
(6) ge 


7) 
if zaa 


where dA = element of area = y dx. 

The denominator in (6) is the moment of area of ABCD with 
respect to OY (see Art. 177). The numerator is an integral not met 
with hitherto. It is called the moment of inertia of the area ABCD 
about OY. 

The letter J is commonly used for moment of inertia about an 
axis, and a subscript is attached to designate the axis. Thus (6) 
becomes 


(7) 0D) = Se 


’ 
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The usual notation for moment of inertia about an axis 1 is 


(8) li =[r ivy 


in which 
(9) r = distance of the element dA from the axis /. 


The problem of this article is one of many which lead to moments 
of inertia. In the following section the calculation of moments of 
inertia by double and single integration is explained. Applications 
are also given. 

237. Moment of inertia of an area. In mechanics the moment of 
inertia of an area about an axis is an important concept. The calcu- 
lation of moments of inertia will now be explained. We follow the 
rule of Art. 233. 

For the elementary rectangle PQ at 
P(«, y) the moment of inertia about OX 
is defined as 


(1) y? Ax Ay, 
and about the y-axis it is 
(2) CAG Ay, 


Then, if J, and J, are the corresponding moments of inertia for the 
entire area, we have (compare (8), Art. 236) 


(E) te: =| [yardy, 1y=| [Pax ay. 


The radii of gyration r, and r, are given by 
(F) re = ds = ly 


’ Ty = ° 
area area 
In (£) the functions whose integrals are taken over the area are, 
respectively, f(x, y) = y?, and f(x, y) = x?. 
Formulas (£) become simple for an area ‘“‘under a curve,” that is, 
an area bounded by a curve, the x-axis and two ordinates. Thus we 


obtain b py b 
3 ={! ir ody d= f y dx, 
a 0 a 
(3) ees b 
WP = if x? dy dx =f) x7y dx. 
a 0 a 


In these equations y is the ordinate of a point on the curve, and 
its value in terms of x must be found from the equation of this curve 
and substituted in the integrand. 


8 
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Formulas for moments of inertia J are written in the form 

(G) [=r 
where A = area and r = radius of gyration. Solving (F) for J, and I, 
will give this form. 

Dimensions. If the linear unit is 1 in., the moment of inertia 
has the dimensions in.*. By (Ff), r, and ry, are lengths, in inches. 


ILLUSTRATIVE EXAMPLE 1. Find J,, J,, and the corresponding radii of gyration 
for the area of Illustrative Example 1, Art. 231. 


Solution. Using the same order of integration and 
the same limits as before, we have, by (£), 


i@ =f" vdedy =f W@- y®)dy = py. 


ee vey PE WY PS Eales okey 
ta Redd wide dy =} (y? — y3)dy = aly. 


Since A = area = x, we find, by (F), 


rz = 0.48, ry = 0.53. Ans. : 


ILLUSTRATIVE EXAMPLE 2. Find J, and I, for the parabolic segment BOC in 
the figure. 


Solution. With the axes of codrdinates as drawn, the equation of the bounding 
parabola is : 
(4) y? =2 pe. 
Since B(a, 6) is a point on the curve, we get, by substitut- 
ing «=a, y=b in (4), b? =2 pa. Solving this equation for 
2 p and substituting its value in (4), we obtain 


©B (a,b) 


, bx _ ba? x 
(5) y= mi , OT y= ER 
az 


The moments of inertia for the area under the parab- 
ola OPB in the first quadrant will be half the required 
moments. Hence, using (3), and substituting the value of ‘ 
y from (5), we get Cc 


11.=} ee whde= Sab’, +. 1,= i ab? 
‘ pa fier Shae =F 0b, “Ty = 3 ad. 
For the area of the segment, we find 
SA= ade ny thde =F ab A=‘ab. 
Hence, by (F), 7:2= S = i O2anG mee E Ab?, 
Ty? =4= = d2,and. 9/, = 3 Aa. 


The results are in the form (G). Ans. 
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In the figure on page 324 the axis OY lies in the surface of the fluid. 
If we denote this axis in any figure by s, then the depth of the center 
of pressure, is by (7), Art. 286 


eer 

(6) vo = uM. = ie ’ 
if r; = radius of gyration about the axis s, 
and h; = depth of centroid below the axis s. 


ILLUSTRATIVE EXAMPLE 38. Find the depth of the center of pressure on the 
trapezoidal water gate of the figure. Compare Illustrative Example 2, Art. 179. 

Solution. Choose axes OX and OY as shown, and draw an elementary hori- 
zontal strip. Let the distance of this strip from the axis s at the water level be r. 
Then 

j—=—3—y, dA=2x dy. WATER LEVEL f 

Hence, by (8), Art. 236, and by the 
definition of moment of area (Art. 177), 
we have 


(7) TI, = frdA =/ — y)?22xdy, 


(8) M, =[rdA =e — y)2 x dy. 


The equation of AB is y=2x-—8. 
Solving this for x, substituting in (7) and (8), and integrating with limits y = 0, 
y =4, we obtain A 
I, =f (8 — u)*(8 + y)dy = 14294, 


M, = “(64 — y?)dy = 2842. 

Hence, by (7), Art. 236, x = 6.09. Ans. 

238. Polar moment of inertia. The moment of inertia of the ele- 
mentary rectangle PQ about the origin O is the product of the area 
and OP”, that is, 

(1) (2? + y?)Ax Ay. 

Hence, by Art. 233, for the entire area 


: (2) Io ={{@ + y?)dx dy. 


We may, however, write the right-hand 
member as the sum of two integrals, for 
(2) is clearly the same as 


(3) Io=| [22 dr dy + fy? de dy = e+ Ty 


Hence we have the following theorem : 


The moment of inertia of an area about the origin equals the sum of 
its moments of inertia about the x-axis and the y-axis. 


i: 
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PROBLEMS 


Find J,, I,, and Io for each of the areas described below. 


1. The semicircle which is to the right of the y-axis and which is 


bounded by x? + y? = r?. Ans. I= CN 


4 
2. The isosceles triangle of height h and base a whose vertices are 
(0, 0), (i, <), (n, — $). Ans. 1, =2" 
7 - 24 oer 
3. The right triangle whose vertices are (0, 0), (b, a), (0, 0). 
ANS let — Aas — Ab? 
oy 6. ae 
eee _ Ab ae 
4, The ellipse = ane 2 1b Ans. I,= mi 1B mi 
5. The area in the first quadrant bounded by y2 = 42, x =4, y=0. 
164A 48 A. 
FANS? si 5 = 7 
6. The area included between the ellipse ~ — Ete ae = 1 and the circle 
ee y2=2y. _ 19 A eee 
TANS sal y 30” Ty=30 
7. The area included between the ellipses = 7 + = = 1 andi += i 
5A 19 A 
TANS ela are i= err 
8. The area included between the circle x? + y2 = 16 and the circle 
v?+ (y+ 2)2?=1. 239 A _ dle 
ANS ale $0” l= re 
9. The area included between the circle x? + y? = 36 and the circle 
2 Dyes 
ean asa} ell Ans. ae 
10. The area between the circle x? + y? = 4 and the ellipse = 36 eh v= = 
23 A 53 A. 
Ans. 1 5 ey Iy= = 5 


11. The entire area bounded by «?+y?=a3. Ans. I,= i= ie 


“12. Find the depth of the center of pressure on a triangular water 
gate having its vertex below the base, which is horizontal and on a level 
with the surface of the water. 


) 


13. Find the depth of the center of pressure on a rectangular water 
gate 8 ft. wide and 4 ft. deep when the level of the water is 5 ft. above 
the top of the gate. Ans. 7.05 ft. below the surface of the water. 
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— 14, Find the depth of the center of pressure on the end of a horizontal 
cylindrical oil tank of diameter 5 ft. when the depth of oil is (a) 2.5 ft.; 


(b) 4 ft.; (ce) 6 ft. 1567 


Ans. (a) >5—- = 1.47 ft.; (b) approximately 2.4 ft. ; 


239. Polar codrdinates. Plane area. When the equations of the 
curves bounding an area are given in polar codrdinates, certain modi- 
fications are necessary. 

The area is now divided into elementary portions, as follows: 

Draw ares of circles with the common center O with successive 
radii differing by Ap. Thus, in Fig. 1, OP = p, OS=p+Ap. Then 


Fic. 1 Fic. 2 


draw radial lines from O such that the angle between any two con- 
secutive lines is the same and equal to A@. Thus, in Fig. 1, angle 
POR = Aé. 

The area will now contain a large number of rectangular portions, 
such as PSQR in Fig. 1. 

Let PSQR = AA. Now AA is the difference of the areas of the 
cireular sectors POR and SOQ. Hence 


(1) AA = 3(p + Ap)? A8— 4 p? AO = pApAd+4 Ap?Ad. 


The function f(x, y) of Art. 230 is to be replaced by a function 
using polar codrdinates. .Let this be F(p, @). Then, proceeding as 
in Art. 230, we choose a point (p, @) of AA, form the product 


F(p, 0)AA 


for each AA within the region S, add these products, and finally let 
Ap — 0 and A@ — 0. It is shown in more advanced treatises that 
AA may be replaced by the first term of the right-hand member of 
(1) when this limit is taken. We now write (compare (1), Art. 230) 


@) lim DY Fo, )pApAe=[[F%o, Bedpas, 
Ss 


Aée-=0 
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and eall it the double integral of the function F(p, 0) taken over the 
region S. 

A discussion of (2) analogous to that in Art. 229 proves that this 
double integral is computed by successive integration. 

The simplest case of (2) is that of finding the area of the region S. 
We then have 


(A) A=|{pdpaa=[ pdé dp. 


These are easily remembered if we think of the elements (checks) 
as being rectangles with dimensions p d@ and dp, and hence of area 
p dé dp. 

The figures below illustrate, in a general way, the difference in 
the processes indicated by the two integrals. : 


In the first, we integrate first with respect to p, since dp precedes 
dé, keeping @ constant. This process will cover the radial strip KGHL 
in Fig. 2, p. 475. The limits for p are p= OG and p= OH, found 
by solving the equation (or equations) of the bounding curve (or 
curves) for p in terms of 0. Then integrate varying 0, the limits 
peng 6 =" 2. JOxK- and ¢@ =z fOX, 

The second integral in (2) is worked out by integrating with re- 
spect to 6, p remaining constant. This step covers the circular strip 
ABCD in Fig. 1, p. 475, between two consecutive circular arcs. 
Then integrate varying p. 

When the area is bounded by a curve and two of its radii vectores 
(area swept over by the radius vector), we obtain from the first form 


) B fP B 
a=[- [pdpao=3 02d8, 
a 0 a 


which agrees with (D), Art. 159. 
Double integrals in polar codrdinates have one of the forms 


(3) if hp Hin Opa daar if fi ip Opa 
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ILLUSTRATIVE EXAMPLE 1. Find the limits for the double integral giving some 
required property related to the area inside the circle p = 2 r cos @ and outside the 
circle p=r. 

Solution. The points of intersection are 
A(r, 3)’ and Bir, —- 4): Use the first form 
in (8). 

The limits for p are 

a UG =, 
p=OH =2rcos0; 


for 6 they are A and — oe Ans. 


ILLUSTRATIVE EXAMPLE 2. Find the area inside the circle p=2rcos@ and 
outside the circle p =r. 


Solution. From Illustrative Example 1 above, we have 


. 2rcosé@ 3 
= = 2 eos2 = 72(2 1 = 2. 2) ¥ 
A ee, pdp dé ee os? 6. d0 = r2(2 ar +3V3) 96 r2. Ans 
3 3 


240. Problems using polar codrdinates. There should now be no 
difficulty in establishing the following formulas: 


(1) Mes fi o@sin 6 dod. 

(2) a f fi Pache bide ge. 
(3) Le fi oP sin? O.dp dd. 
(4) ie fi 0® cos? dp dé. 
(5) ee df fi o8dp dé. 


The order of the differentials will have to be changed if integration 
with respect to 6 is performed first. 

ILLUSTRATIVE EXAMPLE 1. On account of important applications the moments 
of inertia of a circle are now worked out. 


Let a =radius. Then, by (5), the polar moment 
of inertia with respect to the center is 


20 4 
6) To= f."| f°" a0] or ap = 2 =F 0°, 


where A = area of the circle. 
Also, since I, =I,, by symmetry, we have, by (3), 
Art. 238, a 


1 


alo 


a’, 


g 
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In words: The polar moment of inertia of a circle with respect to its center equals 
the product of half the area and the square of the radius; the polar moment of inertia 
with respect to any diameter equals the product of one fourth the area and the square 
of the radius. 

ILLUSTRATIVE EXAMPLE 2. Find the centroid of a loop of the lemniscate 

p? = a? cos 2 0. 


Solution. Since OX is an axis of symmetry, we 


neve y ee Ue av cos 20 
14= =f" “4: pdpdo 
=Sf? “cos 2 0.49 = = 
4M,={*" ree p? cos 9dpd6=4a 2” (cog 20) cos 6 d0. 
2 =? if p af (cos 2 8) 
=50f*" (1 — 2 sin? 6)? cos 6 d@ by (5), Art. 2 
ea T 
——— 2 = tes GES 
5 oo (1 2*)t de(if sin 9 = 3 V2) = 35 aV2. 
Hence Z= My =F av2 = 0.55.4. Ans. 


ILLUSTRATIVE EXAMPLE 3. Find Ip over the region bounded by the circle 
p=2 7 cos 0. 


Solution. Summing up for the elements in 
the triangular-shaped strip OP, the p-limits 
are zero and 2 r cos @ (found from the equation 
of the circle). 

Summing up for all such strips, the 6-limits 9 


are 5 and = Hence, by (5), 


2 2rcosé 3 mrt 
= 32 dp d@ =-———- Ans 
Io (per p° ap 2 


E 


Or, summing up first for the elements in a circular strip (as QR), we have 


ie Sf Jaiee + pido dp = amr. pee? 
—arecos& 
2r 
PROBLEMS 


i= as vee 


2. Find the area which is inside the circle p = 3 cos 6 and outsi d 
circle p = 3. Ans, 32248 


— >! 
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3. Find the area which is inside the circle p = 3 cos 6 and outside the 
circle p = cos @. Ans. 2 1. 
_—— 4. Find the area inside the cardioid p = 1 + cos 8 and to the right of 


the line 4 pcos 0 =3. ee 9V3. 
5. Find the area which is inside the cardioid p = 1+ cos 6 and outside 

the circle p = 1. CRN ie wee 
——~ 6. Find the area which is inside the circle p =1 and outside the cardi- 
oid p=1+ cos 6. wees 2-4. 
7. Find the area which is inside the circle p = 3 cos 6 and outside the 
eardioid p= 1+ cos 0. Ans. 7. 
— §. Find the area which is inside the circle p =1 and outside the parab- 
ola p(1 + cos 6) = 1. er 2 z = 2 
9. Find the area which is inside the cardioid p =1+ cos6 and ee 

the parabola p(1 + cos #) = 1. ee, in 4 -s 
__—* 10. Find the area which is inside the circle p = cos 9 + sin 9 out- 
aide the circle p = 1. Ans. 4. 
11. Find the area which is inside the circle p = sin 9 and outside the 
cardioid p = 1 — cos @. ere xe z. 
___ 12. Find the area which is inside the lemniscate p? = 2 a? cos 2 6 and 
outside the circle p = a. Ans. 0.684 a?. 
13. Find the area which is inside the cardioid p= 4(1+ cos 4) and 
outside the parabola p(1 — cos #) = 3. Ans. 5.504. 


_-— 4, Find the area which is inside the circle p = 2 a cos 9 and outside 
the circle p=a. Find the centroid of the area and I, and I,. 


Ans. a=(2433)ar, % 4(9-V3 — na, 


A men 


- “ m+ bane 3) 
3Vv3 ee 
t= (5 +298), 1 =(82 v3) at 
15. Find the centroid of the area bounded by the sti 5a 
p=a(1+ cos 8). Ans. z=73. 
__-—™ 16. Find the centroid of the area bounded by a loop of the curve 
p=acos 2 6. r 128g 
eo ee err 7 
105 7 
17. Find the centroid of the area bounded by a loop of the curve 
p=acos3 6. Lone _ 81V3 a, 


80 7 
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‘18. Find I, for the lemniseate p?=a?cos2 6. Ans. 4 (8 7 + 8)a?. 
19. Find J, for the cardioid p = a(1 + cos @). 
* 20. Find J, and J, for one loop of the curve p = a cos 2 @. 


241. General method for finding the areas of curved surfaces. The 
method given in Art. 164 for finding the area of a surface applied 
only to surfaces of revolution. We shall now give a more general 
method. Let 

(1) a= f(x, y) 
be the equation of the surface KL in the figure, and suppose it is 
required to calculate the area of the region S’ lying on the surface. 

Denote by S the region on the XOY-plane which is the orthogonal 
projection of S’ on that plane. Now pass planes parallel to YOZ and 
XOZ at common distances 
Ax and Ay respectively. As 
in Art. 229, these planes form 
truncated prisms (as PB) 
bounded at the top by a 
portion (as PQ) of the given 
surface whose projection on 
the XO Y-plane isa rectangle 
of area Av Ay (as AB). This 
rectanglealso forms the lower 
base of the prism. The coér- 
dinates of P are (a, y, 2). 

Now consider the plane 
tangent to the surface KL 
at P. Evidently the same rectangle AB is the projection on the 
XOY-plane of that portion of the tangent plane (PR) which is in- 
tercepted by the prism PB. Assuming y as the angle the tangent 
plane makes with the XOY-plane, we have 


Area AB = area PR - cos jy, 


The projection of a plane area upon a second plane is equal to the area of the 
ene projected multiplied by the cosine of the angle between the plaaeal 


or Ay Ax = area PR - cos y. 


Now y is equal to the angle between OZ and a line from O per- 
pendicular to the tangent plane. Hence from (H), Art. 222, and (2) 
and (8), Art. 4, we have 


cos Y = 


i 


rerey 


my 
> Va 
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hence Ay Dest 
0z\?]? 
eae =) + (3) | 
or Area PR = E +(2) Lu eal i Ay Az, 


which we take as the element of area of the region S’.. We then define 
the area of the region S’ as 


Jim, [1 +35) + (Ze) | a0 


the summation pecans over the region S, asin Art. 230. Denoting + 
by A the area of the region S’, we have 


oan ff ls) Goan 


the limits of we. depending on the projection on the XOY-plane 

of the region whose area we wish to calculate. Thus, for (I) we choose 

our limits from the boundary curve or curves of the region S in the 

XOY-plane precisely as we have been doing in the previous sections. 
Before integrating, the expression 


cz)" Oz 2 

; oe i (ah 

must be reduced to a function of x and y only, by using the equation 
of the curved surface on which the area lies. 


If it is more convenient to project the required area on the XOZ- 
plane, use the formula 


o aff Gel ey face 


where the limits are ious from the boundary of the region S, which 
is now the projection of the required area on the XOZ-plane. 


Similarly, we may use ", 


wm aff p+Q)+Gefleem = J/loty7 41 


the limits being found a the projection of the required area on the 
YOZ-plane. 

In some problems it is required to find the area of a portion of one 
surface intercepted by a second surface. In such cases the partial 
derivatives required for substitution in the formula should be found 
from the equation of the surface whose partial area is wi 


MANNA , low ; 


“ag saa m0 


4 


/ \ 
j \ @ 
; > om | 
¢ 


Ht) 
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Since the limits are found by projecting the required area on one 
of the coordinate planes, it should be remembered that 


To find the projection of the area required on the XOY-plane, elimi- 
nate z between the equations of the surfaces whose intersections form the 
boundary of the area. 

Similarly, we eliminate y to find the projection on the XOZ-plane, and 
x to find it on the YOZ-plane. 


This area of a curved surface gives a further illustration of inte- 
gration of a function over a given area. Thus in (J) we integrate the 


function Bed 
0z\? 2\? 
[1+ (2) + Ga) | 
over the projection of the required curved surface on the XO Y-plane. 
As remarked above, (J) and (K) must be reduced to 


[ {se z)dzdx and [fie z)dy dz 


respectively, by means of the equation of the surface on which the 
required curved surface lies. 


ILLUSTRATIVE EXAMPLE 1. Find the area of the surface of the sphere 


ee + y2+22= 72 
by double integration. 


Solution. Let ABC in the figure be one eighth of the surface of the sphere. Here 


Oz \2 Oz \2 xe y? ao? + y2 4+ 2? 2 
d 1 as al — —S- = — Ss 
ne - (5) 3 (a) me zt 2 2? fe ae 


The projection of the area required on the XOY-plane is AOB, a region bounded 
bye 05103) Eg = 0) (SO AN yz BA 

Integrating first with respect to y, we sum up all the elements along a strip (as 
DEGF) which is also projected on the XOY-plane 
in a strip (as MNGF); that is, our y-limits are 
zero and MF(= Vr2—22). Then integrating with 
respect to x sums up all such strips composing the 
surface ABC; that is, our z-limits are zero and 
OA(=r). Substituting in (), we get 


Seip rdyd j 
8 4 0 V7? — 2? — y? 
ens 
= 
or A=4 ar. Ans. 
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ILLUSTRATIVE EXAMPLE 2. The center of a a of radius r is on the surface 


of a right cylinder, the radius of whose base is = Find the surface of the cylinder 
intercepted by the sphere. 


Solution. Taking the origin at the center of the sphere, an element of the cylin- 
der for the z-axis, and a diameter of a right section of the cylinder for the x-axis, the 
equation of the sphere is 


4+ 2272, 
and of the cylinder «#?+ y2=rz. 


ODAPB is evidently one fourth of the cylindrical 
surface required. Since this area projects into the 
semicircular are ODA on the XOY-plane, there is 
no region S from which to determine our limits 
in this plane; hence we shall project our area on, 
say, the XOZ-plane. Then the region S over 
which we integrate is OACB, which is bounded 
bDyag—On—OA), x = 0 (—OB), and 22 +712 = 7? 
(= ACB), the last equation being found by elim- 
inating y between the equations of the two sur- 
faces. Integrating first with respect to z means that we sum up all the elements in 
a vertical strip (as PD), the z-limits being zero and V7? — rx. Then, on integrating 
with respect to x, we sum up all such strips, the x-limits being zero and r. 

Since the required surface lies on the cylinder, the partial derivatives required 
for formula (J) must be found from the equation of the cylinder. 


dy ot = 22) Oy 


ne Oxy Oz 


Substituting in (J), 
Ale r (NVr2—rze 7 —22\212 
ca he [1 +( oy i 


Substituting the value of y in terms of « from the equation of the cylinder, 
rpNr—re  dzdx _ NE Vit = re 4, r 

A=2 =2r =—2r se ae 

Sd, Vix — x? ap A eee i had hy 


PROBLEMS 


1. In the preceding example find the surface of the sphere intercepted 
by the cylinder. PEO rf 4 Vra— 2? —e. Se OT ee 


2. The axes of two equal right circular De eae r being the radius 
of their bases, intersect at right angles. Find the surface of one inter- 
cepted by the other. 


Hint. Take «? + 22 =r? and x? + y? =r? as the equations of the cylinders. 


Nf pen 
Ans. arf f ; _—_. 
r2 — x? 
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3. Find the area of that portion of the sphere x? + y? + 2? = 2 ay cut 


out by one nappe of the cone x? + 27 = y?. ANS. -2e7G, 
4. Find the surface of the cylinder x? + y? = r? included between the 
plane z = mx and the XOY-plane. Ans. 4 r?m. 


5. Find the area of that part of the plane > ie A = 1 which is in- 


eee b 
tercepted by the codrdinate planes. yee st Vb%? + 8a? + ab, 


6. Find the area of the portion of the sphere x? + y? + 2? = 2 ay which 
lies within the paraboloid by = x? + 2?. Ans. 2 mab. 

7. In the preceding example find the area of the portion of the pa- 
raboloid which lies within the sphere. 

8. Find the area of the surface of the paraboloid y? + 2? = 4 az in- 
tercepted by the parabolic cylinder y? = ax and the plane x = 38 a. 

Ans. 58 za?. 

9. In the preceding problem find the area of the surface of the cylinder 
, ; ‘ 
intercepted by the paraboloid and plane. vrs (1i3ViB ~ He : 


10. Find the surface of the cylinder z2 + (x cos a+ y sin a)? = r? which 
is situated in the positive compartment of codrdinates. 

Hint. The axis of this cylinder is the linez =0, xcosa+ysina=0; and the 
radius of the base is r. r2 

Ans. = 
sin a cosa 

11. Find the area of that portion of the surface of the cylinder 
ye+e= a bounded by a curve whose projection on the XY-plane is 
x + ys = as. Ans. 12 a?. 

12. Find by integration the area of that portion of the surface of the 
sphere x2 + y? + 2? = 100 which lies between the parallel planes x = — 8 
‘and = 6. 


242. Volumes found by triple integration. In many cases the vol- 
ume of a solid bounded by surfaces whose equations are given may 
be calculated by means of three successive integrations, the process — 
being merely an extension of the methods employed in the preceding 
articles of this chapter (see also Art. 232). 

Suppose the solid in question is divided by planes parallel to the 
coordinate planes into rectangular parallelepipeds having the dimen- 
sions Az, Ay, Ax. The volume of one of these parallelepipeds is 

Az - Ay - Az, 
and we choose it as the element of volume. 

Now sum up all such elements within the region R bounded by 
the given surfaces by first summing up all the elements in a column 
parallel to one of the codrdinate axes, then summing up all such 
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columns in a slice parallel to one of the codrdinate planes containing 
that axis, and finally summing up all such slices within the region in 
question. The volume V of the solid will then be the limit of this 
triple sum as Az, ais Az each approach zero as a limit. That is, 


(1) = lim p> > Az Ay Az, 


Ax 0 
Ay 0 
Az 0 
the summations being extended over the entire region R bounded by 


the given surfaces. This limit is denoted by 


(LZ) v= [ff acdyax. 
R 


By extension of the principle of Art. 230, we speak of (L) as the 
result of integrating the function f(x, y, z) =1 throughout a given 
region. More generally, many problems require the integration of a 
variable function of x, y, and z throughout a given region, this being 
expressed by the notation 


(2) ri uy f(a, y, 2)dz dy da, 
R 


which is, of course, the limit of a triple sum analogous to the double 
sums we have already discussed. 

In more advanced treatises it is shown that the triple integral (2) 
is evaluated by successive integration. The limits are found in the 
same manner as for (L). 


ILLUSTRATIVE EXAMPLE 1. Find the volume of that portion of the ellipsoid 


which lies in the first octant. 


Solution. Let O-ABC be that portion of the 
~ ellipsoid whose volume is required, the equations 
of the bounding suriaces being 


@)  54+%+5=1(=AB0), 
(4) 2=0 (=OAB), 
(5) y=0 (=OAC), 
(6) £—0i(— OBC): 


PQ is an element, being one of the rectangular parallelepipeds with dimensions 
Az, Ay, Ax into which the planes parallel to the codrdinate planes have divided the 
region. 

Integrating first with respect to z, we sum up all such loments. in a column 
(as RS), the z-limits being zero (from (4)) and TR=c | 1— = =e 2 (from (3) by 
solving for z). e 


~~ 
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Integrating next with respect to y, we sum up all such columns in a slice (as 
2 
DEMNGE), the y-limits being zero ie (5)) and MG=b yi - e (from the equa- 
be : . * . 
Lastly, integrating with respect to x, we sum up all such slices within the entire 
region O-ABC, the x-limits being zero (from (6)) and OA =a. 


Hence V =f" s a if a o 


tion of the curve AGB, namely ~ = + Y — = 1, by solving for y). 


Therefore the volume of the entire ellipsoid is fas 


ILLUSTRATIVE EXAMPLE 2. Find the volume of the solid bounded by the surfaces 

(7) e=4—x2 1 y, 

(8) 2=82? +4 2, 

Solution. The surfaces are the elliptic paraboloids of 
the figure. Eliminating z between (7) and (8), we find 

(9) Agre+ i y=, 
which is the equation of the cylinder ABCD (see figure) 
that passes through the curve of intersection of (7) and 
(8) and has its elements parallel to OZ. 

We have 

DN onli Spey 
(a) v4 f Fe Sr ie ea? dy dy de. 
3a2%+hy? 

The limits are found as follows: ; 

Integrating with respect to z, we sum up the elements of volume dzdydax in 
a column of base dy dx from the surface (8) to the surface (7) (MP to MQ in figure). 
The limits for z are, then, given by the right-hand members in these equations. 

Thus we find 


1 p2V2(—2?2) ate 
(11) veal fi (4 —4 a2 —1 y?)dy de. 
The limits on this double integral are those for the region OAB, the portion of 


the area of the base of the cylinder (9) which lies in the first quadrant. Working 
out (11), we find V =4 rV2=17.77 cubic units. Ans. 


PROBLEMS 
1. Find by triple integration the volume of the tetrahedron bounded 
by the codrdinate planes and the plane = eg dare +2=1. Ans. on : 
2. Find by triple integration the eis ener by the paraboloid 
y?+22=x2+4+1 and the plane x = 0. Age z. 
3. Find by triple integration the volume in the first octant bounded , 
by the surfaces +? + z2=1, y2+z2=1,7=0,¥y=0,z=0. Ans. 4. 
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4. Find the volume of one of the wedges cut from the cylinder 
x? + y2=r? by the planes z=0 and z= a 
Max 2 r3m 
Ans. 2 dz dy dx = . 
ff fo de dy de = 2 
5. The center of a sphere of radius r is on the surface of a right cir- 


cular cylinder the radius of whose base is x Find the volume of the por- 


tion of the cylinder intercepted by the sphere. Ans. #(4 — $)r°. 
6. Find the volume bounded by the hyperbolic paraboloid cz = xy, 

the XOY-plane, and the planes x = a, x = a2, y = bi, y = dr. 

(2? — a1?) (bo? — br?) _ 


Ans. re 
7. Find the volume common to the paraboloid y2+22=4 az and 
the cylinder x? + y? = 2 az. Ans. 2 7a’ + 18 g3, 


8. Find the volume included between the paraboloid y? + 22 = 4 az, 
the parabolic cylinder y? = ax, and the plane x = 3 a. 
Ans. (6 r+ 9V3)a’3. 
9. Find the volume bounded by the coérdinate planes and the sur- 
face x? + ye +2 =a’. 

10. Compute the volume of a cylindrical column standing on the area 
common to the two parabolas + = y?, y = x? as base and cut off by the 
surface z= 12+ y — x?. 

11. Find the volume bounded by z=2?+2y?,2+y=1, and the 
codrdinate planes. 4) 

12. Given a right circular cylinder of altitude a and radius of base r. 
Through a diameter of the upper base pass two planes which touch the 
lower base on opposite sides. Find the volume of the cylinder included 
between the two planes. Ans. (a — $)ar?. 

13. In cylindrical codrdinates* the volume of a solid is given by the 
triple integral J if is pdpd@édz. Use this to calculate the volume of a 
cone of radius 2 and altitude 3. Ans. 4 7. 

14. Use cylindrical coérdinates* to calculate the volume of a parab- 
oloid of revolution, the radius of the base and the altitude each being 
2 units. Ans. 47. 

15. In spherical codrdinates* the volume of a solid is given by the triple 


integral if af ir p?sin dé d¢dp. Use this integral to find the volume of a 
sphere. (The limits for } V are (0, t), (0, z), and (0, r) respectively.) 
16. Use spherical coérdinates* to find the part cut from a circular cone 


of 60° vertex angle by a sphere of radius 6in. The vertex of the cone 
is at the center of the sphere. Ans. 60.62 cu. in. 


* For a discussion of cylindrical and spherical coérdinates see Smith, Gale, and 
Neelley’s ““New Analytic Geometry” (Ginn and Company), pp. 320-322, 


CHAPTER XXV 
INTEGRAPH. POLAR PLANIMETER 


243. Mechanical integration. We have seen that the determination 
of the area bounded by a curve C whose equation is 


y = f(x) 


and the evaluation of the definite integral 


[fede 


are equivalent problems. 

Hitherto we have regarded the relation between the variables x 
and y as given by analytical formulas and have applied analytic 
methods in obtaining the integrals required. If, however, the rela- 
tion between the variables is given, not analytically, but, as fre- 
quently is the case in physical investigations, graphically, that is, by 
a curve,* the analytic method is inapplicable unless the exact or ap- 
proximate equation of the curve can be obtained. It is, however, 
possible to determine the area bounded by a curve, whether we know 
its equation or not, by means of mechanical devices. We shall con- 
sider the construction, theory, and use of two such devices, namely, 
the integraph, invented by Abdank-Abakanowicz,{ and the polar 
planimeter. Before proceeding with the discussion of the integraph 
it is necessary to take up the study of zntegral curves. 

244. Integral curves. If F(x) and f(x) are two functions so related 
that 


d 
(1) +, Fe) = fo), 
then the curve 
(2) y = F(x) 
is called an integral curve of the curve 
(3) y =f(x).t 


* For instance, the record made by a registering thermometer, a steam-engine indicator, 
or certain testing machines. 

+ See Abdank-Abakanowicz’s ‘“‘Les Intégraphes; la courbe intégrale et ses applica- 
tions’’ (Paris, 1889). 

t This curve is sometimes called the original curve. 
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The name “integral curve” is due to the fact that, as is seen 
from (3), the same relation between the functions may be expressed 
as follows: 


(4) ip ‘f(@de = F(2). (F(0) = 0) 


Let us draw an original curve and a corresponding integral curve in 
such a way as easily to compare their corresponding points. 


R 


Integral curve 


y = F(x) | 
ve 
Original curve 
y = f(z) x’ 
<< 


To find an expression for the shaded portion (O’M’P’) of the area 
- under the original curve we substitute in (B), Art. 145, giving 


Area O’M'P’ = ff@ax. 
But from (4) this becomes 


Area O/M'P' = f "'f(x)de = [F(#) =n, = F(t1) = MP.* 


Theorem. For the same abscissa x, the number giving the length of the 
ordinate of the integral curve (2) is the same as the number that gives the area 
between the original curve, the axes, and the ordinate corresponding to this 
abscissa. 


The student should also observe that 
(a) For the same abscissa x; the number giving the slope of the inte- 
gral curve is the same as the number giving the length of the correspond- 


* When «a1 = O'R’, the positive area O’M’R’P’ is represented by the maximum ordi- 
nate NR. To the right of R’ the area is below the x-axis and therefore negative; con- 
sequently the ordinates of the integral curve, which represent the algebraic sum of the 
areas inclosed, will decrease in passing from R’ to T’, 

The most general integral curve is of the form 


y = F(a) + C, 


_in which case the difference of the ordinates for x = 0 and x = 2 gives the area under the 
original curve. In the integral curve drawn C = F(0) = 0; that is, the general integral curve 
is obtained if this integral curve be displaced the distance C parallel to OY. 
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ing ordinate of the original curve (from (3)). Hence (8) is sometimes 
called the curve of slopes of (2). In the figure we see that at points O, R, 
T, V, where the integral curve is parallel to OX, the corresponding points 
0’, R’, T’, V’ on the original curve have zero ordinates, and corresponding to 
the point W the original curve is discontinuous. 

(b) Corresponding to points of inflection 
Q, S, U on the integral curve we have maxi- 
mum or minimum ordinates to the original 
curve. 


. d (x® ao 
For example, since a z) Bist 
it follows that ‘ 
a 
(5) y= 
is an integral curve of the parabola 
2 
(6) wes oe 
° sae Pte! oe = 13 
Since, from (6), Area OM, P, =)) 3 — 9 


, ets 
and, from (5), Whee = core 


pts) 
it is seen that at indicates the number of linear units in the ordinate 


M,P’; and also the number of units of area in the shaded area OM, Pi. . 


. dy _ 2? _ mn, 
Also since, from (5), aye we caniqe= 3 
and, from (6), M,P; = aa 
v1? 


it is seen that the same number indicates the length of ordinate MP, 


3 


and the slope of the tangent at P’. 
Evidently the origin is a point of inflection of the integral curve and 
a point with minimum ordinate on the original curve. 


245. The integraph. The theory of this instrument is exceedingly 
simple and depends on the relation between the given curve and 
a corresponding integral curve. 


The instrument is constructed as follows: A rectangular carriage C 
moves on rollers over the plane in a direction parallel to the x-axis of the 


curve 
y = f(x). 


Two sides of the carriage are parallel to the x-axis; the other two, of 
course, are perpendicular to it. Along one of these perpendicular sides 
moves a small carriage C; bearing the tracing point 7, and along the 
other a small carriage C2, bearing a frame F, which can revolve about an 
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axis perpendicular to the surface and which carries the sharp-edged 

disk D, to the plane of which it is perpendicular. A stud S; is fixed in the 

carriage C, so as to be at the same distance from the z-axis as is the 

tracing point T. A second stud S2 is set in a crossbar of the main carriage C 

so as to be on the x- ; 

axis. A split ruler R i . 

joins these two studs | ll ; 

and slides upon them. Y | |Z SOC RE --! I) 

A crosshead H slides 4 LY | NA 

upon this ruler and is = a ca! t| { \9 

joined to the frame F G SKC] RA BAK 

by a parallelogram. yt dT SH \ . 
The essential part 0) | yey) 

of the instrument con- 

sists of the sharp-edged | 

disk D, which moves 

under pressure over a 

smooth plane surface C 

(paper). This disk Ty 

will not slide, and °* 

hence as it rolls must always move along a path the tangent to which at 

every point is the trace of the plane of the disk. If now this disk is caused 

to move, it isevident from the figure that the construction of the machine 

insures that the plane of the disk D shall be parallel to the ruler R. But 

if a is the distance between the ordinates through the studs S;, Se, and 

T is the angle made by R (and therefore also the plane of the disk) with the 

x-axis, we have 


oe a RO a 


b 


(1) tant = = 
and if y= F (x’) 
is the curve traced by the point of contact of the disk, we have 
_ dy’ 
(2) tan : ae 
dy’ _¥ 
Comparing (1) and (2), cca 
ae. el! wk Pre 
(3) y == fydx== { fe)dx = F@')-4 
That is (dropping the primes), the curve 
y = F(x) 
is an integral curve of the curve 
1 
(4) y=- =e (x). 
* Since x = x’ + d, where d = width of machine, and therefore dy" — ae dy 


dx’ =s Gx’ dx 
+ It is assumed that the instrument is so constructed that the abscissas of any two 
orresponding points of the two curves differ only by a constant; hence x is a function 
of x’. 
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The factor * evidently fixes merely the scale to which the integral 


curve is drawn, and does not affect its form. 

A pencil or pen is attached to the carriage C2 in order to draw the 
curve y = F(x). Displacing the disk D before tracing the original curve 
is equivalent to changing the constant of integration. 


246. Polar planimeter. This is an instrument for measuring areas 
mechanically. Before describing the machine we shall take up the 
theory on which it is based. 


247. Calculation of the area 
swept over by a moving line of 
constant length. Consider the area 
ABQB'A'’PA swept over by the 
line AB of constant length J. Let 
PQ and P’Q’ be consecutive posi- 
tions of theline, d0 = angle POP’ = 
change in direction of PQ, and 
ds = circular are described about 
O by the middle point FR of the line. 
Using differentials, we have 


Area of 0QQ’ = 4 0Q’ dé,* 
Area of OPP’ = 4 OP’ dé. 
.. Area of PQQ’P’ = 4 0Q? dd — 4 OP’ dé 
— 1109 + oP)(0Q — op)dé 


Lat] 


Ol OW 

=) (ONC Ki) > Laks: 
Summing up all such elements, 
(1) Area ABQB’A’PA Sf ldext fds =e 


where s = displacement of the center of the line in a direction always per- 
pendicular to the line.} To find s, let the line be replaced by a rod having 
a small wheel at the center R, the rod being the axis of the wheel. Now 
as the rod is moved horizontally over the surface (paper), the wheel will, 
in general, both slide and rotate. Evidently 
s = distance it rolls 
= circumference of wheel X number of revolutions. 

(2) Saha) CAVULACS 
where r = radius of wheel, and » = number of revolutions. 

Substituting (2) in (1), we get 


(8) Area swept over = 2 rrln. 
* Area of circular sector = 4 radius x are = 4 0Q:0Qda=} 0Q? dé. 


{ It should be observed that s will not be the length of the path described by the cones 
R unless AA’ and BB’ are the ares of cireles with the center at O. 


ay 
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So far we have tacitly assumed that the areas were swept over always 
in the same direction. It is easy to see, however, that the results hold 
true without any such restriction, pro- 
vided areas are taken as positive or B! 
negative according as they are swept 
over toward the side of the line on 
which ds is taken positive, or the 
reverse. Choose signs as indicated in 
the figure. If the line AB finally re- 
turns to its original position, A and B sia 
having described closed curves, it is evi- ~< 
dent that the formula above will give 
(taking account of signs) the excess of 
the area inclosed by the path of B over 
that inclosed by the path of A. 

For 


Positive area = ABQB’A'’PA = ABDB’'A'PA + closed curve BQB’DB, 
Negative area = B’A’CABDB’ = ABDB’'A’PA+ closed curve APA’CA. 


Finding the difference, we have 
Net area = closed curve BQB’DB — closed curve APA'CA. 


Now if the area of one of these closed curves (as APA’CA) is zero, 
that is, A keeps to the same path both going and returning, the area swept 
over by the line will equal the area of the 
closed curve BQB'DB. 

A simple and widely used type of polar 
planimeter was invented by Amsler, of 
Schaffhausen, in 1854. This consists es- 
sentially of two bars, OA and AB, freely 
jointed at A, OA rotating about a fixed 
point O and AB being the axis of a wheel 
situated at its center R, and having a trac- 
ing point at B. Now if the tracing point 
completely describes the closed curve, A will oscillate to and fro along an 
are of a circle (as CD), describing a contour of zero area. Hence the area 
swept over by the bar AB exactly equals the area of the closed curve, and 
is given by the formula 


B tracing 
point 


(4) Area of closed curve = 2 7r7ln, 
where l= length of bar AB, 
r = radius of wheel, 


n = number of revolutions indicated on the wheel after the trac- 
ing point has made one complete circuit of the curve. 


CHAPTER XXVI 
CURVES FOR REFERENCE 


For the convenience of the student a number of the more common 
curves employed in the text are collected here. 


CUBICAL PARABOLA SEMICUBICAL PARABOLA 


y = ax, y? = ax’, 


THE WITCH OF AGNESI THE CISSOID OF DIOCLES 


xy =4a?(2a—y). 


y2(2a—2) = 23, 
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THE LEMNISCATE OF BERNOULLI THE CONCHOID OF NICOMEDES 


(x? + y?)? = a? (a? — y?). xy? = (y + a)?(b? — 4?) 
pi — G- cos'2 0. p=acsc6+b. 
CYCLOID, ORDINARY CASE CYCLOID, VERTEX AT ORIGIN 


x = a are vers © — V2 ay — 7°. =a are vers © + V2 ay — 9. 


rx = a(@—sin 8), fear gees 0), 
y = a(1 — cos 6). y = a(1 — cos 6). 


CATENARY PARABOLA 
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HYPOCYCLOID OF FouR CusPs 
Y 


2 2 2 
ys -b ie = a’. 
6 = @ cos? 0, 
y =a sin? 0. 


CARDIOID 


MA 


Ger 


w+ y? + ax =a V2? + y?. 
p=a(1— cos @). 


_ SINE CURVE 


FOLIUM OF DESCARTES 


iy 


CURVES FOR REFERENCE A497 


LIMACON STROPHOID 
i Y 
fPns oe 
LAV aa ex 
| 
a+ez 
=b—acos @. 2— 92 
p y mere 
SPIRAL OF ARCHIMEDES LOGARITHMIC OR EQUIANGULAR 
SPIRAL 


s ey s 
p=e™”,or 
log p= a0 
HYPERBOLIC OR RECIPROCAL LITUUS 


SPIRAL 


pd=a. p70 = a?. 


INTEGRAL CALCULUS 


498 


LOGARITHMIC CURVE 


PARABOLIC SPIRAL 


log x. 


i 


(p — a)? =4 acd. 


PROBABILITY CURVE 


EXPONENTIAL CURVE 


y=. 


TANGENT CURVE 


SECANT CURVE 


y = tan 2 
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THREE-LEAVED ROSE THREE-LEAVED ROSE 


p=asin3 0. p=acos3 6. 


FouR-LEAVED ROSE Four-LEAVED ROSE 


Y\4 
8 ay 1 
ag 


2 
p— asin 2 0. p=acos2 0. 


Two-LEAVED ROSE LEMNISCATE EIGHT-LEAVED ROSE 


vq 


p* = a? sin 2 6. 
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CURVE WITH END POINT 
AT ORIGIN 


Y 


O x 


=e log 2. 


CURVE WITH CONJUGATE (ISOLATED) 
POINT AT THE ORIGIN 


YX 


CURVE WITH SALIENT POINT 
AT ORIGIN 


CURVE WITH CUSP OF SECOND 
KIND AT ORIGIN 


Ly = a. 


CHAPTER XXVII 
TABLE OF INTEGRALS 


Some Elementary Forms 


2 f df(x) = 48 f'(x)dx = f(x) + C. 
2. fa du = af du. 
oa. f (du +dvt+dw+---) = | du + fa <i f dw - 


4. [urdu = 


— (n#—1) 


du _ 
5. [== = log.u + G. 


Rational Forms containing a + bu 
See also the Binomial Reduction Formulas 96-104. 


6. f (a + bundy = GE PW +, (n#— 1) 


a 1 
7. f Ot =F log. (a + bu) + €. 


udu _1 a 
so + ba = pala t bu — a log. (a + bu)] + C. 


wWdu _1ia mE : 
| ae 5 l(a + bu) 2 a(a + bu) + a? log. (a + bu)] + C. 


udu __ }e< 
10. a ieee + bu)? foe + bu + log. (a + bu) |+ C 


b2 
u? du =1/ a 3 | 
11. (ho? 53 a+ bu ce 2 a log. (a+ bu) }+C 
as 
b2 


a+ bu)? 
u du ;|- a | 
i | are + bu)? = Pas 2(a + bu)? ae 
du Soe at bu 
oS C. 
13. {= +bu)” a = log. (2 )+ 


du 1 b a+ bu 
ing (be O. 
14. iat) 2(a+ bu) au Ay a? log ( u )+ 


du 1 1 a+ bu 

eS ed el) eed 

| ae a(a + bu) J loz. ( u )+ 
501 


eyes 
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Rational Forms containing a? + b?u? 


i 
16. (= =< are tan“ + ¢. 


= 16 (eto 
eta ee a ile 


i ine 
ie eee eee Naar aaae 


2 29,2\n+1 
18. { u(a? + b2u2)"du = Jes ae 2.6) (n#—1) 
uau 3 3 i 
19. | > a8 A = 5p loz. (a + bu?) + C. 
un du a yumi 
ges S@ + b2u2)? ~~ + 02(m — 2 p+ 1)(a? + b2u?)?-! 


rs a*(m — 1) (Ss um? au 
+ b2(m —2p+1)J (@? + b2u2)? "j 
um” du ymtt 
o JS @abuap ts B22)? 2 a?(p — 1) (a? + b7u?) P- 
m2 pe i 
(a? 


2 a*(p — 1) + b2u2)p-1" 
ee el eee eee 
22. (a = ba = 3 ga 108 . mr ee oh ee 
238 eae eee ee ee 
wea b?u?)? C(t == Maa shee . 


| g8ar Se ae 
a?(m — " Us Te + B22)? 


du 
| 24, Lae ey Bre b2y2)? 2 a2(p — Dee Se ate Bee 1 
4m (se ii ae m+ ep 3 pe 
wep) a?(p — 1) un(a? : Pre 3 


Forms containing Va + bu 


The integrand may be rationalized by setting a+ bu = v?. See 
the Binomial Reduction Formulas 96-104. . 


— _ 24 a—38 bu)(a + bu)? 
25. fuva+t bu du = 7a eee a 2 


- 2(8 a? — 12 abu + 15 b?u?) (a+ bu)? : 
26. fw Va+ budu = 105 3 + Cee 


ns _2um(a+ bu)? _ 2am m—~i>/q 4b 
a7. fu Va+t budu b@m+3) Fomaey ® Va + budu 


udu 2(2 a — bu) Va + bu 
8. ee oe +C. 
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Ts udu _ 2(8 a? — 4 abu + 3 b7u*) Va + bu 

‘YS Va + bu 15 b* 

30 f u™du _2u™Va+bu 2am i u™~ldu_ 
“J Va + bu b(2 m+ 1) b(2m+1)/ Va+ bu 

"ae Va oe Seeest aE ee Oe 


+ C, fora> 0. 


uVa+t bu Va + bu + Va 
du a+ bu 
a Tete: + C, for a < 0. 
fy, + ey Vv manne 
"Vi + bu h(2m—3) ¢ du 


ss. << —q« = — ———__ — 2 eee 
= a+ bu a(m—1)u™"! 2 a(m—1)/ yr—2Va + bu 
Va = bu du au 
a ———— 
uvat bu 


35. fete budu _ (a+ bu)? _ b2m—5) -Vat poe du 
me ~ alm —1)u™"! 2a(m—-1)- 


=2Vatbutaf 


Forms containing Vu?=+ a? 
In this group of formulas we may replace 


log. (wu -+ Vu? + a2) by sinh-! + 


log. (u + Vu? — a?) by cosh = 


(° + WVur+ ") 
u 


log. by sinh-? ©. 


36. f(x? + a2)? du = 5 Ve +a — = log. (wu + Vue + a?) 


To Int 


an 


<5 oe 
du. (n=—1) 


2 eS — ué + a?) na? 
87. f (uw? + a?)2 du kad Py 8 Fee eat 


n = 2 ares 
88. fu(w? + a)? du = eee c (n #—2) 


n 
: Qos 
_ um" (u? + a?)? 


n+t+m+1 
tai—}) fu™—2(u? + a2)? du. 
mt+m+l1< 


40. f—“_ = log. (u + Vu? + a?) + C. 
Sam . 


n 
° 
~ 


du 


39. puree + a?) 


u 
41. ——=—— + C. 


504 INTEGRAL CALCULUS 


oe 


49. h u au = ae 2)" 4S C. 


n —n 
(ue + a2)2 


43, (St — du_ _UVyr gy a — E© log, (u+ Vid £ a?) + 6, 
(u? + a2)? es 


rout du 
44, ( ——““—. = — __. + log, (u+ Vw? +02) + C. 
J (u? + a?)? VuP at 
45 i u“du ant _ +a°(m — 1) pe eee 
*y n R_y m—-n+til n 
(u2ta?)2 (m—n+1)(u? +07)? (u? + a?)2 
= ™ m+i1 
46. | u™ du - = u : 
(u2+a2)2 +a2(n—2)(uw?+ a?) 
_ m—nt+3 u™ du ; 
+a?(n—2)d _ ny 
(u? + a?)2 
i) oe : ee ut / + ¢. 
= + er S ¥: 
oN Seer - Tg eee St C. 
pe —a?)? @ se 
Vu2 2 
49. {f—-S> = ee oe 
u? eer + aru 
V2 2 V2 2 
50. [ i + Bb $= lor, ( 2 an )+e 
ae + a2)? OSM api u 
JY Common: es —s +o are sec 7 +6. 
du we 1 
f= ~ 7 
u™(u? + a?)2 + a?(m —1)u™—!(u? + a?)2 
_ mtn—8 a du 
+ a?(m — 1) 
a> 2(u8 a2)? 
du = 1 
83. | is Ser —e 
u™(u2+ta?)2 +a?2(n—2)u™1(u? + a?)2 
4m +n—8 du : 
+ a?(n — 2) 


Ry 


54, OC -- a2)? du ma Pe a ea log (2 + Vu2+ “) a: 
u v u A 


55, f Wea ai du _ Via — aare see” + ¢. 


2 
Or 
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(w? + a2)? feta ' 
56. [ u =e Vet = NESS + log. (ut Vu2 + a?) + C. 


= 


“ 
(u? + a?)2du _ (u? + a?) 
—— 


+ a?(m— 1)u™— 


= bd 
hee - ens 
_pta?)?du _ * + a*)? , an peesa’Y du 
ik - 
< (n—m+1lju™"' n—m1- u™ 


Forms are Va? —u? 
59. { (a? — u?)? du == Var — = = gre sin = + 


— y-)2 2 a == 
00, f (0? — w2)8 du = ME few de (ne) 
i © 
cfd 
(a? — u2)2"" 


% 
é 2 __ 4 2)2 a i ( — 2) 
61 = u?)? du a +C (n+ 
” ay 
x m—ifg_2 — y2)\2 
— 2 ee Or ee _—_ oer 
62. {x (a u?)2 du ia 
a?(m — 1) =—2(q? — 23d 
eine ed u (a u*)* di. 
6s. (—e— =aresin® +¢ 
“ (a? — u?)? 
es. f au = u 4C 
(a2—u2)? a? Va? — u? 
2 2 SF 
65. f udu ___ (a*— = =u. 
= n—2 
(a? — u2)2 
gg, ft = Eat + F aresin® +¢ 
~ (a2 — u2)? 2 2 
= du u 
67. = = —————— _— aresin- +C 
i= —u?)t Va? — x? 
ae Sees a?(m—1) ¢ u™—?du__ 
“ 2 34 pare E 
(a? — u?)? (m—n+1)(a?—u?)* (a2 — u?)? 
69 ats ites _m—n+3 u™du 
= - < my a2(n — 2) : 


(a2— u2)2 a2(n — 2)(a? — u2)2 ' (q?—42)2— 
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ae 2 
70. ae = —1iog, (2 eed )+ c=—2 cosh-14 + 6, 
“ u(a? — u2)h a u a u 
. fer 2 
71. {— du piel u CO 
u?(a? — u?)?2 Gk 
72. {——, du Po at — uF log. ie + Va? — “)+ C 
u3(a2 — 42 2) a 2 a*u4 Z o Uu 
Va? — 1? 1 S45 0h oe 
~ Batue 2a cosh u sti 
rea du - = 1 


wu" (a? — 42)? a2(m — 1)u™(a2 — 42)2— 
m+n—3 du ; 
a?(m — Dd! n 
Um 2( QF — 17)2 
74. [ du - 1 
n n 
wn(a? — u2)2— a2 (n — 2)u™-! (a? — u?)2 
m+tn—3r du . 
a?(n — 2) i} 


ee 

u™ (a? — 47)2 

ye 4 eaoe mM / oe 
15 pea = Vaim y= a tog, (2+ Ve 


= Va? — v2 — acosh-!4 +C 
nd ap a\e 
76. (4 u2)? du 


Va? — u? ee “ 
Ses ATC EN 
n my n 
77. { a2 — uy? edu _ (a? — 47)2 + mans (a? — u*)2 du 
ie a?(m — 1)u™—} * atm —1) “4 
(a? — 22 du — u2)2 oN: * 
a a a le 
Le eeatg = faerie 


zy 
fk (a? — 42\2 du. 
Tamed 


Forms containing V2 au + u? 


The Binomial Reduction Formulas 96-104 may be applied by writing 
V2autu2= ud(2 at u)® 


79. [V2 au — widu ==>" 


Vi au — 1 + © are cos(1— 4) + C; 
80. fuV2 au — wdu = — 30+ 


ne ean — we 


3 
+ are cos(1 ~4)4 Ci 
2 a 
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81. fur V2 au — wi du = — M2 au — wt)? 


m+t2y 
+ SEED Cum 1VE a — wed. 
m + 2 


V aes 2 
g2, (Veet dt — Ve au — w+ a are cos(1 — “) + C. 


=a = 
2 on LED:  — are cos (1 —") +c, 


ae — 2\3 
a wy Lo, 


3 aus 
85 Ee (2 au — u?)? m— 3 jeeoee. 
: um ~~ a(2m—8)u"™ ~ a(2m—3) yt 


du U 
86. | ————"—- = are cos(1 tt) + of 
a 


du 
ye = log (un + a + V2 a +?) + C, 
| eeneapciag ) 
88. { F(u, V2au+u?) du = F@-a, V2? — a?) dz, where z= u-+ a. 
udu 
89. — V2 au — 1 + a are cos(1 ~ “) + 
an ea 
urdu (u+3a)V2au—u? , 3a? ; 
Oa a EE py Le EE gb 
90. (—— 5 9 ee #) 4 
a1. f udu — — Ure au — uv? |, a(2 m — 1) ry? dy 
V2 au — u? ™ ™m™ V2 au — u? 
92, (—— _. = - Ve 5 o, 
~un2 au— u? au 
B= - et lane 
YS ym? au — wv? a(2m—1)u" = a(2m—1)7 ym- Sores 
94, a ee eG, 
Ale au—u2)t a?V2au—v? 
Ee es ee 


(2au—u?)t aVv2au—wv 


Binomial Reduction Formulas 
ym—ath(ag + bus)je*) 
b(pq + m+ 1) 


a(m — q 1) m~q hut)’ d 
Sarees aye St Rai 


96. ('un(a + bu*)?du = 
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umtl(a + but)? 

po+-m-+ 1 

eer G Rta m Dh 
tie eae (a + bu2)?—1 du. 

iL 
SMlecceeama re ane: 
— Mm =a pg 1) ¢_—__ a 

a(m — 1) we 7a =" bus)? 


97. fum(a + bu%)?du = 


di 
Ae See + but)? ~ ag(p — 1)u™— (a + bud?) 
N= ep eee Cie 
As aq(p — 1) iSoace + buz)P-} 
du eels UL 
100) ag raao aoa el Gas Se 
(at buedy (a buna? 
101. [ a Saree 
ue bom —q— pa — VY pat bul) dt + but)? du, 
atm — 1) una 
ere 
a perce pe ok 
weap = pork ae ao 1 du. “ 
* a —m+1 r 
ure Sieh saad 
eg + bu2)?  b(m— pq+1)(a + bus)?! “i 
fiers fae. — 
~ b(m — pq + 1)/ (a + bus)? . 


104. rahe cages Db aaeeaaaeD 


ee um du 
aq(p — 1) (a+ busy 


Forms containing a+ bu + cu? (c>0) 


The expression a + bu + cu? may be reduced to a binomial by writing 


eee eee _ 
Ea k= Te 
Then at bu + cu? = c(z? — k). : 
The expression a + bu — cu? may be reduced to a binomial by writing 
Se Ole 08 Mg 
| Baer Hl Media 9 . 
Then a+ bu — cu? = c(k — 2?). 


2cu+b 


are tan ae CG; a 
V4 ac — b*/ when b? 


Uu go 2 
105. fu poe = WE 
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106. { __du WA) oR Ea lo (cut b= VIE= 4c eee) 4 oe 
ar Ou-Fcu? ~ x/52'— 4 ae 2cu+b+WvVb2—4a 
when 6? > 4 ac. 
du 1 Vb? +.4ac+2cu—b 
107. m= ee ee 
J +bu—cu? /b244a¢ Vb? +4ac—2eut+b 


108. pf iiet Mid SND au — log. (a + bu + cu?) 


at+butcu2 — A 
M du 
+(e? 5 (Sa es 


109. (Va + bu + cu2du =F th + bu + cu? 
2 
aa ee cutbob+2VeVa + bu + cu?) + C. 


cz 


110. {Va + bu — eutdu = 24 —? Vat bu — cn? 
4c 


og, roan 2cu—b )+e 
8 c? b?+ 4 ae 


 jog.(2eu+ b+ 2 VeVa+ but cw Jat GC: 


LE: 
STetierat ye 


a are oD ea 
—= 2 Vb? + 4 ae/ 


2 
118. f u du _ Va+ bu + cu 


Va+bu+ cuz c 
— jog, (2eutb+2Ve Va+ bu+cu?)+C. 
2c? 
114. { u du > Na+ buen? 
Y Vat bu—cu2 — c : 
sy ae are ne C 
22 b?+4ac 


Other Algebraic Forms 
115. f [2+ du= Vat wet w) 
+ (a—b) log.(Va + ut Vb+u)+ ©. 
116. f2=4 dy = VG— wot w 
+ (a+ 6) are sin eae (Ch 


atu eae be : ee 3 
vs 5 (a+ u)(b— u) — (a+ Db) arc sin gay 
. 118. fy) +" du = -VI = + are sin w+ €. 


119. (———“ = 2 are sin Se, 
V(u — a)(b — u) b—a 
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Exponential and Logarithmic Forms 


120. [edu = S BA 
ne a pa 
121. ('b du=— log. ae ten 


122. f wen du = S (au —1)+C. 


128. furerdu = Shee ale leau dy, 


n hau — ae n—lfau 
124. fu" du = Toed ~ aOeE 5 fu bedu + C. 
b“ du ba a log.b pb*du 
125. = pe Oe ee 
iP @= Dat w— Nd ute 


126. [log.u du =u log.u—u+C. 


log.u il 
127. n] bs = vi | loge _—__T_ 
fu og.udu =u en ee 
m+1 


128. ap u™ log? udu = a= 


Jee 
log//u — mars Ue loge udu. 
129. fe log.udu = ae ee —5 fF du. 1 


OMe 
130. f alevatiag log, (log.u) + C. 


Trigonometric Forms 


' ) aa : 


In forms involving tan wu, cot u, sec u, ese u, which do not appear 
below, first use the relations 


sin u cos U 
——, ecotu 7 


131. {sin udu =—cosu+ C. 
132. { cos udu =sinu+ C. 
133. {tan udu = — log.cos u + C = log-sec u + C. 


" 134. { cot udu = log.sin u + C. 


dua 
135. [see udu = "Pia ee 
Str (2 7) 
. og. tan rye 
US — 
136. [ese udu = ay log. (ese u — cot u) + C 


= log.tan 5 + C. 


. 
/ 


du 
——— =——— log | ——__—_—_ 
q Searper Vb? — a? b—atan5—Vo+a when a < b. 
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137. { sec?u du =tanu-+ C. 
138. { esc?udu = — cot u + C. 

139. {sec u tan udu = secu-+ C. 
140. { ese u cot udu = — esc u + C. 


141. fsin?u du ee ; sin2u+C. 


PA 
142. { cos?u du = 5 + isin 2ut+C. 
n+1 
148. { cos*u sin udu = — Sarre ee 
inzrt+l 
144. f sin" w cos udu = rere race 
145. [sin mu sin nu du = — Se ve + C. 
146. { cos mu cos nu du = ata ses Ge 
UAT. f sin mu cos mu du = — SEAM _ eet C. 


2 ( la—b a 
— t SS a 
ee ra a a+b azo ee care 


1 b—atan5+Vb+a 


149. EEC 


—~ 


u 
9 atan-+06 
150. l—se= Sarsint eee ceca + C, whena> b. 
Gta | pee N/ be = ah 
151. (4 — rs aE ae A) 
B b?—a atan 5 +b + Vb? — a? whena< b. 
du eat pany 
pra cnitenta abe 3 Ge a es 


153. f esin nu du = ev(a sin nu — n cos nu) 6. 


az + n? 


154. f cos nu du = e(n sin nu + a cos nu) +¢. 


155. fw sin udu = sin u — u cos u + Cs 


156. fu cos udu = cos u + usin u+ C. 
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Trigonometric Reduction Formulas 


. sin*™—1y%ecosu , n—1._,_ 
157. f sin" udu =— Sask Fr cae “ prorat fe 2y du. 


a—1 7 pers 
158. f cos" a du a 08 =f ie i * feos? du. 


n 
159 . (e cos u ag ties 2 du 
sin" u (n—1)sin"™—1u n—1Jd sin™—2u 


ia sin u n—2 du 
tee: (os (n —1)cos?—1u n—1¢d cos” 2u 


cos”—1y sin™tly | m— 


161. { cos” sin? udu = feos 2y sin” u du. 


m+n m+n 
P i Vise m+1 = all : 
162. { cos” de fcos™u sin”—?24 du. 
m+n m+n 
1 
1632 ( Sal ae aes SS a 
cos”™u sin"u (m—1)sin"™—!u cos Uu 
4m +n—2 du f 
m—1 cos”—2u sin? u e 
164. ( mL Ee re cea dee e 
‘J cos” u sin” u (n — 1) sin”~!u cos”—1y 
4m +n—2 du ; 
n—1 cos” u sin” 24 
165. (poesia "udu (i cos"? hu, — Mant? roost” dy, 
sin” u (n — 1) sin™“!u4 n—1 sin? 2% 
166 (oon udu _ COs ae m — 1 pos a du 
sin"u (m—n)sin®—1u ° m—n sin” -<__ 
167. pen Cnn alyy Sina _n-—m+2 psin™udu 
cos”™u (m— 1) cos™—1y m—1 COs aa 
168. pe udu _ sin” 714 n— L psin udu 
cos” u (Nn —m)cos™—!y4 n—m cos” u 
yn” 1 
169. f tan"u du = we — {tan"= 2u du. 
n—1 
170. f cot” du=— on — fcotr2u du. 
171. fe cos"u du = et cos" *u(a cos w+ n sin u) 
a2 + n2 
n(n —1 
a rhe) fem eos- 2u du. 
172. feusin” w eee esin"—lu(a sin u — n cos 2) 
an? 
i es a f ec sin” 24 dat. 
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ym-t 
a2 


m(m—1 
— min =) (wr-2c0s au du. 


178. fum cos au du = (au sin au + m cos au) 
: Aya F 
174. fu™sin au du = ame (m sin au — au cos au) 


— mtn =) fwn—2 sin au du. 


Inverse Trigonometric Functions 


175. f are sin udu = ware sin u + V1 —u?4+C. 
176. f are cos udu = u are cos u— V1 —u?+4+C. 
177. { are tan udu = u arc tan u — log Wi? + Cc. 
178. {arc cot udu = u are cot u + log V1 + v2 4+ C. 


179. { arc sec udu = u arc sec u — log (u+ Vu2—1)+C 
=u arcsec u — cosh-!u+ C. 


180. { are ese udu = u are ese u + log (u + Vu? — 1)+C 
=u arc csc u + cosh tu+ C. 
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INDEX 


(The numbers refer to pages) 


Abdank-Abakanowicz, 488 

Absolute convergence, 344 

Acceleration, curvilinear motion, 121; recti- 
linear motion, 83 

Adiabatic law, 72 

Agnesi, witch of, 494 

Amsler, 493 

Angle of intersection, of plane curves, 43; 
polar form of, 126; of skew curves, 438; 
of surfaces, 444 

Approximate formulas, 364, 369, 453 

Archimedes, 127, 128, 155, 277, 497 

Area, of- curved surface, 480; moment of, 
319; moment of inertia of, 471; plane, 
241, 258, 461; polar codrdinates, 262, 
475; of surface of revolution, 277 

Auxiliary equation, 387 


Bending, 75 

Bernoulli, lemniscate of, 495 
Binomial differentials, 298, 306 
Binomial theorem, 1, 350 


Calculation, of e, 358; 
of 7, 363 
Cardioid, ie tio 125, 1459055. 271275; 
282, 322, 479, 480, 496 
Catenary, 270, 276, 282, 495 
Cauchy, 342 
Center of pressure, 469 
Centroid, of plane area, 319, 466; of solid 
of revolution, 322 
Change of variable, 166, 425 
Cissoid, 44, 46, 270, 277, 321, 433, 494 
Complementary function, 391 
Conchoid, 495 
Conoid, 284 
Constant, 7; absolute, 7; arbitrary, 7; of in- 
me tegration, 189, 229, 233, 373; numerical, 7 
Continuity of functions, 12, 408 
Convergence, 337 
Critical values, 52 
} Curvature, 149; center of, 157, 171; 
és of, 153, 170; radius of, 152 
 Curve-tracing, 81 
Curvilinear motion, 120, 146 
Cyeloid, 116, 119, 144, 151, 161, 269, 270, 
274, 276, 282, 495 


of logarithms, 359; 


circle 


_ Derivative, definition, 21; interpretation of, 
by geometry, 25; partial, 409; as arate, 
64; symbols for, 22; total, 412; trans- 
_ formation of, 166 

Descartes, 46, 496 

0 ‘Di ferential, 136; of arc, 142,144 ; of area, 237; 

formulas ‘for, 140; as an infinitesimal, 146 

fferential coefficient, 21, 136 

Differential equations, applications to me- 

chanics, 396; definitions, 372; first order, 


375; higher order, 384; 

377; linear, 380, 387, 401 
Differentiation, 22; formulas for, 28, 86 

general rule, 23; of implicit functions, 

40, 73, 420; logarithmic, 93; partial, 

409, 425; successive, 73; total, 412 
Diocles, cissoid of, 494 


homogeneous, 


Envelope, 429 

Equations, graphical solution, 128; inter- 
polation, 129; Newton’s method, 131 

Errors, 138, 415; percentage, 188; rela- 
tive, 1388 

Evolute, 158, 432; of the ellipse, 160, 496; 
properties of, 162 

Exponential curve, 498 

Exponential function, 89 


Factorial number, 335 

Family of curves, 429 

Fluid pressure, 324; center of, 469 

Fluxions, 19, 354 

Folium, 46, 119, 496 

Formulas, for reference, 1; 
364, 369, 453 

Fourier, 238 

Function, complementary, 391; continuity 
of, 12, 408; decreasing, 50; definition, 
8; derived, 21; differentiable, 21, 23; 
exponential, 89; of a function, 37; 
graph of, 10; implicit, 39, 73, 420; in- 
creasing, 50; inverse, 38; inverse trig- 
onometric, 105; logarithmic, 89; mean 
value of, 332; periodic, 97; of several 
variables, 408; sine, 97; transcendental, 
86; trigonometric, 99 


approximate, 


Gravity, center of, 319, 322 
Greek alphabet, 6 
Gyration, radius of, 472 


Harmonie vibration, 397, 399 

Helix, 436, 437, 445 

Horner, 130 

Hypocycloid, 46, 119, 156, 267, 270, 276, 
280, 431, 434, 496 


Increments, 19; approximation of, 137, 415 
Indeterminate forms, 174 

Inertia, moment of, 471 

Yee 17; replacement theorem, 


_ Infinity, 13 


Inflectional points, 79 

Initial conditions, 229 

Integrals, 188; change in limits, 239; de 
composition of interval, 250; definite, 
237; discontinuous, 251; geometric repre- 
sentation, 244, 455; interchange of limits, 


515 


516 


249; multiple, 454; table of, 501; use of 
table of, 314 

Integral curves, 488 

Integraph, 490 

Integration, 187; approximate, 245; of 
binomial differentials, 298; formulas for, 
191; fundamental theorem of, 254; me- 
chanical, 488; by miscellaneous substi- 
tutions, 304; by parts, 224; by rational 
fractions, 288; by rationalization, 221, 
295; by reciprocal substitution, 304; by 
reduction formulas, 306, 311; successive, 
454; of trigonometric forms, 213, 302, 
311 

Interpolation, 129, 369 

Involute, 163; of the circle, 156, 276 

Isothermal expansion, 329 


Jacobi, 409 


Laplace, 19 

Laws of the mean, 172, 445 

Leibnitz, 26 

Lemniscate, 127, 155, 268, 478, 479, 480, 
499 

Length, of plane curves, 271; in polar co- 
ordinates, 274; of skew curves, 436 

Limagon, 497 

Limit of a variable, 10 

Limits, change in, 239; of an integral, 238; 
theorems on, 11, 17 

Lituus, 497 

Logarithmic curve, 498 

Logarithmic differentiation, 93 

Logarithmic function, 89 

Logarithms, common, 88; natural, 87 


Maclaurin’s series, 354, 364 

Maxima and minima, 47; analytic treat- 
ment, 182; definitions, 52; first method, 
58; functions of several variables, 446; 
second method, 76 

Mean value, 172; 
182; of a function, 332; 

Mechanics, 396 

Moment, of area, 319; of inertia, 471 


extended theorem of, 
law of, 445 


Napierian logarithms, 88 

Newton, 19, 27, 131, 182, 133, 331 
Nicomedes, "conchoid of, 495 

- Normal, to plane curves, 43; to skew 
curves, 434, 443; to surfaces, 438 


Osculating circle, 170 


Pappus, theorem of, 467 

Parabolic rule, 247 

Parameter, 115, 429 

Parametric equations, 115; area, 241; sec- 
ond derivative, 119 

Planimeter, 492 

Point of inflection, 79 

Polar coérdinates, 123; moment of in- 
ene, 477; subnormal, 126; subtangent, 

Pressure, fluid, 324; center of, 469 


INDEX 


Probability curve, 498 
Projectile, 121, 234, 434 


Quadratic equation, 1 


Radius, of curvature, 152; of gyration, 472 

Railroad curves, 152 

Rates, 64, 418 

Rectification, of plane curves, 271; in polar 
codrdinates, 274; of skew curves, 436 

Reduction formulas, 306, 311 

Replacement theorem, 147 

Rolle’s theorem, 169 

Roots of equations, 128 

Rose-leaf curves, 499 


Sequence, 335 

Series, 335; absolute convergence, 344; al- 
ternating, 344; approximate formulas 
from, 364, 369; binomial, 350; Cauchy’s 
test, 342; comparison tests, 339; con- 
vergent, 337; differentiation and integra- } 
tion of, 362; divergent, 337; geometric, 
336; Maclaurin’s, 354; operations with, | 
359; oscillating, 336; power, 347, 351; 
Taylor’ s, 366, 451 

Simpson’s rule, 247 

Skew curves, 434, 443; length of, 436 

Slope of curves, 42: parametric form, 115; 
polar form, 125 : 

Solids of revolution, centroid of, 322; sur- 
face of, 277; volume of, 265 (aS 

Spiral, of Archimedes, 127, 128,, 156; 20, oe 
497; hyperbolic or reciprocal, 119, 128) Me 
264, 497; logarithmic, 127, 128, 497; 
parabolic, 498 

Stirling, 354 

Strophoid, 497 

Subnormal, 43; polar, 126 ‘ 

Subtangent, 43; polar, 126 nae 

Successive differentiation, 73 we 

Successive integration, 454 


Tangent, horizontal, 117; to plane curves, a 
43; to skew curves, 434, 448; to surfaces ioe 
438 ; vertical, 117 

Taylor’ s theorem, 366, 451 

Tractrix, 270, 282 

Transformation of derivatives, 166 

Transition curves, 152 

Trapezoidal rule, 245 é 

Triple integration, 484 a 

Trisectrix, 155 : 


Variable, change of, 166, 425; defini 
7; dependent, 8; independent, 8 

Velocity, curvilinear motion, 120, 
rectilinear motion, 65 

Vibration, damped harmonic, 399; fo ed 
harmonic, 399; simple harmonic, 3' 39%) 

Volume, of solid with known cross section 
283; of solid of revolution, 265; v 
surface, 464; by triple integration 


Witch, 62, 260, 494 
Work, 251, 268, 321, 327, 494 
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